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12 Poznin 1. JVUOEPEHIIAJIBHI PIBHAHHS ITEPITIOIO ITOPAIKY

Pozain 1.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHA ITEPITIOI'O ITIOPAIKY

Jlekmia 1. IlornsarTsa npo audepeHIliaabHi PiBHIHHS
Ta audepeHItiajabHi MoaeJti

Il1an

1. dudepenmianbai piBHAHHS Ta MaTeMaTHIHE MOJIE/TIOBAHHSI.

2. OcHoBHI O3Ha4YEeHHd I TOHATTI.

3. Cxnajanng audepeHiiajbHuX PIBHAHL BUKJIIOYEHHSIM JI0-
BIJILHUX CTAJINX.

1. ndepeniiiaibHi piBHIHHA Ta MaTeMaTU4YHE MOIe-
mioBauHsI. Jlocaimkyodn pisnoManiTHi Bi3udHi ABUIIA, TEXHO-
JIOT1UHI mporiecn y 6araTboxX Tajy3sX HAyKd 1 TeXHIKH, JIesiKi [po-
1ecu, Kl BUHUKAIOTh B €KOHOMII[, €KOJIOTil Ta IHIIMNX COIaJIbHUX
HAayKaxX, HE 3aBXKJ/U BIAETbCS OE3M0CEPETHBO TPOCTEXKUTH 3aJIe-
JKHICTD MiK BeJIMIUHAMU, 110 OMUCYIOTH IEBHUN IIPOIEC YU SIBUIIIE.
OjiHak y GaraTbox BUITAKAX MOXKHA BHSBUTU (PYHKIIOHAJIBHY 3a-
JIEZKHICTD MI2K BUBHAUAJIBHUMU XapaKTepucTukamu mnpoiecy (bys-
KIsIMH7 ), IIBUJIKOCTSIMU 1X 3MiHHM if 9acoM, TOOTO 3HAWTH PIBHSIHHS,
gKi MicTaTh mrykani dyHKIHD Ta X noxigai. Taki piBHsaHHS Ha3M-
BalOTh JuPepenuiasbHuMU, a 3HAXOIKEeHHsT HeBiIoMol (DyHKIIT
(posB’si3Ky ) — tHmezpysaHHaMm TiudepeHIaJIbHOrO PIBHAHHSL.

Judepenriaibue piBHAHHS, OJIepKAHE Y IIPOIEC] TOCIIZKEHHST
JIESIKOTO PEaIbHOTO sIBUIIA abo IPOIECY, Ha3uBaOTh dugdeperyi-
anbHO MO00eantro 1boro siBuia abo mporecy. ndepenmiaabai
MOJIEJIl HA3UBAIOTE I11e OUHAMIYHUMU MATNEMATNULHUMY MO-
deasiMUu OIIUCYBAHUX HUMU peabHUX 00’€KTIB. Y TAKUX MOJEJISX,
KPIM IIyKaHUX 3aJIE2KHUX BEJIUYUH, MICTATHCS TAKOXK MOXIJIHI ITy-
KAHWX 3aJIeKHOCTeN (IIBUAKOCTI, IPUCKOPEHHST Ta iH.).

Judepenmiaibai Mozesii JI0NOMaraioTh 3PO3yMITH JTOCTIKY-
BaHl SBUINA 1 IIPOIECH, JIAIOTh MOYKJIUBICTH BCTAHOBUTHU SIKICHI Ta
KUIbKICHI XapaKTepUCTUKHU 1X CTaHIB, 3 IX BUKOPUCTAHHSIM MOXKHA
OIIMCATH MEXaHI3M PO3BUTKY IPOIIECY, & TAKOXK IepeadadIuT Horo



Jlekuist 1. Iousitrst ipo mudpepeHiiianbii piBHsHHS Ta JudepeHiiaabai Momesi 13

MOIAJILIHII PO3BUTOK 0e3 HATypaJbHUX €KCIIEPUMEHTIB, IIPOBEJIe-
HHSI IKMX 9aCTO € HAJITO JIOPOIMM abo IMPOCTO HEMOXKJIUBHUM.

Hudepentianbai Momeni € BayKJINBOIO CKJIAIOBOIO MaTeMaTH-
YHOTO MOJICJIIOBAHHS, SKE€ BKJIIOYAaE€ B cebe He TUIbKEU M00YI0BY
i OC/TiPKeHHST MaTeMaTHIHUX MOjesell, ajge i CTBOPeHHs 004n-
CJIIOBAJIbHUX aJI'OPUTMIB 1 IIporpam, Io peati3yloTh Il MoJesl Ha
EOM.

VY mporieci o0y 108U JindepeHIiaabHuX MOJIEIel BayKInBe 3HaA~
YeHHsT Ma€ 3HAHHS 3aKOHIB Ti€l 00J1acTi HAyKHU, 3 sIKOIO IIOB’s3aHa
NpUpoOIa 3aJ1adi, 10 BUBYAETLCA. Hanmpukiras, y MexaHimi e Mo-
ke Gy apyruit 3akon Hpioronal (F = ma, ne m — maca Tina,
a — NpUCKOPeHHsT pyXy, F' — cyma cui, 1o AiloTh Ha Tino); y eJie-
KTpoTexHini — 3akoH Kipxroda (ajnrebpuuna cyma cuil CTpyMiB,
SAK1 MPOTIKAIOTH Y TEBHIN TOYI €JIEKTPIIHOTO KOJIa, JIOPIBHIOE HY-
JI0); ¥ XiMil — 3aKOH PO3YMHEHHSI PEYOBUHU (IIBHUJIKICTD PO3UMHE-
HHS TIPOMOPIIiitHA HagBHIN KIJTBKOCTI HEPO3UYMHEHOI PEYOBUHU Ta
PI3HUI KOHIEHTPAIlil HACUYEHOTO PO3UMHY 1 PO3UUHY Y IIEBHUN
MOMEHT 9acy) TOIIIO.

[TuranHs PO BiTOBIIHICTh MaTEMATUIHOI MOJIeN i peaibHO-
IO $IBUIIA, BUBYAETHCA HA OCHOBI aHaJi3y pe3yabTaTiB JIOCTiLy Ta
IX MOPIBHAHHSI 3 MOBEIIHKOIO PO3B’SI3KY OHEPXKAHOrO JIudepeHIili-
aJIbHOT'O piBHHHHH.Q)

Posrisinemo jiekijibka NPUKIAIHUX 3378, sIKi IPUBOIATE 10
3BUYaiiHuX JiudepeHIiajibHUX PiBHSHbD.

Bamada 1. 3uatimu 3aK0H 3POCMAHHA THHOPMAUITHUT NOMO-
Ki6 y nayyi (3pocmannsa KiAbKOCMI HAYKOBUT NYOAIKAYIT), AKULO
6100MO, W0 WEUIKICTL 3POCTAHHA NPAMO NPONOPUITHA JOCAZHY-
momy pieHIo KiAvKocmi nybaikayit. Busnavwumu, 3a axutl wac
KIABKICTD NYOAIKAULT NOOBOIMBLCA NOPIBHAHO 3 NOUAMKOB0N KiAb-
KICTMI0, AKWO 610HOCHA WeUdKicmb spocmanns cxaadac T%.
Poss’azanns. Hexait y(t) — kizgpkicTs mybmikariit y MOMEHT dacy
t, yo — movarkoBa KijbkicTh mybuikariii, To6To y(0) = yo. [Bua-
KiCThb 3pocTaHHs IHMOPMAIHHUX ITOTOKIB sIK MBUIKICTH 3MiHU

1)Bi6JIiorpad)qui JaHl ITPO BYEHMX, MPI3BUINA AKUX 3yCTPIYAIOTHCHA Y IOCI-
OHUKY, MOXKHA 3HaiiTH Ha cTop. 330.

2 HeranbHinre nmpo mudepenmiaabai MOIE Ta METOIUKY IX CKIIaTaHHS HTH-
MeThbCsl Ha JieKIil 9.
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dyHKIIT € moxigHoro 1miel dpyHkIii. OTKe, 3aKOH 3pocTaHHsI i1HMOP-
MallliHUX MOTOKIB MOXKHA 3aIMCATH Y BULVISIL AU(EPEHIaJIbHOT0
PiBHSIHHS

Y (t) = ky(t), (1.1)

ae k > 0, k — koedirieHT TPOMOPIHITHOCTI, IO XapaKTepPU3ye Bill-
IYKH Ha [IyOJ/iKaril y meBHiil rasnysi 3HaHb.

Hudepennianbue piBusinas (1.1) pasom 3 ymosow y(0) = yo
€ MATeMaTUIHOI MOJIEJIII0 3POCTaHHs 1H(MOpPMAIIHHUX TOTOKIB.

Po3B’szkeMo T1e piBHsAHHS, BpaxoByoun, mo y' (t) = Z—%{:

d d
Y ky=0 = Y_kat=0 =
dt Y

dlny—kt)=0 = hy—-kt=C = y = 1kt

ne C; — nosinbra crana. dkmo nepenosuauutu eC! gepes C, o
y(t) = CeFt. Ockimbku y(0) = yo, T0 C' = 7o, TO6TO IIyKAHMIT
3aKOH 3POCTaHHs iH(MOPMAIIITHUX MOTOKIB y HAyIll BU3HAYAETDCI
dopmyJioro

y(t) = yoe. (1.2)

Suaitemo rerep dac T, 3a gKuil MOTIK HAYKOBOI iH(MOpMAIIT y
MOPIBHSIHHI 3 TIOYATKOBOIO KIJIBKICTIO 30L/IBIIATHCS BBiYl. 3a yMo-
BOIO 3aJ1a4l BiIHOCHA MBHIKICTH Y’ /Yy 3pocranus indopMariinmx
noToKiB ckiagae 7%, a romy k = 0,07. Ockinbku y(T') = 2y, TO

In 2
y(T) = yoe"T =2yy = T =—— ~ 10pokie. B
0,07
Bingaaunmo, mo mpu pizkux 3MiHAX 30BHINIHIX YMOB €KCITO-
HEHI[IaJIbHUN XapakTep 3POCTaHHs IIOTOKY HayKoBOI iHdopmarrii
gepe3 cTpuMyoUi pakTopu 30epiraTucs He MOXKe. 3pOCTaHHS PiB-
Hsl OOMEXKYETHCsI TIEBHUM HOr0 3HAYMEHHIM 1 MEXaHI3M 3POCTAHHS
KIJIbKOCTI TIyOJTiKaIiii BupaXkaTuMerhbes JudepeHIiaibHuM PiBHsI-
HHM
"= ky(M —y)
Yy =Ry Y)
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e k>0, 0 <y < M. Pozs’szkemo 11e piBasgaus. Maemo

%:kdt = %(i—%ﬁ)dy—kdtzo =
d(lny —In(M —y) —kMt) =0 =
MFkt+Cy
lniMy_y:kMt—l-Cﬁ = yzilj\f_eeMkt-s—Cl =
B M
Y= 1+ Ce M0
C’l.

Jie nosnadeno C' = e~

Kpusy, Busnadeny octanHiM piBHIHHIM, HA3UBAIOTH JA02LCTMU-
YHOM0 KPUBO10. Y TOYATKOBI MOMEHTHU YaCy, KOJIHM Y 3HAYHO MEH-
me M, BOHA TPAKTUIHO CIIBIAIAE 3 MMOKA3HUKOBOIO (PYHKIEIO
y = MeMFt TIpsmi y = M iy = 0 € acHMITOTaMI JIOTiCTHYHOT
kpuBoi (ma puc. 1.1 mobyoBano rpadik JoricTuaHOl KpUBOI IpH

M = 4C = 8k).

O t
Puc. 1.1

3akoH 3pocTaHHs iHMOPMAIIHHUX TOTOKIB, BU3HAYEHUT (HOp-
myJtofo (1.2), € mosouli yHiBepcanmbuum. Hum MoxkHa cKOpucraTucs
JJIsl OIIMCY IIPOIIECIB PaJIloaKTUBHOI'O Ta XIMIYHOIO PO3UaLy pe-
YOBUHM, JJIsT PO3B’si3yBaHHs 0AaraTbox 3ajatd eKOJIOril, 3ajati 1mpo
edekTUBHICTD peksiaMu TOIo. Y ODAHKIBCBKIiil clIpaBl HapaxyBaHHS
3a00pProBaHOCTI 3a KpeauTOM ab0 JOXO/IIB 38 BKJIAJAMI TAKOXK Bijl-
OyBaEeTbCs BIIIIOBIJIHO IO IBOI'O 3aKOHY, ajie y IUX BUIAJKAX dac
BiIPAaXOBY€eTLCS He HeepepBHO, & Yepe3 IUCKPeTHI MTPOMiKKH.
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Bamada 2. Yosen cnosisvriwe ceiti pyx nid Jdiero onopy 6o-
du, axut nponopuiinul keadpamy weudkocmi wosha. Ilowamrosa
weudkicms wosHna 3 m/c, a Go2o weudkicmv wepes 4 ¢ ckaadae
1 wm/c. Yepes axuti wac weudkicmv wo6Ha 3menwumoves 0o 1 cm/c.
Poses’sazarrs. 3rinHo 3 apyrum 3akoHOM Hbrorona ma = F, ne
m — Maca YOBHA, a4 = % — Oro npucKopeHHsi (IOXi/iHa MBUIKOCTI
v(t) 3a wacom t), F — cuna onopy Bomu. 3a ymosoio 3agadi F = kv
Orxke, MaeMo Take jindepeHiiajgbHe PiBHSIHHS:

dv
R S 1.3
m— = kv (1.3)
3 (1.3) onepxkyemo:
d—gzﬁdt = d<—1—£t>: =
v m voom
1 k -m
— = = —p = C Sl
vooom - kt+Cm

3 ymosu v(0) = 3 3naxoqumo C' = —1/3, a romy

3m

= 1.4
m — 3kt )

v(t)

— 3 —
3 (1.4), Bpaxosytoun, mo v(4) = 1, onepxyemo, mo —r = 1,
7 = —6, a orxe,

Qi _
o) = 3 _ 4 _ 3(-=6)
m—3kt ™ _3f —6-3t
6

Axmmo renep B (1.5) migcrasurn ¢t = T (T — mykanuii gac), a
Takoxx v = 0,01, To 3Bijcu 3naxoaumo 1'= 598 c. B

Samaua 3. Busnawumu gopmy dzeprana, axe cnpamosaHutl Ha
HBO20 NOMIK NAPANEALHUT NPOMEHIE 30Upae 6 00HY MOYKY.
Pose’azarns. 3podbunmo repepis jzepkajia mwiomuaown Oy, moo
TOYKa, B sIKy 30uparoThest pomeni (dokyc), Gysa moIaTkoM Koop-
auHatT, a Bick O — mapaJsiesibHOIO JIO MPOMEHIB, sKi MajaloTh Ha
J13epKasio. Y nepepisi ojep:kyemMo jesky kpuBy y = f(z) (puc. 1.2).
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Yy
y = f(x)
M_ 7
oy
] |
A @) B T
Puc. 1.2

BukopucraemMo 3aKOH TeOMETPUTHOI OIITUKH, 3T1THO 3 SIKUM KYT
HaJiiHHs TIPOMEHsI JIOPIBHIOE KyTy #oro BiadburTts (1eil KyT nosHa-
geno 4epes «). Hexait M (z,y) — nosinbua Touka kpusoi y = f(x).
[Tpoeenemo y miit Tourti poruany M A. Tpukyrauk MO A pisHobe-
apennii. Ockinbku y' = tg o (reomerpuyHmii 3MicT MOXiMHOL), TO,
BBazKkaroun, mo 4y > 0, ogepKyemMo

MB Y

/
y =tga= =

ab0, TOMHOXKYIOUN YUCEJILHAK 1 3HAMEHHUK JApo0y Ha \/ 12 + y2—x,
1
y = ; (Vac?—i—y?—a:). (1.6)

Hudepenmianpre piBusnusa (1.6) € mudepeniaabHo0 MOAEIITIO
zaja4di. Boro onmcye dhopmy nepepisy jzepkasia mionmaono Ory.
3 (1.6) onepxkyemo:

! d
T+ yy =1 = _(,/1-2_'_y2>:1 =
Va2 + y? dx

Va2 +y?2=24C,

e C' — noBuibHa crasia. OTiKe, MAEMO PIBHSIHHSI OCBOBOI'O II€pe-
pisy azepkasa mwiomunoo Oxy: y? = 2Cx + C2. Oxeprxamnu cim’io
napabo. 3 Bepmuaamu y Toukax (—C'/2;0), a ToMy [OBepXHsI J[3ep-
KaJa siK MOBEPXHs 0OGepTaHHs OChOBOIO Mepepidy HaBKOJO oci Ox
Mae Burits y2 + 22 = 20z 4+ C2, tobro mykani popMu n3epKasia
OIHCYIOThCs CiM’€I0 PiBHsSIHB napabosoiaiB obepranns. W



18 Poznin 1. JVUOEPEHIIAJIBHI PIBHAHHS ITEPITIOIO ITOPAIKY

[y

2. OcHOBHI O3HaAYeHHsI I MOHATTA. 36uuaUHuUM Juge-
PEHULAABHUM DIBHAHHAM HAZUBAIOTH CIIBBIJIHOIIEHHST BUJIs-

Ay

F (xy y’,y",---,y(")) =0 (1.7)
Mi2K HE3aJIE’KHOIO 3MIHHOIO X, NIyKaHoo dyHKieo y = y(z) el
sMminuol 1 noxiguumu v, y”, ..., y™.

[Tosnavennsi, BUKOPUCTaHI y HaBEIEHOMY O3HAYEHHI, HE € CyT-
TEBUMHU: He3aJIe’KHa 3MiHHA MOXKE IMO3HAYATHCs depe3 t, MIyKaHa
dyHKIis — yepes s, f, ¢, F Tormo.

ITopsdxom 3Braaiinoro audepeHIiajIbLHOr0 PIBHIAHHS Ha3HBa-
10T TOPSIJIOK HANBUINOI MTOXiAHOT HEBiTOMOI (DYHKIIIT, STKa BXOIUTH
YV PIBHSIHHSI.

Y piBusnHi n-ro nopsaky (1.7) BBarKaeThCs, MO HOXIAHA N-TO
MOPSAAKY IIyKaHol (DYHKINI CIpaBIi BXOJAUTD y 1€ PiBHAHHS, TOII
JK HasIBHICTH PEIITH apryMeHTiB HeOOOB’sI3KOBA.

Hapememo mpukiaay 3BndaitHux andepeHItiaabHIX PiBHSIHD:

y=zy +y°, ¢y +y|=0, ' +y=-cosz,

(10)

yIV _ 4y/// _|_ 5y// _ Qy/ + Y = Cl,'ex, Y = 7.

Ilepmmi gBa 3 HaBemeHNWX PIBHSIHBb MAOTh MEPIINA MOPSIIOK, Tpe-
T€ PIBHSAHHS — JIpDYTHUil TOPSJIOK, YeTBEPTE PIBHAHHS — YeTBEPTH
HOPAJIOK, II'AT€ — JIECSTHIl TOPSIIOK.

dAxmo mudepeHiiagbHe PIBHSIHHS MICTUTH YACTHUHHI TTOXiTHI
HEBiOMOI PYHKINT BiJl KITbKOX HE3AJIEXKHUX 3MIHHUX, TO HOIO Ha-
3UBAIOTH PIBHAHHAM 3 YACTMUHHUMU Noxridnumu. Hasenemo
ITPUKJIAJIN TAKUX PIBHSHB:

ou Ou 0 Ou_ 0%
at " “or 0 ot " ox?
0%u 2 ?u  *u  P*u O
B2 "o a2 Top To I @¥A)

Hamaui, xkpim mexrriit 21 i 22, po3riistiaTuMeMo TITBKY 3BATAHI
JjcepeHIiaibHl PIBHSIHHS, IPUIOMY K HE3AJEXKHY 3MiHHY, Tak i
HIyKaHy (PYyHKIIIO BBaKATUMEMO JIIHCHUMU.
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Pose’sasxom pisusinas (1.7) wa nesikomy inrepsasi (a,b),
—00 € a < b < 400, HazuBaTh GyHKII0 ¥ = y(x), Aka Mae Ha
IIBOMY 1HTepBaJI MOXiJIHI 70 MOPSJIKY 7 BKJIIOYHO Ta 33JI0BOJIHHSE
piBusinas (1.7). Lle osmauae, mo st Beix = € (a,b) cupaBmKye-
ThCsI TOTOXKHICTh

F (:E, y(z), vy (x),y" (x),... ,y(n) (x)) =0.

Hamnpukiaa, dyHKiis y = cos2x € po3B’sisKOM TudepeHIri-
aJbHOTO piBHAHHs Apyroro nopsaaky y’ + 4y = 0 Ha inTepsasi
(—00, +00). Posp’siskamu 11bOro piBHSIHHS, SIK JIETKO I€PEBIPUTH,
€ TaKoXK Yy = sin 2z, y = 3 cos 2z, y = cos 2z — sin 2x i, B3araJi, Bci
byukil y = C1 cos 2z + Co sin 2z, ge Cp, Co — 10BUIBHI cTaI.

[TizHimre 6y1e BcTaHOBIIEHO, IO 3BUYaiine audepeHIiaabae pis-
HAHHS N-TO MOPSJIKY Yy 3araJbHOMY BUIIQJIKY Ma€ CiM'I0 PO3B d3-
KiB, 3aJIe’KHY BiJ n JOBUIbHUX cTajux. Hampukiam, yci po3s’siz-
K1 udepeHIliabHOTO PIBHSIHHST y(”) = 0 mictarbesa y dopmyii
y=Ciz" 1 +Coz" 2+ ...+ Cph_1z+Cp, ne Cy,...,C, — 10-
BLJIBHI CTaJIi.

3 reOMETPUYHOI TOUKHU 30PY PO3B 3Ky Jn(EPEHIIAJIBLHOIO PiB-
HAHHS y TPsMOKYTHI#M cucTeMi KOOpAMHAT BiIIIOBIIa€ edKa KPH-
Ba, SKY Ha3UBAIOTH tHME2PaabHot0 Kpusoro. CyKyIHICTh iH-
TerpaJibHUX KPUBHUX, 3aJI€KHY BiJ JIOBIIBHUX CTAINX, HA3UBA-
0Th CiM €10 tHMezpasvHur Kpusux. Hampukiasl, po3s’sizku
piBHaAHHA 3y’ = 2 yTBOPIOIOTL JBONApaMeTpUUHy CiM’I0 IapaboJl
y = 22 + Cix + Cy, KOXKHA 3 SIKHX € IHTerpaJbHOI0 KPUBOIO.

[Iporiec 3Hax0/KeHHST PO3B’A3KIB TUQEPEHITIATBLHOTO PIBHSIHHS
HA3UBAIOTH THME2PYBAHHAM ITHOT0 PIBHAHHS. JKINO IPU IHOMY
BCl PO3B’SI3KU BJIAETHCSI BUPA3UTU Yepe3 esieMeHTapHi dyHKIIT abo
y K8adpamypax (Kojau po3B’s3KU BUPAKAIOTHCS Yepe3 IHTerpaJiu
Bij| esleMenTapHux (GyHKIIi), TO KayKyTh, IO PIBHIHHS 3iHTErpo-
BaHe Y CKIHYEHHOMY 8U2AA0t. PO3rIsamaTnMeMo mepeBakHo ca-
Me Taki pIBHSHHS, X049a 3HAYHO OL/IbIe indepeHIiajbHuX PiBHAHD
He IHTErpyIoThCA Y CKIHYEHHOMY BUTJIS/I T JJTs TIPEJICTABIEHHS 1X
PO3B’SI3KIB JIOBOJIUTHCsI BUKOPUCTOBYBATU OLIBIN CKJIATHUI MaTe-
MaTUYHUN alrapar.

OcHoBHOW0O 3ajiadero Teopil iHTerpyBaHHs JTU(EPEHIIATBHOIO
PIBHSIHHSI € 3HAXOJXKEHHs BCIX HOr0 pO3B’A3KIB Ta JIOCIIIZKEHHS
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1X BJIACTHUBOCTEI.

3. CkiaamanHsa audepeHIiaIbHUX PIBHAHb BUKJIIOYEH-
HAM OOBiJIbHUX cTajmx. Hexail MaeMo piBHAHHSI ciM’T KPUBUX,
3aJ/1e2KHO1 Bij ojaHoro jiiicuoro napamerpa C':

O(x,y,C) =0. (1.8)

[To6yayemo qudepennianbie piBasinas cim’'T kpubux (1.8), 106~
TO PIBHSAHHS, sIK€ OIMMUCY€E BJACTUBOCTI, TPUTAMAHHI BCIM KPUBUM
miel cim’l. s 1boro 3audepeHiioeMo 3a 3MIHHOIO & O0MIBI 4a-
crurn pisaocti (1.8), BpaxoBytoun, 1o y = y(x):
0P 0P dy
ox * y dr
Axmo cniseignomenss (1.9) we micturs C, T0 BOHO Oyie BU-
pakaTu Ty 3arajbHy BJIACTUBICTD, sIKa IIPUTAMAHHA yCIM KPUBUM
cim’T (1.8) (manpurnasm, sxmo y = z+C, ro y' = 1). Y 3aranbromy
Buna Ky pisticts (1.9) sanexarume Bix napamerpa C. Toxi, Bu-
KJIIOYAIOUN 1efi mapaMeTp i3 cucreMu, CKJajeHol 3 piBHsHb (1.8),
(1.9), omepxkumo judepeniaibHe PIBHAHHS HEPIIOTO MOPSIKY

F(z,y,y") = 0. (1.10)

(1.9)

Pipusuns (1.10) nasusaiors dugdepenuyiarvrum pieHAHHAM
cim’i kpusux (1.8). BoHo Buparkae CIijibHY BJIACTHBICTH KPUBUX
(1.8), mezanexno Bij cramoi C.

Ilpukian 1. 3natimu dudeperuianvre pienarHa cim’i napa-
604, AKI MPOTOOAML YEPEZ NOUAMOK KOOPIUHAM, T MAOMB 0CI CU-
MEMPIL, napaseavi 0o oci opduram.

Pose’azarns. CiM'io mapabosi 3 yMOBU 3a/adi MOXKHA OIHCATH
3a jronomoroo dopmynn y = x2 — Cx, ne C — J0BiIbHA cTajA.
CkJtajieMo cucTemy

y =2 — Cr,

{y’ =2x—C

i BuksrounMo 3 Hel crany C. st nporo sHaiigemo C' 3 1meprroro
PIBHSHHS CUCTEMU 1 TJICTABUMO Y JIpyTe:
2 —y , ity
2 = Y=
x x

2 _
O==—t = y =2z —

Bionosidv: zy = 2% + y.
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Ananoriuno, matoun cim’to kpusux ®(x,y,Cq,Co,...,Cp) =0,
3aJIe’KHYy Bijl N JIOBIIBHUX CTAJUX, MOXKHA IIPU IEBHUX YMOBax
onepxKatu audepeHIiiagbiHe PIBHSIHHS, IJIsSI STKOTO 3raJiaHi KPUBi
OyayTh IHTErpaJbHUMHU. g 1bOro moTpibHO 3audepeHIiioBaTh

cuisinnomenust ®(z,y,C1,Co,...,C,) = 0 n pasis 3a 3MiHHOO T
i BUKJIIOYUTH 3 HHOTO Ta OTPUMAHUX BHACIIOK JH(epeHIioBaH-
Hsi n piBHsiHb ctayi Cp,Cy, ..., C,. Y pesyabrari 0JepKUMO JId-

depeHtiaibHe PIBHIHHS CiM'T KPDUBUX, sIKE BUPAXKATHME 3aTraJIbHY
BJIACTUBICTH MUX KPUBUX.

Ilpukiam 2. 3natimu dupepentiasvre Prenants cim’i Kpueux
(x—C1)?+Coy® =1.
Pose’sazanns. pidi 3nudepeniitoeMo 3a 3MiHHOIO & TOTOXKHICTH
(CL‘ — 01)2 + ng2 —1=0:

2z —C1) +2Coyy' =0, 1+Cy(y”+yy") =0.

Bukrouatoun 3 Tprox pisHocTeit crami Cp, Co, micjst HECKIaTHUX
[IePETBOPEHb OJIEPKYEMO JjindepenIiaabie PIBHAHHA JPYroro mo-
pazky y°y" + (y2 +yy”)* = 0. m

Pexomendosana aimepamypa: |1, c. 15 — 23|, [5, ¢. 3 — 13,
22 — 25|, [6, c. 9 — 19], [8, c. 4 — 8|, [16, c. 6 — 15].

Iluranusa mo gekirii 1

1. dke piBHAHHS HA3UBAIOTH 3BUYANHUM AUEPEHITIATLHIM DiBHSIH-
aaM?! YuMm 3Buaaitni qudepeHiaabpii piBHAHHS BiIPI3HAIOTHCA Bif piB-
H{HDb 3 YACTUHHUMHY [TOX1THAMMA !

2. Sk BU3HAYWTHU MOPSJIOK JPEPEHIAIbHOIO PIBHSIHHS ]

3. dky yHKIIIO HA3UBAIOTH PO3B’I3KOM JIU(PEePEHIiaIbHOIO PiBHSI-
HHs1? 2K HA3MBAIOTH OIEPAIliI0 3HAXO/ZKEHHSI PO3B’sI3KiB TrepeHItialib-
HOTO piBHAHHS! fIKYy KPHUBY HA3MBAIOTH IHTErPAILHOI0 KPHUBOIO Jrde-
PEHIIAIBLHOrO PIBHSHHSA !

4. Y gomy moJjisira€ OCHOBHA 3aJ1a4da Teopil IHTerpyBaHHsI JudepeH-
[iaJIbHOTO PIBHSIHHST !

5. Y 4WoMy moJiAra€ MaTeMaTUYHE MOJICTIOBAHHS PEAJHLHUX IPOIe-
ciB 1 siBUII, sika HOro poJib y BuB4YeHHI mnpomecy? Illo HasuBaroTh ju-
depenniagabaoo Moueso? HaBemiTh JekiabKa MPUKIIAIHAX 3aad, sKi
MPUBOJATH JI0 3BUYANHUX [udepeHIiagbHIX PiBHAHD.

6. Akuit Bursix Mae piBHSHHS CiM'T KPUBUX, 3aJIEKHUX BiJl OIHOTO
napamerpa (n napamerpis)? Ik 3uaiitu pudepenniajibue piBHAHHS 3a-
JaHoT ciM’T OJJHOAPAMETPUIHNX KPUBUX (N-NApAMETPUIHUX KPUBHUX )T
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Bropasu mo gekirii 1
1. IlepesipTe, un € PyHKITIT

a)y:x‘fﬁtﬂdt; 6) bx =Inby; B)y=3x+lnx+2
0

PO3B’si3KaMu BimmoBinHux naudepenIiajibHX PiBHAHD

a)y = LHLSz. gy 4 = e’ /v, B) 2%y Inz = a2y —y.

2. 3Hali/[iTh KPUBI, y SIKUX KOXKHUI BIJPI30K JOTHIHOI, 10 JIEXKUTh
MizK KOOPJIMHATHUME OCSIMU, TOUKOIO JIOTUKY JTITATHCS HABIIL.
3. Cxaanite qudepeHiagbpHe PIBHAHHA CiM'T KDUBUX:

a) 22 —y?=C; 6) y=sin(z+C); »)y=Ciz? + Cae®.

4. Ckiagite audepenmiaabue PiBHIHHS:

a) ycix KijI, siKi JOTUKAIOTHCA J10 Oci abCiuc;

6) ycix UpAMUX HA ILIONIMHI;

B) mapaboi1, siKi IpoxoasaTh depe3 Touky (1; 2) i Marorh Bich, mapa-
JIeJIbHY J10 OCi abcruc.

5. 3HafiiTh KPUBi, HOPMAaJIi JI0 SKUX B yCIX TOYKAX MPOXOATH Yepe3
IIOYaTOK KOOD/IMHAT.
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Jlekiiisa 2. /IndepeniiiaabHi piBHIHHSA
MepIIoro IMopsiJiKy, Po3B’s3aHi BiTHOCHO ITOXi/THOT
(3araspHa Teopist)

Il1an

1. OcHoBHI O3HaYeHHSs i TOHSITTSI.

2. Bagaqa Ko, YMoBu icHyBaHHS Ta €IMHOCTI PO3B 3Ky 3a-
nadgi Kori.

3. Knacudikariist po3B’si3Kis.

4. Teomerpuane Ta MexaHiUHE TIyMadeHHs J1n(EePEHIiaTbHOTO
PIBHSIHHSI TIEPIIIOTO TOPSIJIKY Ta HOro po3B’sa3KiB.

1. OcHoBHi o3HaveHHd #1 MOHATTHA. /udepenmiaabHe piB-
HSIHHSI TIEPIIIOTO MOPSIJIKY B 3araJIbHOMY BHUIIAJIKY MOXKHA 3aIllUCATH
Y BUIVISL/IL

F(xv Y, y/) =0, (21)

Jle T — He3aJIesKHa 3MiHHa, Y — HeBimoma dyukuis Big x, F(x,y,y') -
g o ’ dy
3aJlana YHKIs 3MIHHUX T, Y, Y = 2.
Axmio piBHsHHs (2.1) MOXKHA PO3B’s3aTH BIHOCHO IIOX1JHOI,
TO HOr0 3alMCyBATUMEMO Yy BUTJISII

y = f(=,y). (2.2)

Taxy dopmy 3zammcy mgudepeHIiajibHOr0 PiBHAHHSA HA3UBAIOTH
HOPMAADBHOTO.

Haitnpocrinmium 3 judepeHIiajbHuX PIBHAHDb Yy HOPMAJIbHI
dbopmi € piBasang y' = f(x). dxmo dbyskuia f(r) sBusHauena i
HellepepBHa Ha JiesikoMy iHTepBasi (a,b), To, siK BiJIoMO 3 MaTeMa-
tranoro anamsy, y = [ f(z)dx + C, ne C — nosinbHa crana.

Y Gararbox BHIAJIKAX DPIBHsHHS (2.2) 3pY4YHO 3alucyBaTH y
suruisizi dy — f(z,y)dx = 0, sikuil € OKpeMUM BHUIIAIKOM DiBHSIHHSI

M (z,y)dx + N(z,y)dy =0, (2.3)

e M(z,y), N(z,y) — Binomi dyskuil (koepiuienmu pieHaHH ).
Pisusinnst (2.3) 3pyune Tum, 1o 3MiHHI 1§ y HbOMY PIBHOIPABHI,
TODOTO KOXKHY 3 HUX MOXKHA PO3IJIAJATH K (DYHKINIO Bi iHIIION.
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Po3se’szkom nudepennianbaoro pisasiaus (2.2) Ha inTepsai
(a,b) HABUBAIOTHL HellepepBHO JUMEPEHIIHOBHY Ha IIbOMY IHTEpBa-
ai dyukmiio y = y(x), ska neperBopioe piBHsiHHS (2.2) y TOTO-
xkuicrb, 10670 Y (7)) = f(2,y(2)).

Posp’si30k piBHsiHHs (2.2) Moxke OyTH 3ajaHuii He TIIBKU sIB-
HO, TO6TO siK y = y(x), ane it y wesiBHomy Burisiii ®(z,y) =0
(y Burusizi, He PO3B’sI3aHOMY BIJIHOCHO Y) abo0 y HapaMeTphdHiil
dbopmi: & = ¢(t), y = ¥(t). Hanpuxian, byuknis y = v 1 — x2, ze
x € (—1; 1), € po3s’askomM piBHsiHHA y = —x /Yy, onHAK Teil camuii
PO3B’SI30K MOYKHA NOJATH y HessBHOMY BT 22 + 4% = 1, y > 0,
a TaKoXK y mapamMerpudHiii ¢popmi x = cost, y =sint, 0 <t < 7.

2. Bagaya Komri. YMoBu icHyBaHHS Ta €QWHOCTI poO3-
B’a3ky 3aga4di Komri. Bike 3aznadasoch, mo gudepeniiaabii
PIBHSIHHST 3a3BHUUail MaroTh 6e3/id po3p’si3kiB. OmHak y 6araTbox
3aJa9aX TEOPETUIHOIO 1 MPUKJIAIHOIO XapaKTepy cepell yCiX pos-
B’s13KiB nudepenniaibHOro pisasiaHs (2.2) noTpibHO 3HANHTH TaKuii
PO3B’s130K Yy = y(x), sIKUil 38JI0BOJILHSIE YMOBY

y(zo) = vo, (2.4)

Jie o, Yo — 3aJaHi 9uciia, To0TO PO3B’S30K, SIKUIT JJIst 3aaHOr0 3Ha-
YeHHS He3aJe2KHOI 3MIHHOT & = xg HabyBa€ 3a/[aHOI0 3HAYEHHS Y.

Bajady BijIyKaHHs PO3B’si3Ky piBHsiHHsE (2.2), sKuii 3a710-
BOJIbHsAE yMOBY (2.4), HasuBaorh 3adauero Kowi (abo noua-
mxoeoro 3adauero). YMoBy (2.4) Ha3UBAIOTL NOYAMEKOB0M0, &
qucIa o, Yo — NOYAMKOSUMU daHUMY 33141 (2.2), (2.4).

3 reomerpuunol Touku 30py 3amada Komi (2.2), (2.4) nossrae
y BijykaHHi iHTerpasbHOT KpuBOI piBHsHHS (2.2), sIKa IPOXOIUTh
Jyepes Halepe]| 3aJany TOUKy (zo,yo) mwiomuan Oxy.

Bigmosigs na nuraHHs Ipo Te, 3a SIKUX yMOB 3ajada Kol
(2.2), (2.4) mae po3B’si30K, gae Teopema lleano, JoBeJeHHS SKOI
MOKHa 3HaiiTn, HaNpuKiIaL, B [3, c. 34 — 35].

Teopema 1 (ITeano). frxwo Pynruia f(x,y) nenepepena 6
deaxit obaacmi D naowuny Oxy, mo ichye Henepepena pasom
31 c60€10 NOTIOHOI0 nepwozo nopadky dywkyia y = y(x), axa €
pose’askom sadawi Kowi y' = f(x,y), y(xo) = yo, de (zo,y0) € D.
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Opnnak st 6araTbox 3aJ1ad BarKJIMBO 3HATU HE TLIBKHU (DAKT
icHyBaHHsI PO3B’g3Ky Ju(EPEHIiaabHOTO DIBHSAHHS, ajie TaKOXK 1
Te, UM € Meil po3B’sa30K e€auHuM. BiamoBinb Ha Ie NUTAHHS MA€
BUHATKOBE 3HAYEHHS sK JIjIsi caMol Teopil judepeHriajibHux piB-
HsIHB, TakK 1 Jyist 6ararhox 11 3acrocyBanb. Cupapii, sIKINO 3HATH,
o po3B’s30K 3aja4i Kol eauHuii, 1o, 3HAIIIOBIIN PO3B 30K,
KW 38J0BOJIBHSIE 38 IaHi IOIATKOBI yMOBH, JIOCIIHUK MOYXKe Oy TH
BIIEBHEHUM, IO 1HIINX PO3B’sI3KiB, SKi 3a/I0BOJIBHSIOTH Ti caMi 1o~
YaTKOBI yMOBHU, HEMAE. ¥ 3a/1a9aX IPUPOIO3HABCTBA, 1€ IPUBOIUTH
0 OJIEPKAHHS €JIMHOTO 3aKOHY SBUINA, SKUH BU3HAYAETHCS TiTbKH
JepeHIiaJIbHUM PIBHAHHSAM 1 IIOYATKOBUME yMoBaMmu. LiocTpa-
€TI0 10 IIHOTO MOXKYThb OyTH 3a/1adi 3 Jiekril 1.

Busiiisierbest, 1m0 ymoBa HenepepsaocTi dyHKIil f(x,y) 3 Te-
opemu Ileano e rapanrye exunocTi po3s’s3ky 3a1aui Komi (2.2),
(2.4). Posristnemo, HANpHK/Ia, piBHAHHESA Y = 2,/Y. Moro mpasa
JacTUHA BU3HAYEHA 1 HellepepBHa y BepXHiil yacTuHi mrorman Oxy
(y > 0). 3a J010MOroI0 IiJICTAHOBKH JIEMKO [EPEKOHATHCH, 110 1H-
TerpaJbHEMI KpuBnMH € misnapabomn y = (z + C)2, ne x > —C,
a Takoxk npsima y = 0 (Bice Ox). OueBuuHO, 10 y KOXKHIil TO-
ani (x0,0) oci Oz enunicTb PO3B’SI3KY IOPYIIYETHCs, 00 depes
[0 TOYKY IPOXOJATH JIBl iHTerpayibHi KpuBi, a came: mapadoJia
y = (v — 10)? i mpama y = 0 (puc. 2.1).

Puc. 2.1

OcHOBHOIO TEOpPEMOIO, sika 3abe3medye He TITLKHM 1CHYBAHHS,

ajie it enqmHIiCTb po3B A3Ky 3ajadi Ko, € Teopema Ko, ska y
inmiit moctanosii Oyje /0Be/leHa Ha JIEKIIl 8.
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Teopema 2 (Kowii). Hexati ¢ynruis f(x,y) susnavena y
NPAMOKYMHUKY

G:{(x,y):\x—:pdga, |y—y0|<b}v CL,b>O

1 340060NBHAE Y HHOMY MAKE YMOBU:
1) f(z,y) nenepepsna, a, omorce, i obmesrcena, mobmo

[f(z,y)l < M, M >0;

. of .
2) wacmunna noxriona a—f icHye ma obmestcena.

Todi 3adavwa Kowi (2.2), (2.4) mae edunuti po3e’a3ox npunatimmi
na 61dpisky |x — xo| < h, de h = min (a, b/M).

3a BUKOHaHHsI yMOB Teopemu KoIi MOXKHa rapaHTyBaTH, 10
Jepes KOXKHY BHYTPINIHIO TOUKY obsacti (G IPOXOJIUTH €/IMHa iH-
TerpaJibHa KpHUBa.

Teopema Kot mae Bestnke 3nadensst B Teopil 3pudaitaux mude-
PEHIAJIbHIX PIBHSHB, 0O JI03BOJISIE 38 BUIVISIIOM IIPABOI YACTHHH
piBHsiHHs (2.2) BiIOBICTH Ha IUTAHHS PO ICHYBAHHSI Ta €JIUHICTD
PO3B’SI3Ky IIBOTO PIBHSIHHS [PU 33JIAHUX [OYATKOBUX yMmoBax. lle
0CODJIMBO BasKJINBO Y TUX BUIAIKAX, KOJIM HEMOYKJINBO BKA3ATH TO-
qHy GOPMYJLY, IO BU3HAYAE PO3B’S30K PIBHSHHS, & TOMY MOTPIOHO
3aCTOCOBYBATH METO/ HADJIMKEHOTO PO3B’si3yBaHHs Jin(bepeHIi-
aJbHOTO PIBHSAHHS.

3. Kunacudikariiss po3B’sa3kiB. 3a2aavHum po3s’a3kom
judepeniianbHoro piBasiHHs (2.2) v Aeskiit obuacri G muiomuHn
Oxy Ha3UBaOTh PYHKIIO

sKa 3aJIeXKUTh Bl ofHiel qoBiabHOl cranol C', SKIno:

1) BoHa € po3B’sI3KOM piBHsAHHS (2.2) JyIst 1OBLIBHOTO (biKCcOBa-
Horo 3Havenns crajol C';

2) muist poBinbHOI movarkoBol ymosu (2.4), ne (xo,yo) € G,
icnye emuHe 3HavenHs crajgol C = (Cy Take, 1m0 QYHKILs
y = y(z, Cp) 3am0BosIbHSIE YMOBY (2.4).

ZKI110 He MOXKHA 3HANTH 3arajbHUl PO3B’s30K y BUrIsL (2.5),
fioro mrykatorb y HesisHomy Burisiai F(z,y,C) = 0. Takuii pos-
B'SI30K HA3UBAKOTH 3G2AAbHUM THME2PAAOM TUDEPEHITIATHHOTO
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piBHsinast. Yacro 3araibHuil iHTerpas onepxkyors sk ¥(z,y) = C,
TOOTO y BUIVISI/, PO3B’S3aHOMY BiJHOCHO J0BibHOI crasiol C.
Oynkuito VU (z,y) y 1bOMY BUIAJKY HA3UBAOTH THIMEZPAAOM -
depeHIiagbHOrO piBHSAHHS. AHAJONYHO BU3HAYAKTH CIM'I0 iHTe-
rpajibHUX KpUBUX (PO3B’sI3KiB) DIBHsIHHSI, 3aJI€2KHY BiJl JOBLIBHOT
crasioi C'; y mapamerpuyusiit hopmi x = (¢, C), y = (t, C) gk 3a-
2anvbHUll PO38°A30K Y NaAPaMempuuHiti hopmi.

Axmo y Touni (xg, yp) mopyuryoThest ymoBu Teopemu Kori, To
9gepes 10 TOUKY HPOXOJUTH JIeKiIbKa iHTerpajsbHuX KpuBUX (po3-
B’SI30K He €IuHuil) abo He IPOXOJUTH YKOJIHOI IHTEerpaaIbHOT KPUBOT
(po3B’si30K He ichye). Taki TOUKN HA3UBAIOTH 0COOAUBUMUY TNO-
yKamu TUdEePeHIiaJIbHOr0 PiBHSIHHS.

[lykaru ocobjiuBl TOUYKH MOTPIOHO cepell TOUOK, Y SIKUX Ma-
10Tb po3puB yHKuis f(x,y) abo i1 yacTuHHA 1IOXiTHA fé(a:,y), a
[OTIM, aHAJI3YIOUN 3araJibHUl PO3B 30K, HEOOXIIHO MEpPEeBipUTH,
an Oy/IyTh I TOUYKH ocobmmBUME. Taka mepeBipka 060B’si3koBa, 60
TeopeMa Kot f1ae jmire JocTaTHi yMOBH, & OT?Ke, MOYKE iICHYBaTH
enuHuii po3p’szok 3azaui Komd (2.2), (2.4) nasith Toji, Koau B
rouri (xg,Yo) HE BUKOHYETHCs OJlHA aD0 OOUIBI YMOBU TEOPEMU.

Posristremo npukiam.

1.y = ycosx + 3. Oynxnia f(r,y) = ycosz + 3% meme-
pepBHa, a NOXiJHa f, = cos ¥ obMexKeHa B yciX TOYKAX IJIOMUHHI
Oxy. 3rigHo 3 Teopemoro Kot vepes KoxKHY TOUKY 1tomuan Oxy
MIPOXOJIUTH OJIHA THTerpabHa KPHUBA.

2.y = /1 —92. IlpaBa yacTuHa BH3Ha4YeHa 1 HellepepBHA B
ycix roukax miomuuau Ozy, ne —1 <y < 1. YacrunHa noxigaa

fy = —% cTae HeobMexkeHoo, AKmo y — =+ 1. Jlerko nepe-
-y

KOHATHCH, 1O KoxkHa 3 dyHKHil y = sin(z + C') € po3s’sa3kom
piBasiHHA. OKpiM TOro, MaeMO Takok po3B’sizku y = + 1. Takum
YUHOM, Yepe3 KOKHY TOUKY IPAMUX § = * 1 NpoXondThb NpuHaiM-
Hi /Bl iHTerpa/ibHI KpHUBI, & TOMY y TOYKaX IUX HMPIMHUX MOPYIITY-
€ThCsl €JIMHICTD PO3B’sI3Ky (puc. 2.2).
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Yy y=1

= sin(x + C)

(0] \x
5

y=-1

Puc. 2.2

3.y = y~* B ycix Toukax (x9,0) oci Oz dbyuknii f(r,y) =
— —4 l
- y ) Yy
ajie 4epe3 KOXKHY TOYKY i€l OCl IMPOXOJUTh €JIUHa IHTerpaJib-
Ha Kpusa y = {/5(x — zp). PucyHok inTerpanbHux Kpusux jude-
penmianbHoro piusHus y' = y~4 npomnonyemo umTauaM 3poGHTH
CaMOCTITHO.

= —4y™° pospusHi it HeoOMmexeni mpu y — O,

YacmurHum po3e’askom pisusuns (2.2) B obnacri G Haszn-
BatoTh QyHKIio y = y(z,Cp), yrBOpeHy 3 3arajbHOrO PO3B’S3KY
(2.5) npu nesnomy 3nadensi cranoi C' = Cp.

AKio KoYKHA TOUKA PO3B’SI3KY JU(EPEHIIAJIBHOIO PDIBHSIHHS €
0CODJIMBOIO, TO TAKUIl PO3B’SI30K HA3UBAIOTHL 0cobAu6UM. Ocobiin-
BUiT PO3B’SI30K HE MOXKHA OTPUMATHU 3 (DOPMYJIH 3arajibHOIO PO3-
B’5I3Ky (3arajibHOrO iHTerpasa) JudepeHIiaJbHOr0 PIBHSIHHS IIPH
2KOJTHOMY KOHKpETHOMY 3HadenHi crajol C.

3  reoMeTpUYHOI TOYKHM 30py 3arajbHUM  PO3B SI3KOM
y=y(z,C) € ciM’sa inTerpasbHux KpuBuX Ha Iwiomuui Oxy,
dKa 3aJeKUTh Bif oxHiel gosilabHOI cramol C, a dYaCTHHHUN
POBB’SI30K — IIe OJHa iHTerpajgbHa KPUBA IN€l ciM’T, 0 MTPOXOINTh
qepes 3ajlany TOUKy. |'padikoM 0co0JIMBOTO pO3B’d3Ky € iHTe-
rpajibHa KpUBa, dKa y KOXKHII CBOIN TOYIl Ma€ CHIJIbHY JOTUIHY
3 OjHI€I0 3 IHTEerpajbHUX KPUBUX. Taky IHTerpajbHy KPHUBY
Ha3UBaIOTL 008101010 ciM'T iHTErpaibHUX KpubBux. Hampukia,
s piBHAHHA Yy = 2,/y obsignoo € npsama y = 0, To6TO Bich
Oz (puc. 2.1), a na pisasaas y' = /1 — y? oOBimHUMYE € npsaMi
y = =+1 (puc. 2.2).
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4. T'eomeTpuvHe Ta MeXaHiuHe TJIyMadeHHs audepeHIri-
aJIbHOI'O PiBHSIHHSI IIEPIIIOrO IMOPSAKY Ta MOro po3B’si3KiB.
Aximo posrisimat © 1 Yy 9K JIeKapTOBI KOOPAWHATH TOYKHU, TO M-
dbepennianbue piBHsiHHS (2.2) BCTAHOBJIIOE 3B’130K MiK KOOD/IMHA-
Tamu 1oBlIbHOT Touky M (x,y) mwiommHe i KyToBuM KoedbilieHToM
JOTUYHOT g—g J10 iHTerpasbHOl KpuBoi y 1iit Tourni (puc. 2.3):

tgo = = f(ry)

Axmo byukuis f(z,y) Busnadena B obsacti G, T0 KOXKHIiil TO-
ani M (x,y) uiel obsacti BiNOBiIa€ JgesKuii HAIPsIM, KyTOBUI Koe-
injent sikoro nopisuioe f(z,y). Bkasywouu 1eil HApsiM BEKTOPOM
(U151 BU3HAYEHOCT] BBAXKATUMEMO HOrO OJMHUYHKIM) 3 [IOYATKOM Y
routi M, onep:kumo B objiacti G nose Hanpsamis, BU3HaUIeHe PiB-
usiHHsIM (2.2) (puc. 2.4).

IarerpasibHa KpuBa, sika IPOXOAUTh Yepe3 Touky M (x,y) € G,
XapakTepHa TUM, 10 y KOXKHIfl 11 TOYI HAIIPAM JOTUYIHOI 30irae-
ThCd 3 HAIIPAMOM IO/ y it Touri. ToMy 3 reoMeTpUvIHOI TOUKU
30py iHTerpyBaHHs JudepeHIiajbHoro piBHsIHHSA (2.2) mossrae y
3HaXOJPKEHH]I KPUBHX, JOTUYHI JI0 AKMX y KOXKHIiil CBOIil To4IIl 306i-
rafoThCd 3 HAITPSAMOM TTOJIS.

VA

y=y(x)

=Y

=y

@]

Puc. 2.3 Puc. 2.4

Axmo y aeskiit Touni (xg, yo) bdyskiis f(x,y) crae HecKiHUeH-
HO BEJIMKOIO, TO HAIIPSIM 110JIsT Oy/ie mapaJebHuii ;10 oci Oy. Aximo
f(z,y) y rouni (x¢,yo) neperBoproerbesi B HeusHadenicTs 0/0, To
Yyepes 10 TOYKY He IMPOXOJIUTD YKOJHA IHTerpajbHa KpUBa.
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Jlist o0y moBu 1107151 HANIPSAMIB JubePEeHITIAIbHOIO PIBHSIHHS
3PYYHO BUKOPHUCTOBYBATH TI'€OMETPHUYHI MICIS TOYOK, y AKHX JI0-
TUYHI 70 IHTerpa/ibHuX KPUBUX MAalOTh CTAJIUi HampsMm. Taxi Jii-
Hil HA3UBAIOTH 130KATHAMUY. PiBHSIHHS 130KJIIH TudEpPEHIaIbHOrO
piBHsHHS (2.2) Ma€ BHIVIS

f(z,y) =k, (2.6)

Je k — nosinbHa crasa. 3Minonodn B (2.6) 3HadeHHs k, 0epKUMO
MHOXKHUHY 130KJIiH B obstacti G. 3a JOIMOMOIo0 i30KJIiH 1 BimoMux
cramux KyTiB o (kK = tga) Haxuiy JOTUYHUX IO IHTErpaJbHUX
KPUBHX, Kl TX IE€PETHHAIOTH, MOXKHA CXEMaTUIHO MO0y 1yBaTH iH-
TerpaJibHi Kpusi gudepeniaaibHoro piBHAHHA. Takuili MeTo J10-
caipKenHs udepeHIiiaJbHIX PIBHIHD HA3UBAIOTH MET0JOM 130-
KATH.

3a J0IIOMOI00 METOJTy 130KJIiH MOYKHA BH3HATUTH TAKOXK TaKi
xapakTepHi JiHiT #I obJsiacTi 1oJIsi iHTerpaJbHUX KpUBUX: 00JIaCTi
spocransst (npu k > 0), cuaganus (k < 0) iHTerpajbHUX KPUBUX
Ta Jinil ix ekcrpemywmis (k = 0). dAxmo dyukuis f(x,y) y pis-
HsHHl (2.2) nudepeniiiioBHa, TO 3a JIOHOMOIOK JAPYrol MOXiIHOT
y' = fo+y' - f, = [+ [ [, moxua BusHaunTn 0b/1ACTI OMyKIOCT
Ta JIiHIl TOYOK IMEepernHy iHTErpaJbHUX KPUBUX.

Ilpukaanm 1. 3a donomozoro i30kAiH HabAuICEHO 300pA3UMU
inmezpaavhi kpuet pienanna y' = x(y — 1).
Pose’szanns. 3rinno 3 (2.6) piBHsHHA I30K/IIH Mae BUIVISL
z(y—1) =k, k € R. dxmo k = 0, To i3okainamu € upsmi x = 0 i
y = 1. Banox mnx ¢y = tga = 0. ko k # 0, To i30K/1iHAME €
rimepbosin y = % + 1. dxmo, nanpuknan, k = +£1, To tga = +1,
a, otxke, a = £45°. dkmo k = +0,5, To @« = +arctg0,5 ~ +27°
i T. 1. [Tose manpsimis audepentianbaoro pisasaas iy = z(y — 1)
300pazkeHe Ha puc. 2.5.

Aximo nosre HAPAMIB udepeHItiaIbHOrO PIBHIHHS 100y 10Ba~
HE, TO JIJIsi TOro, 100 HAKPEC/JUTH IHTerpajbHy KPUBY DIBHSHHS,
OTPIOHO, SIK BXKE 3a3HAYAJIOCH, B3SITH Ha, IJIONINHI OYIb-sIKY TOUKY
i mpoBecTH 4Yepe3 Hel KpUBY Tak, 100 BOHA y KOXKHIN CBOTH TOYII
36irajach 3 HAIPAMOM II0Jis, TOOTO JNOTHIHA 10 KPUBOI y KOXKHIii
TOYIl TMOBUHHA MaTH HAIPsM BEeKTOpa y il Touri. InTerpasbmi
KPUBI 33JIaHOT0 PIBHSIHHS CXEMATHIHO 300pazkeni na puc. 2.6. B
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| o
=05
1 Y
- y=1
P ¥'==035
Q/ /&JIJ:?I
1) = N Ty
——
—
—

Puc. 2.5
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Posrisimemo 3ajady mpo pyx mMarepiajbHOl TOUKH P B310BXK
oci Ozx. Ioznaunmo meuaKicTh Touku P depes v(t, z) — dyHKIio,
3aJIe2KHY BT 9acy t 1 IOJIOYKEHHS X, dKe 3aiiMae TOYKa Y MOMEHT
qgacy t. JludepeniiaibauM piBHAHHSM IIHOIO PyXy Oyjie

dx

I v(t, ). (2.7)

Bynb-sikuit po3s’si3ok © = x(t) piBHsiHHs (2.7) BU3HA4YAE IEeB-
Huil 3aKOH pyXy (fioro HaszMBaTUMEMO LPOCTO PYTOM). 3ajada
Ko st piBastabs (2.7) mosisirae y 3HAXOJZKEHHI TAKOTO PYXY
zr = z(t), axkuil BuU3Ha4YaeTHCA piBHAHHAM (2.7) 1 3380BOJIBHSIE 110
9aTKOBY yMOBY Z(tg) = Xg.

Pyxy x = z(t) Biguosinae Ha mommui (¢,x) xkpusa MoM;
(puc. 2.7), sika 300paxkye 3ajexuicrs = Bij t. 1o kpuBy Hazu-
BaIOTh 2pagdirom pyxy (He Tpeba mwiryraru rpadik pyxy 3 Tpae-
KTOpi€to pyxy Touku P — Bigpiskom PyP; Ha puc. 2.7).

XA XA
Ml
h ; X=X,
x=x(1) -0
P M
Mn
n v
X,

() ’u ! '(1 "r () ru ! fl "r

Puc. 2.7 Puc. 2.8

Posrsinemo okpemi Bunajku piBHsiHHs (2.7):
1) dyskuis v(t, x) He 3aj€KUTDH BiJ T, TOOTO ‘fl—f = v(t);

2) dyukuis v(t, z) He 3a1eKuUTH Bij ¢, TOOTO

dx

— =v(x). (2.8)
dt

PiBusinus (2.8) HasuBaioTh cMayioHapHum abo a8MOHOMHUM.

YV HBOMY HMIBUIKICTH 3aJI€2KUTH TIILKHU BiJl ITOJIOKEHHS TOUKU.
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Zxiio npasa yacTuHa piBHsIHHsA (2.7) II€PETBOPIOETHCS B HYJIb
pU & = g JJIsl BCIX 3HAYEHB , 1110 PO3IVISIAI0THCS, TOOTO IIBU/I-
KIiCTb PyXy y TOUI X B Oy/Ib-IKUI MOMEHT Yacy JIOPIBHIOE HYJIIO,
To piBHsiHHs (2.7) Mae po3B’si3ok x = xg (puc. 2.8). llbomy pyxy
BioBiiae cman cnoxotro. TpaekTopieio MLOT0 PyXy € TOYKA X,
sIKy Ha3UBAIOTb MOYKON0 CNOKOM0 abo MOowK010 pieHo8a2u.

Pexomendosana aimepamypa: |1, c. 24 — 37, 42 — 48], [3,
c.7-9,31— 37, [5, c. 14 — 22, 25 — 27, 97 — 104], [8, c. 8 — 25,
76 — 85], [15, c. 7 — 14].

ITuranuga mo Jjgekiii 2

1. dkuii 3arajabHUi BUTJIsT Mae 3BUYaiine jiudepeniiaibHe PIBHIHHS
nepIoro mopsaky? fKy (yHKINIO HA3UBAIOTH PO3B SI3KOM IILOTO PiBHSI-
HHs Ha iHTepBai (a,b)?

2. dxy dopmy 3BHUAtHOrO AuQEPEHIIATHLHOTO PIBHAHHS IIEPIITOTO
HOPSIJIKY HA3UBaOTh HOpMaJbHOW! K 3Bectn piBHstHHA M (x,y)dr +
+ N(z,y)dy = 0 10 sHopmasnbHOT dopmu?

3. dx dopmymoerbest 3agaua Kol st qudepeHIiajipHOro piBHSIH-

4. Chdopmysoiite Teopemy [leano npo icuyBanns po3s’s3Ky 3aadqdi
Ko gyist pisasinas ' = f(z,y). 9u MoKy Th iHTerpasbHi Kpusi piBHSI-
uast §' = f(z,y) 3 HelepepBHOI MPABOI YACTHHOK IIEPETUHATUCS a60
JIOTHUKATUCSI OJTHA OJIHOI?

5. Yu rapanrye nenepepsuictb byHkiil f(x,y) icHyBanHd €xuHO-
ro poss’asky 3agaul Komi s piBusang y' = f(x,y)? Chopmyioiite
Teopemy Komri. Un moxke icHyBaTu enuHuUit po3B’s30K IMiel 3a7adi mpu
HEBUKOHAHHI Oy/b-s1KOT yMOBHU Teopemu Korri?

6. /laiiTe o3HavEHHs 3araJbHOIO PO3B’A3KY JU(PEPEHITAIHLHOTO PiB-
nanng Yy = f(x,y) y Jdedxiit obiacti icHyBaHHs Ta €IUHOCTI PO3B’A3KY
zamadi Komri. dxwmit po3s’si30k Ha3uBaoTh 3arajbauM inTerpasom? I1lo
Ha3WBAIOTH 3araJIbHUM PO3B’s3KOM y MapaMeTpudHii dpopmi?

7. Illo Take yacTuHHUIT O3B’ 130K piBHsHHS y' = f(2,y)? Akuit pos-
B’s130K Ha3uWBatoThb ocobsmBuM? JlaiiTe reoMerpudHe TJIyMadeHHs I[IAX
PO3B’sI3KiB.

8. dkuii reomerpuunuii 3mict MaoTh piBugnuga y' = f(x,y) Ta fioro
po3B’s3ku? K BU3HAYMTU HAXWUJI IHTErPAJbHOI KPUBOI y 3aaHiil ToqI
3a BUIJISIIOM I1paBOl YacTUHU piBHsIHHSI! ZIK 1MOOyyBaTu 1oJie Halpsi-
MiB, Bu3HaueHe piBHsAHHIM y' = f(x,y)? YV YoMy nossirae TeOMeTPUTHIH
3MICT iHTerpyBaHHsI [IbOI'O PiBHSIHHSI?
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9. Mo Take izokaina? JKuM € PiBHAHHS I30KIIH I AUQEPEHITIATb-
Horo piBHsiHHs y' = f(x,y)? fK 3HaiiTn AiHIT ekcTpeMyMiB i JiHIT TOTOK
[eperuHy iHTerpaJbHIUX KPUBUX I[HOI0 PIBHSHHSI? Y YOMY IIOJISITA€ Me-
TO/T 130KJIIH HAOJIMZKEHOTO PO3B’si3yBaHHs MuDEePEHIHATIbHOIO DIBHAHHSA !

10. dAxwmit mexamigaumii 3micT MaOTh JAudepeHIiajIbHe PIBHAHHSA
y' = f(z,y) Ta fioro poss’s3ku? Ak noB’ s3anmWit Mixk coboro rpadik py-
Xy (po3B’s13Ky), BU3HAYEHUI UM DIBHSHHSIM, 1 TPAEKTODIST IIHOTO PyXy?
dxuit pyx Ha3uWBAIOTH CTAHOM CIIOKOIO, AKUMU € rpadik i TpaekTopis
IBOTO PyXy?

Bopasu go jekiii 2

1. Posp’stzxiTh 3a1a4i Korri:

a)y' +a°=1,y(0)=5 6)y =ctgz, y(3)=3;
B) Yy =lnz, ye) = 1.

2. Kopucryiouncs Teopemoro Korri, BumimiTs obacti, y axkux aude-
peHITiaIbHI PIBHIHHS MAIOTh €IUHUNI PO3B’A30K:

a)y =cosy—2x; 6)y =+a2—y+a? B)y =2y/y+e".

3. 3a momoMorom MeToy i30KJIiH moOy/IyiiTe mosie HAIPAMIB aude-
peHIiagbHOro piBHaHHA ' = 2 + y? — 4 Ta HAGIIIKEHO 306pa3iTh Je-
KiJIbKa IHTerpaJlbHIX KPUBUX.

4. Hanumiites piBHAHHSA, SKOMY 3aI0BOJIbHSIOTD:

a) ycl TOYKU EKCTPEMyMy IHTErpaJbHUX KDPUBUX DIBHAHHS
y =2 +y;

6) ycl TOYKM TIEpETHHY IHTErpaJbHUX KPHUBUX  DIBHSIHHSI
y/ — y3 e3w —0.
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Jlekuisa 3. Haiimrpocrinti audepeHIiiajabHi piBHIHHS
MepIoro IMopsiaKy, iHTErPOBHI y KBaJpaTypax

Il1an

1. PiBHsiHHS 3 BiJIOKpEMJIIOBAHUMU 3MIHHUMHY Ta, 3BiJIHI JI0 HUX.
2. OHOPiHI PIBHSIHHSI.
3. PiBHsiHHS, 3BiJIHI JIO OJIHOPITHUX.

1. PiBHsHHS 3 BiJOKpeMJIFOBAaHUMHU 3MiHHUMHJ Ta 3BiIHI

o uHux. Posriasnemo gudepenmiaibie piBHIHHS IEPIIOr0 MOPsI-
Ky

M (z)N1(y)dz + Ma(x)N2(y)dy = 0, (3.1)

e KoXKeH 3 KoedirieHTiB Oiist audepeHmiaaiB € 100yTKOM JIBOX
byHKIIH, ogHa 3 AKUX 3a/€KUTh TLILKU Bill X, a iHIIA — TLILKU
Bij y. PiBusinng (3.1) Ha3UBAIOTL PIBHAHHAM 3 6100KPEMAIO-
B8AHUMY 3MIHHUMU.

st inrerpyBannst piBusinHst (3.1) morpibHO JOMOrTHCS TOTO,
o6 KoedirieHT 6ist dxr 3aezKaB TITBKA BiJ T, a KoedirtieHT Oist
dy — rinbku Big y. lle mocsiraerbes JijieHHSIM 000X 9acTUH PiBHS-
uust Ha 100yToK Mo (2)Ni(y), npudoMy BBasKaeMo, 3BHYANHHO, II10
Ms(x) # 01 Ni(y) # 0. [Ticas nporo omepxyeMo

M), Nay)
@) T My

dy = 0. (3.2)

PiBusians (3.2) MoxkHA PO3IVISIATH sK PIBHICTH JudepeHiia-
JIiB, TOMY 1HTerpaJju BiJi JudepeHIiaiiB BiIPI3HAITHCA Ha CTaJIy,
TOOTO

T Y
M (x) No(y) . _
VAR dx +y[N1(y) dy = C, (3.3)

zo

se C' — 1oBlIbHA cTasa, g, Yo — JesiKi Jucia 3 00J1acTi HellepepBHO-
cri Koedinjentis piusung (3.2). Cuissiguomenns (3.3) € 3araib-
HrM iaTerpasiom pisusumg (3.1). Moro mMoxkna 3ammcaTi TakoXK y

BUTJISIT1
M, (x) No(y) .
et T =
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60 Bu3HAUEH] iHTErpa/In 31 3BMIHHOI BEPXHBOIO MEXKEIO i HeBU3HATE-
HI IHTerpaJil € IePBICHUMU /Il OJIHUX 1 TUX CaMMUX HiJIIHTerpaJib-
HUX (DYHKIIH, & TOMY BiIPI3SHAIOTHCS JIUIIE CTAJIUMU, sIKi MOXKHA
BryrounTu B C.

Axmio a — po3s’s3ok pisusiuHsg My (z) = 0, T0 £ = a € po3B’a3-
koM piBustHHs (3.1), 60 dxr = 0, a Ma(a) = 0. Tak camo, sKio b —
kopiub piBasinas Ni(y) = 0, To y = b — Kopiub piBHsHHs (3.1).

Hudepenrianbue piBasiaHs (3.2) MOXKHA 3aIIMCATU Y OLIBII 3a-
raJIbHOMY BUTJISIIIL

M (z)dxz + N(y)dy = 0. (3.4)

Pipusnns (3.4) HasuBalOTh PIBHAHHAM 3 6L00OKPEMAEHUMU
3aminHuMmu, a nepexig Bix (3.1) mo piBHsiHES Bursny (3.4) — 6i0-
OKPEMAEHHAM 3MIHHUL.

BaraiapHuM iHTerpasoM piusHHS (3.4) €

/M(m)dm + /N(y) dy = C.

PiBHAHHA 3 BiJOKPEMJIIIOBAHMMHU 3MIHHUMHU MOYKHA 3alUCATH
TaKOXK y BUTJISIII

y' = fi(z)f2(y) (3.5)

st inrerpyBanus piBasians (3.5) morpibHo moaimmntu 0buasi iforo
qactuau Ha fa(y) (sxmo fao(y) # 0) i nomuoxkurn Ha dr (Bpaxy-
pagmmu, mo dy = y'dr). Orxe,

1

mdy = fi(z)dz,

a Micjsd IHTerpyBaHHS OJIEPXKYEMO 3arajIbHAM 1HTerpaJjl PiBHAHHS
(3.5):
dy

faly)
Ty, sik 1 gyist pisasians (3.1), skuo fa(a) = 0, To y = a € po3s’s3-
KOM piBHstHHS (3.5).

/fl(a:)da: +C.
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Ilpukiazn 1. 3inmezpysamu pierAHHA
(y — 2%y)dy = (z — zy)da.
Po3se’azarns. PiBHsIHHS MOXKHA 3aIMCATH Y BUIVISII
y(1 — 2¥)dy = (1 — y?)dz.

st BijoKpeMJIeHHST 3MIHHUX TO/IJINMO OOU/IBI YACTUHU DiBHSIHHS
ra (1 — 22)(1 — y?). Toni

y x
sdy = der (x # =1, y#+1) =

1—y 1 — a2

1/d(1—y2) - 1/d(1—x2)

2 1—192 2 1— a2
Injl-—y?=lnl-z}+C =

-y’ =el1-2* = 1-¢*=0C(1-4?),

Jle, BpPaxoBYyIOUHN JOBLIBHICTD cTrajol C, meperno3HadeHo +eC qe-
pe3 C. Hagaui y rakiit curyarii BUKOpUCTOBYBaTUMEMO 3HAK =,
nanpukiax, C := + e,

Omxke, 3arajibHIM IHTEIPAJIOM 3aJAHOTO PIBHSHHS €

¥ =1+C(2? -1). (3.6)

3’sICyeEMO MOXKJIUBICTH MOSBU OCODJIMBUX PO3B’S3KIB 3a/1aHOTO
piBugnus. Jlerko mepesiputu, mo gyuknii z = —1, x =1,y = —1,
y = 1 € po3B’sizkaMu PiBHSIHHS, OJIHAK Y 3arajbHOMY iHTErpaJi Mi-
CTSITHCs JIUIIe 1Ba ocTaHHIX (1X MoxkHa oTpumaTh 3 hopmyin (3.6),
sk C' = 0). Oyuknii = —1 iz = 1 € ocobsmBuME PO3B’sI3KAMH.
Bionosidv: y> =1+ C(2?> - 1), x = -1, z = 1.

Jlo piBHSHHS 3 BiJOKPEMIIOBAHUMHI 3MIHHUMH 3BOJSITHCST PiB-
HSTHHS BUTJISIITY

y = flax +by), (3.7)

Jie a, b— neski cragi. Crpasii, sIKIO BUKOHATH 3aMiny z = ax+by,
TO
z—ax N , 1, a
p— P _Z _ —
YT YT T
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i i 3HAXOKEHHsT (DYHKIIT 2 OAEPXKYEMO PIBHAHHS 3 BiIIOKPEM-
moBaHuMu 3MinHuMu 2 = bf(z) + a.

Mpuxmaan 2. 3inmezpysamu picnanna y = (4r +y + 5)2.
Poze’sazanns. Hexait z = 4x + y. Toni

=44y = y=2-4 = J-4=(2+5°? =
2= (2452 +4.

3Bigcn, axmo (z +5)2 +4 # 0, To

dz d(z+5)
————=d = — = c =
z+5)2+4 /(z+5)2+4 v
1 5 4 5
§arctg%::z:—|—0 = arctg“#z?x+20 =

dr+y+5=2tg2x+C) (C:=20).

Otke, 3arasbHuM po3B’siskoM € y = 2tg(2x + C) — 4z — 5.
Ockinbkn (z+5)%+4 # 0 B MHOXKIHI JTIHCHIX 9HCeJ, TO IHIMIX

PO3B’SI3KIB HEMAE.

Bidnosidv: y = 2tg(2z + C) — 4x — 5.

2. OpuopinHi piBusinas. Qyukuio f(x,y) HA3UBAIOTL 00HO-
PiOHO10 PYHKUIE BUMIPY M, HAKIO i OyJb-siKUX T, Yy, t
CIIPABJIZKYETHCSI TOTOKHICTD

[tz ty) =" f(x,y).

Hanpuknan, fi(z,y) = /223 + 43, fo(z,y) = arcsin % € OJTHO-
pimanmun dyuaxiigamu BuMmipis 1 i 0 BigmosigHo, 60
filte, ty) = V/2(tx)? + (ty)? = ¢- V223 + 43 = t'- fi(=, ),

(tz)® — (ty)* N et A
w = arcsmm =} fg(x,y)

fa(tz, ty) = arcsin
Hudepenriagbue piBHIHH

y' = f(=z,y) (3.8)

HA3UBAIOTL 00HOPIOHUM, KO f(x,y) € OJHOPIAHO (DYHKIEI
BuMipy 0.
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[Tokarkemo, 10 OMHOPiAHE PIBHSIHHSA MOXKHA 3BECTH [0 PiB-
HSIHHSI 3 BIJIOKPEMJIIOBAHUME 3MIHHUME. ZKINO IpaBa YacTHHA
piBusiaHg (3.8) — ommopinma dynknis Bumipy 0, To 3a o3HaveH-
waMm f(tx,ty) = f(z,y). dxmo nigcrasuru t = 1/x, To f(z,y) =
= f (1, y/z), a romy piBusHHA (3.8) MOXKHA 3alMCATH y BUIISAIL
y' = f (1, y/z), 3BlaKK BUIHO, 0 B OJHOPIHUX PIBHAHHSIX BULJIS-
ay (3.8) npasa yacruHa GAKTUIHO 3aJI€KUTH TLILKH BiJ 9aCTKU
y/z. 3 orisifly Ha 1€ BUKOHAEMO 3aMiny u = y/x, T06TO

Yy = ux,

Je v = u(z) — HoBa mykana dyHkiis. Toxi
/ / / du
y=vuzr+u = vrt+u=f(lu) = T = f(l,u) —u.
57

Opepxkan PiBHAHHSA 3 BlLIOKPEM/IIOBAHUMU 3MIHHUMU. 3iHTE-
IpyeMo ioro:

T ULwAuer0)

u xT
du

Akmo nosnauntu F(u) = | f(ldﬁ, TO 3arajbHUI iIHTErpaJs OJIHO-

pigHoro piBustHHs (3.8) MOXKEMO 3allCaTH y BHIVIAIL
F(y/z) =In|z| + C.

Posp’si3kaMu oHOpPiiHOTO piBHsIHHS (3.8) MOXKYTH OYTH TAKOXK
byuxuii y = ax (x #0), ne f(1,a) = arax =0 (y # 0), siki Moruin
OyTu BTpadeHi mpu BijlokpemsienHi 3minanx. [l po3s’sa3kun MOXKyThH
OyTH OCOOTUBUMU.

ITpuknan 3. 3inmezpysamu pisnanns ydr + 2. /rydy = xdy.
Po3se’azarrs. 3ammcaBiiy PiBHSIHHS Y BUTISII

y a5
ydz + (2y/zy —2)dy=0 = ¢y =—"— (@#0,y#>),

[IEPEKOHYEMOCH, 1110 BOHO € OJHOPIIHUM, 0O fOro mpaBa 4acTUHA €
onHOpiHOI dyHKIieo BuMipy (. Bukonaemo zaminy y = uz. Toxi
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Yy = v/ + u i, migcrasasgioun 1i BUpasu g y iy’ y piBHsAHHS,
OJIEPKYEMO
e uUx N Ja U N
v +u= — vr4+u=——
x — 2V ux? 1-2u
du 2ur/u 1—-2y/uw)du dx
dx 1-2yu 2ur/u 75
1/1L3/2du—/d—u= dr =
2 U 43
1

T
———lnu:lnx—l—C':>\/j+lny+C=O.
=~ lnful =Inla| = lnly

Armo v = 0, To y = 0 — ocobmBuii po3B’sizoK, Kpim Toro, x = 0 —
TeK 0CcOOJIMBUIT PO3B’ 30K 3a/IaHOTO PIBHAHHSA.

Bionosiodv: \/%4— Injy+C=0,y=0,2=0.

Ao audepeHiiajibHe PIBHAHHS [IEPIIOTO MOPSIIKY 3alliCcaHe
Y BUTJISITI
M(z,y)dx + N(x,y)dy =0, (3.9)
T0 BOHO OyJie omHopigauM, ko M (z,y), N(x,y) € ogHopiaHumu
dyuknisMu ojHakoBoro BuMipy. [Ipononyemo ynradam camocTiitno
[IEPEKOHATHUCh, 10 JudepeHIialbHl PIBHIHHS

(z +y)de + (x —y)dy =0, 3Bzydr + (2° +y*)dy =0

€ OJTHOPITHUMU.
SayBaxKuMo, 110 audepeHiiaabie PiBHAHHS

, Vit Y-z
= (3.10)
Y
ojiepzkame Ha JiekIil 1y 3aaqdi 3 npo GpopMy 3epKaia, sike 30upae
napaJiesibHi [MpOMEHI B OJHY TOUYKY, € ofaHopimauM. Po3s’szkemo
fforo 3a JIonoMororo 3aminm y = ux. Toji

vVl +ua? -z du  V1+u2-1

vr+u= = T = U
U dx U
udu B dm+C N
ViduZ —1—u? x
1 d(1+u?
= (1+ ) =In|z|+C.
2/ V1i+uZ2—1—u?
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OcklbKu

d(1+v?) 14u?=p :/2pdp _
V1+uZ—1—u2 p — p?

d
—9 l_p:_21n|p_1y:_21n‘\/1+u2_1

—-p

)

TO

—ln‘\/1+u2—1‘:1n]x|+0 =

Vitu2—1=C/z = u?>=(C/z)*+2C/z =
(g)2202+20x

T

2 2
> y° =2Cx + C~.
Omxe, 3arajbauM inTerpaiom pismsuus (3.10) e y? = 20z + C?
(nopiBHsifiTe 3 pe3ysibTaTOM, OJIepXKAHUM Ha JIeKIil 1).

3. PiBusiHH4, 3BigHI g0 omHOopigHux. Posrisgremo mnde-
peHIiajabHe PIBHAHHSA BULJISALY

;T +biy+c

, 3.11
asx + boy + co ( )

e ai, as, by, ba, c1, co — mesKi crami. Axmo ¢ i ¢y omHOUACHO He
JIOPIBHIOIOTH HYJIIO, TO IIpaBa JacTuHa piBHsiHHs (3.11) He € ojHO-
pinnoro dyukiieo sumipy 0, a ToMy 1ie PIBHAHHS HE € OJIHOPIIHIM.
OpHak, AKIIO

ar by

A a9 bg

7é 0 = CL1b2 7é CLQbQ, (3.12)

1o piBHsAHHS (3.11) MOXKHA 3BECTH JI0 OJHOPIJIHOIO 3a JOIOMOTOIO
3aMiHn
r=§+z0, Y=n-+Yo, (3.13)

e craji xg i Yo morpibno BubpaTn Tak, 1mod

{awo + b1yo = — ¢, (3.14)

asxg + bayo = — co.



42 Poznin 1. JVUOEPEHIIAJIBHI PIBHAHHS ITEPITIOIO ITOPAIKY

Briguo 3 (3.12) A # 0, a Tomy JiiniiiHa HeoxHOpiAHA cucTema (3.14)
Ma€ €IUHUI PO3B 30K, AKMUII MOXKHA 3HANTH, HAIIPUKIA, 38 (Pop-
mysamu Kpamepa. ITigcrapisoun y (3.11) 3amicts 1 y Bignosiuui
Bupasu 3 (3.13), oepKyeMo piBHSIHHSI

dn _ ai§+bin+aixo +biyo + e
dé  agf + ban + agxo + bayo + 2’

abo, BpaxoBytoun (3.14),

d b
dn _ mé+bn (3.15)
d€ a6+ ban
Hudepennianbue pisasinas (3.15) €, 09€BUIHO, OIHODITHUM.
Ilpukiazng 4. 3inmezpysamu pieHAHHA
(x—2y+3)y =1—y—22z.

Po3se’azarns. 3anuineMo pIBHSHHS Y BUTJISI

,__21:—|—y—1

A W (y#%($+3))~

Ockinpru A # 0, To BukoHaeMo 3amiay © = & + xg, Yy = 0+ Yo, J€e
qUCHIa Tg 1 Yo 38/I0BOJILHAIOTL CUCTEMY DiBHSIHB

2z0 +yo = 1,
To — 2y0 = —3.
Jlerko 3naxomumo, mo o = —1/5, yo = 7/5. Takum uunOM, HicsIst

saminn x = £ — 1/5, y = n + 7/5 ofep:KyeMo OJiHODijHEe DIBHSHHS

dn 28+
& -
Hexait n = ué. Toxi
2+u du —2u? + 2u + 2
4 = —tr= -
wetu=o 1 T &s 2u—1)
(2u — 1)du dg

_ ot} 2 _ ., _
u2—u—1__2§ (u* —u—1+#0).
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[arerpytoun ocranne piBHSHHS, 3HAXOIUMO:

nju—u—-1=C-2Inl| = W2-u—-1=€%¢ =

2
”__ﬁ_lzg Ci==%e%) = P-nt-€&€=C =

& ¢ &

AN ! +1 +1 i c =
——] = ly—z)lz+=-)—-(z+=) =
Y75 Y75 5 5

v -z —zy+x—3y+57/25=C

OT}KG, 3al'aJIbHUM iHTeI‘paJIOM 3a,/1aH0I'0 piBHHHHH € y2 — {L‘2

+z—-3y=C (C:=C—-57/25).

HKH_(OUQ—U—lzo TO U = HE‘/B 3Bi,H,KI/IT]: 1i\/5
Yy = H‘[x —|— + ‘16 1y = 1= ‘[a: —|— 5 = i Beanocepe):LHBOIo
Hi,H,CTaHOBKOIO HepeKOHyeMOCH y TOMY, Luo ,Z[Bl ocTaHHl (QyHKIIT
€ PO3B’sI3KaMu 33aH0r0 JaudepeHIiajabuoro pisusuus. Haperri,

&, TobTO

skio £ = 0, To x = —1/5, ase 1ig GyHKIs He € PO3B’I3KOM 331~
HOT'O PIBHSHHSI.
; idu: 12 1+\f V5
Bu?noiz_db.y—\/_ xy+x—3y =C,y = Sp 4 3 +10,
_ 1-v5 3 5
y=""2 T3~ To:

Axmo ayist KoedinienTis piBHsiHHs (3.11) HEe BUKOHYETbCS yMO-
a (3.12), Tobro
a1b2 = CLle, (3.16)

TO a1 = Aag, by = A\bg, a Tomy 3 piBusiHHs (3.11) BuIMBaE, 110

AMazx + bay) + 1
I = = f(asx + boy),
Y a2 + bay + ¢ Jaz 24)

TOOTO OjieprKasM piBHsIHHA BUIIsiy (3.7), sike 3BOJAUTHLCSI JIO PiB-
HAHHA 3 BiJJOKPEMJIIOBAHUME 3MIHHUMHU 3a JIOIOMOIOIO 3aMiH’
z = agsx + bay.

BayBazkuMo, 1110 3a BUKOHaHHsT yMOBH (3.16) j1/1st 3BEIeHHST PiB-
HsaHHs (3.11) 10 PIBHSAHHS 3 BIJOKPEM/IIOBAHIME 3MIHHUME MOXKHA
3aCTOCOBYBATU TAKOXK 3aMiHU 2z = a1x + b1y, z = a1z + b1y + c1
abo z = as + boy + co.

Ilpukiazng 5. 3inmezpysamu pienarms
;T 20+ 3
2z —dy—1
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Poszs’azarmsa. Ockinbkn A = 0, To BUKOHAEMO 3aMiHy 2 = & —2y.
1-2

Tomi y = 5%, a y = 5, 1, MJICTaBJISIIOMM Y PIBHAHHS, OJIEPXKY-

€MO PIBHAHHY 3 BiJJOKPEMJIIOBAHUMU 3MIHHUMHU:

1-2 2+3 . S 2246 L —7 N
2 22 —1 22 —1 22z —1

(2z — 1)dz = —Tdz.

3inTerpyemo itoro:

22— 2=-Tx+C.

SaMiHUBINM 2z HA T — 2y, 3HAXOAUMO 3araJbHUI IHTErpaJsl y BULISII

(x—2y)°—(x—2y) = —T2+C = z’—doy+4y*+62+2y=C. B

AHayIoriyHo IHTErpyIOTHCSA PIBHAHHST OLIBIIT 3araabHOrO BUTISI-

Ay
a1x + bry + c1

el AL 3.17
Y f<a2x+bgy+62> ( )

ne f(u) — HenepepBHaA (DYHKIIiSE CBOIO apryMeHTY.

BayBarKuUMO, M0 JIeTK] PIBHAHHS MOYKHA 3BECTH JIO OJIHOPITHUX
3a JIONOMOTOI0 3aMinn y = 2™, e z = z(x) — HoBa yHKIIis, & M —
Jesike 1ncyio. Taxi piBHsIHHSI HA3UBAIOTH Y3G2AAbHEHO-00HOPLO-
numu. Hanpuknan, y pisusauni ¢y = z + g—i 3poOUMO  3raIany
saminy y = 2™ (tomi ¥ = mz™"12)
ojiepyKaHe PiBHSIHHSI

i BubepeMo m TakmM, 100

2m m+1
| z d5

/ /
mz % =SB ——o = mz = —-
1‘3 mel 1‘3

Oys10 omHOpigauUM. st 11bOr0 TTOTPIOHO, IIOO IpaBa YacTHHA PiB-
HsIHHSI OyJ1a OJTHOPITHOI0 (YHKITE BuMipy 0, TOOTO 9HCJIO M 11O~
BUHHE 33JI0BOJILHATH piBHAHHA m — 1 = 11 m + 1 = 3, 3BiaKn
m = 2. OrKe, 3a JIOIOMOIOIO IiJICTAHOBKH Y = 22
He BJIAJIOCS 3BECTH JIO OJIHOPITHOTO

3a/1aHe PIBHSIH-

T 23

/
22 =—+ =,
z x
3IHTErpyBaTH gKe ITPOTOHYEMO YUTadaM CAMOCTIIHO.
Pexomendosana aimepamypa: |2, c. 11 — 39|, [5, c. 28 — 33,

56 — 61], [8, . 27 — 37], [15, c. 23 — 27], [16, c. 16 — 177].
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Iluranusa go gekrii 3

1. ke mudepentianbae pIBHIHHS HA3WBAIOTH PIBHAHHAM 3 Bijl-
okpemjieHIMEU 3MiHHUMEU? $IK 3HAWTH 3arajbHUN iHTErpaJ TAKOro piB-
HsIHHs1?

2. Ydxe nudepeniianbHe PiBHsIHHS HA3WBAalOTh PIBHSIHHAM 3 Bijl-
OKpeMJTIoBaHUME 3MiHHUME? ZIK iHTerpyeThes Take piBHstaHs? AKi dyH-
KIIil MOXKYTh BUSIBUTHCSI OCOOJTUBUMU PO3B’I3KAMU !

3. Ba monomororo skux 3aMiH piBusiHHs §' = f(ax + by + ¢) MOKHA
3BECTH JI0 PIBHSIHHS 3 BlJOKPEMJIFOBAHUME 3MIHHUMU !

4. Komn byukuis f(x,y) 6yae ommopinaow umipy m? Hasezith
npuKJIaau ogHOpimuux ¢yukmin Bumipy 0, 1, 2, 3, a TakoXK IPUKIAIA
HEOTHOPIIHIX (DYHKITIA.

5. fke mudepenmianbHe PIBHSHHS IIEPIIOTO MOPAIKY HA3UBAIOTH
ofHOpiMHUM? 3a JOMOMOrOI0 SIKOI 3aMiHM IIyKaHOI (DYHKIII Take piB-
HSIHHSI 3BOJIUTHCS JIO PIBHSIHHSI 3 BIJIOKPEMJIFOBAHUMU 3MiHHUMUI?

6. fdkoro mae 6yru npasa yactuna pisaguas y' = f(x,y), mob BoHo
Oys10 omHODITHIM?

7. dxmo byuxuiit M (z,y), N(x,y) oxHopiaHi, TO 94U JIOCATH 1IHOTO
Jtst Toro, mob pisusiaast M (2, y)dx + N(z,y)dy = 0 6ymno ogHopinanM?

8. dxkumu noBuHHI OyTH YKCIA €1, Co, MO0 JudepeHiiajbHe PiBHs-
uHst (3.17) 6ymo ogHOpinHUM?

9. dxumu noBunui 6yru ducaa ai, az, by, by, mo6 piBuguHs (3.17)
MO2KHA, OyJI0 3BecTH 110 omHOpianoro piBusiuusa?! Ko 1ie piBHsAHHS MO-
JKHa 3BECTH Bifpa3y /10 PIBHAHHS 3 BIIOKPEMJIIOBAHIMU 3MIHHUMA !

10. dki piBHsIHHSI HA3UBAIOTH y3araJibHEHO-OHOpIMHUME ! S Ka 3aMi-
HA BUKOPHUCTOBYETHCS JIjIsl IHTEIPYBaHHsI TAKUX PIBHSHB !

Bopasu go jekiii 3

1. 3iurerpyiite maudepeHIiaJbHl PIBHSHHS 3 BIIOKPEMJIIOBAHIMUI
3MIHHUMM:

a) y' =¥ 6) r/1+y2 +yy'V1+a? =0;
B) (zy® —y*)y =y + 2°.
2. 3uaiiaiTs po3s’a3kn 3aga4 Komri:
a) (1+em)yy =e”, y(0)=1; 6)y'tgz=y+3, y(5)=1

3. BiuTerpyiite nudepentiaabai piBHAHHA, 3BiIHI 10 PIBHAHD 3 Bil-
OKPEMJTIOBAHUMU 3MiHHUMU:

r—2y—1
a)y' =2r+3y+10; 6) (2z+y)y =1 B)y’=4y,2++6-
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4. O6rpynTyiiTe, 1110 PIBHSIHHSI € OJHOPIJIHUMM, Ta 3iHTEerpyiire Ix:

2
a)q;dy:<y+‘/x2+y2)dm; 6)y’:g+ey/x; B)y/:.');“f' y.
T

2x +y

5. 3i"Terpyiite piBHSHHS, 3BiJIHI 10 OJIHOPIHUX PiBHSHD:

a) (z+ 1)y +3z+2y+5=0;
6) (7Tx — 3y + 2)dz + (4y — 3z — 5)dy = 0.

Jlekiia 4. Jliniiini audpepenitianbHi piBHIHHSA
Ta 3BigHI J0 HUX

Il1an

1. Jliniiine piBHSHHS Ta METOJU HOrO PO3B’S3yBaHHS.
2. BiractuBocti po3B’a3KiB JIiHITHUX DiBHAHD.

3. PiBugannga . Bepmyswi.

4. PiBagaus Pikkari.

1. JliuiliHe piBHsIHHSI TA MeTOAU MOTr0 PO3B’sI3yBaHHSI.
JIinitinum udepeHIiaibHIM PIBHAHHSAM IEPIIOrO MOPSJIKY Ha-
31UBAIOTh piBHHHHH BUTJIA LY

A(z)y + B(z)y + C(z) =0, (4.1)

ne A(z), B(z), C(x) — uenepepsri ¢ynkiil. B obmacri, 1e
A(x) # 0, (4.1) piBHOCHIIbHE DIBHSHHIO

Y +p(x)y = q(z), (4.2)

y sikoMmy no3nadeHo p(x) = B(z)/A(z), ¢(x) = —=C(x)/A(z)

Axmo x A(zg) = 0, To po3s’s3koM piBustHHs (4.1), 3ammrcanoro
y audepenniansuiit dopmi A(z)dy + B(z)ydr + C(x)dx = 0, €
T = Tg, y YOMY JIETKO II€PEKOHATHCSI 3a JONOMOIO0 I1JICTAHOBKH.
Hanpukiasz, poss’sskamu pisastaEs z(x — )y’ + sinx-y = tgx €
r=01iz=m.
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Axmo dbyskuii p(z) ta q(x) y piBusnui (4.2) HenepepBHi Ha
nesikomy iHTepsasi (a,b), To 3rimHo 3 Teopemoro Ko uepes ko-
JKHY TOYKY cMyru a < a; < & < by <b, —oo <y < 400 1npoxo-
JIUTh €auHa iHTerpasbHa Kpuba. Cupasii, siKmio piBasiHHs (4.2)
sammcaru y sursial ¥ = ¢(x) — p(x)y, To Horo mpasa wacTHHA
f(z,y) = q(x) — p(x)y €, oueBuaHO, HemepepBHOWO (DYHKIHEW, a
gactumia moximna fy(z,y) = —p(xr) obmexena y miii obmacti. ¥
[IbOMY BUIAJIKY piBHsiHHS (4.2) 0cOOJIMBUX PO3B’SI3KIB HE Mae.

Axmo dyHKIis ¢(r) TOTOXKHO JOPIBHIOE HYJIO, TO DIBHSHHSI
(4.2) HasMBAIOTH ATHIUHUM O0OHOPIOHUM, a SIKIO TOTOXKHO He
JIOPIBHIOE HYJIIO, TO ATHIUHUM HEOOHOPLOHUM.

[Tokarkemo, 110 JIiHifIHE HEOTHOPIIHE PIBHSIHHSI IEPIIOrO II0-
PSJIKY 3aBXKJIM IHTErPYeThCsd y KBajparypax. PosrisHemo JiBa
CII0COOM IHTerpyBaHHsT TAKUX PiBHIHb.

Mertopn Bapianii gosisibHOI crasnol (Meron Jlarpan»ka).
3iHTErpYyEMO CIIOYATKY JiHIiTHEe OJHOPIIHE PIBHSIHHS

y' +p(z)y =0, (4.3)

dKe € BOJIHOYAC PIBHSHHSAM 3 BiJIOKPEMJIIOBAHUMU 3MIHHUMU:

dy

Vebaly > L—-p)i G0 =

dx
In|y| = —/p(:z:)d:z: +C =
y = CeJP@dz, (4.4)

Dopwmyia (4.4) onmcye Bel poss’si3ku pisasiaHs (4.3), 60 po3s’si-
30K y = 0, sikuit Mir 6yTH BTpadeHuM [IPU BiJOKPEMJIEHH]I 3MIHHUX,
MicTuTbes y opMysti 3arajabHOro poss’sisky (sikimo C' = 0).

Po3B’s130K JiiHIHOrO HEeoMHOpiHOrO piBHsiHHS (4.2) IIyKaTn-
MeMmo y Buruisizi (4.4), saminusmmm goBlibHy crany C neskoio dyH-
kuiero C(x), To6T0 y BUIIsiI

y = C(x)e /r@)dz, (4.5)
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[Migcrasasioun (4.5) y piBusinHs (4.2), 07€pKy€eEMO
C'(z)e IP@d _ O (g)p(z)e~/P@ e 4
+ p(z)C(x)e IP@e — g(2) =
C'(z) = q(z)e/?@¥ = C(z) = /q(x)efp(x)dxdx +C,
e C — noBinbHa craga. [lincrasiasioun Tenep 3Haiigeny QyHKII0O

C(x) y (4.5), onepxyemo dbopMyILy JjIsl 3arajibHOIO PO3B’sI3KY JIi-
HiftHoro piBasiaHs (4.2):

y = e JP@)dz. (/q(w)efp(“)d’”dx . C). (4.6)

Meropn, nmigcranoBku (MeTos, 1. Bepnyui). Po3s’si30k Jii-
HIHOIO HEO[HOPIIHOTO PiBHsIHHS (4.2) IIyKaTUMeMO y BUIJIsII J10-
6yTKy aBox audepenniiiopaux Gy v = u(x) iv = v(x), To6TO

Y = uv. (4.7)
[Tigcrasisiioan (4.7) B (4.2), omepzKyemMo
w'v+w + p(z)uw = q(z) =

v+ u (v + p(z)v) = q(z). (4.8)

Kopucrytouncek poBuibHicTIO (DyHKINT v, BubepemMo i1 Takoro,
o6 BoHa Oy/1a po3B’st3koM piHsHHSA v’ + p(x)v = 0, 3BiAKH

v=Ce JP@dz,
Buaiineny dyukiio v npu C = 1 nigcrasumo B (4.8). Toxi
W e IP@d — ) = u= /q(ac) LefP@ gy 4 O,

ITincrasisioun suaiigeni dyHkuil ui vy (4.7), 3HOBY ozepxKy-
emo dopmyity (4.6).
Ilpukiazn 1. 3inmezpysamu pieHAHHA

I2

y + 2zy = 2xe”
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Poazg’azarns. Memod sapiauii dosiavrol cmanoi. Po3s’szkemo
BIJIIOBITHE JTIHIiTHE OJIHOPi/IHE PIBHAHHSI:

d
v +2ry=0 = /—y:—/dem—i-C =
)
Inly|=-2*+C = y=Ce ™,

Posp’s30k 33180010 JIHITHOTO HEOIHOPIAHOTO PIBHAHHS MTYKAEMO
. I .
y Bursam y = C(z)e™*". Iligcrasisiioun y piBHSIHHS, OJ€PKYEMO:

C"(J:)e_x2 - QI‘C(Jf)e_xQ + 21:0(:6)6_””2 =2 =
C'z)=22 = Cl)=2°4+C = y=(=2+0C) e .

Memod Bepryani. Hexait y = uv. Tomi

/ / — 2
v+ v + 2zuv = 2ze” .

st 3Haxo/kenHst (DYHKIL 4 1 U OJIEPAKYEMO CUCTEMY

{v’ + 2zv =0,

2
uw'v = 2zxe .

x

. _ 2
3 meprroro piBHsiHHSI cucremu 3Haxogumo v = Ce™*". Tlokia-

nemo C' =11 mifgcraBumo yHKIHIO v y npyre piBHsHHS. 1011

W=2 = u=24C = y=@@*>+C)e*. =

Hagejieni MeTojiu po3B’si3yBaHHs! JIHINHUX DIBHSIHb MOYKHA 38~
CTOCOBYBATH TAaKOXK J0 pibHsHb Burnsany (p(y)z +q(y))-y = 1,
SKINO Y MPUIHATH 3a HE3aJeXKHY 3MIiHHY, a & — 3a (DYHKIHIO Ii€l
sminnoi. Hanpuxmag, pisaanns 2yy (e’y2 = a:) = 1 € HeniHITHUM
BisHoCHO byHKIIT y = y(x). OmHaK, SIKINO 3a1caTu fioro y BUTJIs-
his!

p 1 1 1

y:2y(6_y2—$) - ;:234(@—?/2—36) -

x4+ 2zy = defyZ,

TO Ma€eMo JiHiitHe BijHOCHO DyHKIIT & = z(y) PIBHSIHHS 3 IPUKJIa-
ay L.
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2. BaactuBocTti po3B’a3kiB JiHilinux piBHaHb. Hasegenmo
JiesiKi BJIACTUBOCTI PO3B’sI3KiB JIIHINHUX PIBHAHD, SIKi MOYXKYTb OyTH
KOPUCHUMU I TPAKTHIHOTO PO3B’SI3yBaHHS DiBHIHD.

Buaacrusicts 1. Sxwo sidomuti desruti wacmunnutl po3e’a3ox
y1(x) ainitinozo odnopionozo pienanns (4.3), mo ozo 3azarvrud
p036°a30% 3naxrodumuovcs bes keadpamyp.

[um 3aranbanm poss’sizkoM € y = Cyy(x), ajpKe BiH 33/10BOJIb-
Hsi€ piBHsiHHS (4.2) 1 MICTUTD JIOBUIBHY CTAJIy.

Baacrusicts 2. 3azasvnuti pose’aszor ainitinozo neodnopi-
Onozo pienanna (4.2) e cymoro G020 wacmunnozo po3s’asky i 3a-
20451020 P36 A3KY 610N0610H020 00HOPIOH020 piehanns (4.3).

Cupasni, Binkpupatoun ayxku y dopmyni (4.6), maemo jBa
nonanku: Ce™ JP@)d% _ saramumit poss’sizox Bignosigmoro oo-
pigEoro pisasams (4.3) i e~ JP@ [q(3) e/P@)dzdr — posp’azok
HeoiHOpiiHOrO piBHsiHHs (4.2) (floro omep:kyemo 3 dopmyin 3a-
raJpbHOro poss’sizky, ko C' = 0). OTxke, AKIO BigoMuil oauH
JacTUHHUN PO3B’s130K Y1 = y1 () JIHIHHONO HEOJHOPIAHOrO pPiB-
HSIHHSI, TO HOr0 3arajibHUil PO3B’sI30K 3HAXOUTHCS 38 JOITOMOIOO
OJTHIET KBaIpaTypH:

y=y1 + Ce™ Jre),

BuaacrusBicts 3. Sdxwo sidomi dea Henponopuiting 4acmurmi
pose’asku y1 = y1(x) 1 y2 = ya2(x) pisnanns (4.2), mo doeo 3a-
2anvruti po3e’azok odepoicyemo 6e3 xeadpamyp 3a Gopmy.a010

y =11+ C(y2 — y1). (4.9)
Cupani, ockimbrn 44 + p(x)y1 = q(x) iy + p(x)y2 = q(z), T0
(y1 —y2) + p(z)(y1 — y2) =0,

3BiJIKU BUILIUBAE, IO Y] — Yo € YACTUHHUM PO3B’SI3KOM JHHIHHO-
ro ojiHOpijHOro piBHsiHHsA (4.3). 3araJbHUM PO3B’SI3KOM DIBHSIHHSI
(4.3) srigno 3 BracrusicTio 1 6yne C(y1 — y2), a dopmyny (4.3)
OCTATOYHO OJIEPKYEMO Ha IJICTaBl BJIACTUBOCTI 2.
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3. PiBusnus 4. Bepnuyni. Pisuauus Burisity

Y+ plx)y = qlz)y™, (4.10)

Jie m — JiesiKe YnCJI0, HA3UBAIOTh Pt8HAHHAM BepHyaat. ko y
(4.10) m = 0, To oxep:Ky€eMo JiHifiHe HeoqHOpPiNHe piBHsHHS (4.2),
a dKIo m = 1, TO PIBHAHHS 3 BIJIOKPEMJIIOBAHUMH 3MIHHUMU, TOMY
Ha ATl BBaXKaTMeMo, 1o m # 0, m # 1.

Jlnst poss’sa3yBanHs piBHsiHHa bepHysut, Tak camo, dK JHiHI#-
HOI'O PIBHSIHH¢, BUKOPHUCTAEMO METO/J[ Bapiallil JOBLIBHOI CTaJOl.
Binrerpyemo cnovarky pisastauast y' + p(z)y = 0. Moro 3arasbamit
PO3B’s130K 1ojaeThest hopmydioro (4.4): y = Ce~fp@)dz,

Posp’s30k piBHgHHSA Bepuysuii mykaemMo y BUrJIsi

y = C(z)e /P@)d (4.11)

ne C(x) — peska dyuxiis. Ilincrasnsioun (4.11) y piBHAHHS
(4.10), onepxyemo
C'()e™IP@ _ O(a)p(z)e= [P 4 p(2)C(z)e=Ir@ie =
= q(z)C™(z)e™/P@)dr -
Cl(.f) = q(m)cm(l‘)e(l_m)fp(x)dw =

dC(x) _ (1—m) [p(z)dx
) /q(w)e dz+C1 =
1-m
S / o(@)ei=m I P@)de gy oy
-m

Takum auHOM,

1

C(x) = ((1 —m) / g(z)e—mIp@)de gpr 4 c) o ,

a migcrasisitoun 1o dyuknio C(z) y (4.11), omepxKyemo 3arajib-
HUT PO3B’s130K piBHAHHA BepHyIui:

1

y = ¢~ p(@)da <(1 —m) / o)A [P(@)do gy 4 c) T
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[Tpu vomy mir Oy Brpadennit po3s 30k y = 0, axmo m > 0.
s m < 0 dyukiis y = 0 #He € po3B’sa3KOM piBHsiHHsT BepHyJui.

Ilpukiazn 2. 3inmezpysamu pieharha Bepryani
y + 2xy = 2ze™” v

Pose’azanns. 3aranpanii po3s’si3ok pisastHus y' + 22y = 0 OyB
3HANJIEHN 1iJ] 9ac po3B’sa3yBaHus npukiady 1:y = Ce ™
PO3B’SI30K 3a/IaHOTO PiBHsAHHS miyKaemo y Burisiy y = C(z)e
[ligcraBiasioun y piBHSAHHS, OJIEPIKYEMO:

, & TOMY
P

C’(al:)ff"’“"2 - 2xC($)e*’”2 + 2$C(x)e*”2 = 21’6‘%202(.@)672‘%2 =
dC(x)

C'(z) = 22C%x) = 2(2) =2zdx (C(z)#0) =
1 1
_ 6712
V=-wio

Axmo C(z) =0, o y = 0. g dyukuis € ocobiamusum po3s’si3-
KOM 3aJIAaHOTO PIBHSHHSI.
Bidnosidv: y = —e (22 + C)~L, y = 0.

3ayBaykKuMo, M0 HABEJIEHUN METOJI MOYXKHA 3aCTOCOBYBAaTU Ta-
KOXK JI0 PIBHSIHb BUIJISLY (p(y)x+q(y)1:m) cy = 1, gaxkmo vy
HPUAHATA 38 He3aJIeXKHY 3MiHHY, & & — 3a (YHKIHO i€l 3MiH-
. . 2
nol. Hanpukiaz, sikio pisusinus 2zxy(xe?” — 1)y’ = 1 zanucaru y
BUTJIS T
1 1 2
! / 2
=—=————— = z +2yr=2ye'x

Y= 2zy(zey® — 1) Y Y ’
TO MaeMO DiBHsHHsI BepHysul, po3p’si3ane y npukiaji 2 (SKIo
BBazKaTH, 1Mo = = x(y)).

Bamada 1. 3natmu kpusi, y axur JoexcuHa 6idpisky, AKul
stdmunae domuyna na oci Oy, dopierioe Keadpamy opdunamu mo-
wKU domuky.

Pose’azanns. Hexait M (z,y) — 10BlIbHA TOYKA IIyKAHOT KPUBOT
y = f(x). Y rouni M uposesemo jporuuny jo kpusoi y = f(z) i
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Hexait A — Touka nepeTuny i€l 70TuaHOI 3 Biccto Oy, B — mpoeKIiist
roukn M na Bick Ox (puc. 4.1).

Y

Puc. 4.1

3a ymosoio 3aaui OA = BM?, npuuomy BM = y. Binpizok
O A zmaiinemo 3 piBasginas poruanol Y —y = f/(z) - (X —x), y ske
nigcrapumo X = 0. Toni OA =Y =y —y/x.

TakuM YUHOM, OJepKaJIi PIBHAHHS y — /& = Y2, sike € PiBHsIH-
HaM DepHysuti, y oMy JIErKO IepeKOHATUCS, SKITO 3allUCaTi HOro

Y BUTJISIT
/ 1 1 2
Yy—-Yy=—-—"y.
x x
BinTerpyemo crnovarky pisasiaas y' — y/x = 0:
d dz
Y Inlyl=Injz|+C = y=~Cuz.
Y x

Posp’st30k piBHsinHst Beprysuii mykaemo y surisii y = C(z) x.
[Tlincrapmsiioan y piBHIHHS, OIEPKYEMO:

C'(z)z+C(z) — C(z) = - C*(z)z =

ac
C'(z)=-C%zx) = ﬁz—/dm =
1 1 x
—C($)——x+0 = C(:E)_x—C’ = Y=_—FG

MTykanumu KpusuMmu € rinepbosnn y = z/(z — C). A
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3. PiBauannua Pikkari. [/lo piBugmua Bepmysii 3a meBHEX
YMOB 3BOJIUTHCsI Pi8HAHHA Pixxamsi. Tax HasmBaioTh pIBHSIHHS
BUTJISIITY

y' = p(a)y® + q(x)y + r(), (4.12)

ne byskuii p(z), g¢(x), r(z) HemepepBHi Ha JesiKoMy iHTepBaJi
a < x < b. PiBusanus (4.12) micTuThb siIK OKpeMi BHIIAKN BHBUYEH]
panime piBHsiHHs: Ko p(z) = 0, To MaeMo JiHifiHe DIBHSAHHSI,
skiio r(x) = 0, To piBHsHHsT Bephysui.

Posrisinemo fesiki BUIaIKu iIHTEIPOBHOCTI B KBaJIpaTypax pis-
Hanag Pikkari.

1. ddkmo p, ¢ i 7 — crasui, 1o (4.12) — piBHsAHHS 3 BIOKpeMJIIOBa-
HUMH 3MIHHUMHK, a HOr0 3arajibHUI 1HTEerpaJl BUParKaeThCsd dYepes
esemMeHTapHi MYHKIII.

2. Pigasnns ' = o(x)-(ay? + by + ¢), ne a, b i ¢ — crani i
a? + b? = 0, — PIBHAHHS 3 BiIOKPEMJIIOBAHUMHU 3MIHHUMU.

3. PiBuanna y = aayg—z +b¥ + ¢, ne a® + b* # 0, — onHOpinHe
PIBHSHHSI.

4. Pisusmmns y' = ay® + bY + % — ysaranbmeno ommopime
piBaanns (m = —1). ITicaa saminm y = 2z~ ! ofeprkyemMo piBHSAHH
3 Bifokpemmosamnmu 3vinEEME 22’ = az? + (b+ 1)z + c.

Y 3zarajbHOMy BuIlaJKy piBHAHHA Pikkari He iHTErpyerbcs
KBa/IpaTypax, Xoda 3riiHo 3 Teopemoro Ko BoHO Mae equmHuMit
PO3B’SI30K JJIsI JIOBLIBHOI 1I0YATKOBOI yMOBHU (o) = Yo, Jie TOUKa
T = T( HAJIEKUTb iHTEpBaJly HermepepBHOCTI dyHKIIE p(z), q(x),
r(z).

Axmo Bimommil Jeskuii po3B’aA30K piBHsSHHsS Pikkari, TO 1€
PIBHSIHHST MOYKHA 3BeCTH 110 piBHsiHHsI Beprysii. Cupapii, Hexai

y1 = y1(z) — po3’s30K piBHsiaHs (4.12), To6TO
vi = p(@)yi + a(@)yr + r(x). (4.13)
3pobumo 3aMiny mryKaHol (OYHKIHT
y=uy-+tz
ne z = z(z) — nosa ¢yukuis. Toxi i3 Bpaxysanusm (4.13) maemo

yi +2 = p(@)yf + 2p(x)yrz + p(2)2® + q(@)y1 + q(2)z +r(z) =
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2 — (2p(x)y1 + q(2)) z = p(x)z*.
Ocranne piBHsiHHS € piBHsHHsSM Beprysui BijHOCHO QYyHKIHT Z,
sIKe 3aBK/I IHTerpyeThest y KBajparypax. OcobauBUM pO3B’SI3KOM
piBusinnst Pikkari moxke OyTu dyukiis y = y1(x).

Ilpukiazn 3. 3inmezpysamu piehanna Pixkami

Pose’sazanns. Crouarky 3HaiinemMo Jesikuii po3s’si3ok yi(x) 3a-
Janoro pisasiHs. Ipumycrumo, mo yi(x) = a/x, ge a — jeska
crasa. [igcrapisiioun y 3ajiaHe piBHIHHSA, OJEPKYEMO, IO

= = = a=312,

a OTKe, 3aJlaHe PIBHAHHS MOXKHA 3IHTErpPyBaTH y KBIPATypPax 3a
JIONIOMOT'OI0, HAIIPHUKJIaJ, 3aMinn y = z + 2/x. Toxi
2 4z 4 =z 2 4 3z
z'——:z2+—+—————2——2 = - =22
45 43 43
[Iporonyemo unTadgaM caMOCTIHHO HMEPEKOHATUCS Y TOMY, IO 3a-
3
raJbHUM PO3B’A3KOM OJIEPKAHOTO DiBHSHHS BepHyiui € z = ﬁ
Tomy
_ —4g8 L2l 2C — 2z*
A S B y_a:(x4+C)'
Posp’st30k y1(x) = 2/x He MOXKHA OfIepKATH 3 3araJIbLHOTO PO3B’si3-
Ky IIPHU YKOIHOMY 3HAYEHHI CTAJIO0l, a TOMY BiH € OCOOJIUBUM.
2C —2z* 2
z(zt 4+ C)’ V=
Pexomendosana aimepamypa: |2, c. 39 — 52, 67 — 73], [,
c. 69 — 86/, [6, c. 31 — 36, 40 — 42], [8, c. 37 — 46], [15, c. 28 — 33].

Biodnosidv: y =

IMuranuga mo jgekuii 4

1. dxwuit 3araapaUil BUT/IAL Mae JiHiltHe gudepenIfiajibue PiBHIHHIT
MePINoro MOpsAKy ! fKa pisHuUIg MiXK JIHIHHUM HEOTHOPIIHUM 1 OHOPI-
JTHUM DIBHAHHSIMUI?
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2. Yu mae JiniiiHe HeOTHOPITHE PIBHAHHSA 3 HellepepBHUMI Koedirri-
eHTaMu 0cob/uBi po3B’s3ku? Bimosigs 0O6rpyHTYITE 3 BUKOPUCTAHHSIM
Teopemu Korri.

3. YV "omy moJisira€ MeTOJ, Bapiaril JOBIIbHOI CTAIOl IHTerpyBaHHs
JIHIAHOTO HEOTHOPITHOTO PIBHAHHST ! 3a, JIOMTOMOTOI0 CKITBKOX KBAJIPATYD
y 3araJIbHOMY BUIAJIKY IHTEIPYETHCS TIe PIBHSHHS?

4.V yomy moJsiAra€ MeTOJI IiJICTAHOBKHY iHTErpyBaHHs JIiHIITHOrO He-
OJHOPITHOTO PIBHSHHS?

5. dxumu BIaCTHBOCTAME BOJIOIIOTH JIHINAHI gudepeHIiagabai pis-
HSIHHS TEPIIOro TMOPSKY !

6. Slkuii 3aranapuuii Burss piBHgnHs Beprysuii? Y domy moJisrae Me-
TOJT Bapialil JOBUIBHOI CTaJIOl iIHTerpyBaHHsI IbOTO PiBHSHHS! Uu MOXKe
piBustHHsT Beprysai maru ocobsmBi po3s’s3ku? Bin goro 1e 3aiexuTsb?

7. dkuit Bursin Mmae piBHsiHHsT PikkaTi? 3a siKOl yMOBU 1€ PIBHSTHHSI
inrerpyerncst y kBajgparypax? /o $KOro piBHSHHS y IIbOMY BHITAJKY
3BOJAUTHC piBHsIHHS Pikkari?

Bopasu go Jgekiiii 4

1. Cepe HaBeneHUX PiBHSHD BifmmykaiiTe JiHiifiHe pIBHAHHS Ta 3iHTe-
rpyiiTe fioro MeTo10M Bapialiil JIOBIJIbHOT CTaJIOl 1 METOJIOM TIiJICTAHOBKM:

a)y = (z—y)?% 6wy +2y—ay’=0; B)y =4y+e*

2. Hosenite, mo pisasans f/(y)y’ + p(z) f(y) = q(x) 3Bomurbes 10
JiHifHOrO PiBHSIHHSI 3a JonIOMOror0 3aMinn z = f(y). 3iHTerpyiite Takum
croco6oM piBHAHHL oS Y-y’ + %siny = 2.

3. Hosenitsb, mo pisugnug y' + p(z) = g(x)e™ 3Bogurbesa mo Ji-
HIHOTO PIBHSIHHSI 3a JIOIIOMOIOI0 3aMinu z = e~ "Y. 3i"Terpyiite Takum
crocobom pisaaHHS €~ Yy — e

4. Cepe1 HaBeJleHUX PIBHSIHB BijlllyKaiiTe piBHsiHHsI BepHyJuii Ta 3iH-
TerpyiiTe Moro:

=eY.

a)y +xzy=y’sinx; 6)y +2y=2" B)y =(r+y)*

5. MoseniTh, mo pisasHHs Beprymii vy + p(z)y = q(z)y™ moxuA
3BECTH JI0 JIHIAHOro PiBHAHHA 3a JOTIOMOrolo 3aMinn z = y' =™, Binte-
rpyiiTe muM criocobom pisasHESA TY' = Y + 12y 2.

6. Binrerpyiire pisuanns Pikkari zy’ — (22+1)y+y? = —22, 3Hat04m,
110 BOHO MA€ PO3B’g30K Burisny yi(x) = ax + b.



Jlekuist 5. PiBHsiHHs y OBHUX JudpepeHIiiaiax Ta 3BiaHI 10 HUX 57

Jlekmia 5. PiBHsgHHsS y mOBHUX JaudepeHIiagax
Ta 3BiOHI J0 HHUX

Ilan

1. PiBusanuns y moBHuX gudepentiaiax.

2. lnrerpyBajbHmii MHOKHHK Ta JIESIKi CIIOCOOM HOT0 3HAXOIKe-
HHSI.

3. Teopemu 1po iCHYBaHHSI, HEEIUHICTb Ta 3araJbHUN BUIJIST
iHTerpyBaIbHOIO MHOKHUKA.

1. PiBasiHHs y TOBHUX audepenmianax. udepenmiaisae
PIBHSIHHSI TIEPIIOrO HOPSIIKY

M(z,y)dx + N(z,y)dy =0 (5.1)

HA3UBAIOTH PIBHAHHAM Y NOBHUL UPEPEHUIANAT, TKITO HOTO
JiBa 4yacTuHa € MOBHUM judepenmianom geskoi dyukuii U(z,y),
TOOTO AKIIO

M(z,y)dx + N(z,y)dy = dU(z,y). (5.2)

3 (5.1), (5.2) BummBae, 1o piBHsiHHs (5.1) MOXKHa 3amucaTu
y Bunisii dU = 0, a TOMy 3araJibHUM IHTErpajioM DiBHSIHHS Y
noeuux judepeniianax € U(z,y) = C.

VY 3araJibHOMY BUIAJIKY CKJIATHO OE3II0CEPEIHBO 3’ ICYyBATH, U1
€ 3aJlaHe PiBHIHHS PIBHAHHAM y MOBHUX gudepeniiaiax. Brarxke-
MO O3HAKYy, fKa JO3BOJIUTL BIJIMIOBICTU Ha Ile MUTAHHS, & TAKOK
HaBeJIeMO OJIuH 13 crocobiB 3uaxomkentst GyHkil U(z,y).

[Tpunycrumo, mo dbysxiil M (z,y) i N(z,y) y piBusuui (5.1)
HEIIEPEPBHI y JIesIKOMY HPSIMOKYTHHKY 3 IleHTpoM y Touni (g, Yo),
1 He TIepeTBOPIOIOTHCS OJIHOYACHO B HYJIb y Iiil Touri. OKpim To-
ro, BBA2KATUMEMO, IO Y 3ra/IaHOMy IPAMOKYTHUKY iCHYIOTL Helle-
PEpPBHI YaCTUHHI TTOXITHI %—Aj i %—]X

[Tpunycrumo, 1o cupasizKyerbes ymosa (5.2), TobTo JsiBa da-
cruna pisasiHsg (5.1) € noBHuM audepeniianoM. 3rijHo 3 03HaYe-
HHsIM Jiudepen iaia QyHKIHT BOX 3MIHHAX
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a TOMY

—— = M(z,y), oy = N(z,y). (5.3)

Ockinbku dyukuii M (z,y), N(z,y) MaoOTh HelnepepBHi YacTUH-
Hi noxizni, To Mimani noxiaui dynkuil U(x,y) He 3amexars Bif
nopsiyiky jnudepeniioBanns. OTxke,

oM _ o oN _ 0w
oy  Oydx’ Ox  Oxdy’

3 TeopeMu PO PIBHICTH MIITAHUX ITOXITHUX OJIEPKYEMO HEOOX1THY
yMOBY Toro, 10 (5.1) € pIBHSIHHSIM y MOBHUX JudepeHIiaiax:

oM _ oy ”
oy oz

[Tokazkemo, 110 ymoBa (5.4) € TaKOXK JTOCTATHBOIO, TOOTO 3a BHU-
KOHAHHsI I1i€1 yMOBHU JiiBa YacTuHa piBHsiaHs (5.1) € moBHuM nude-
penrianom jesikol byskiil U(x,y). 3riguo 3 (5.3) mykana dys-
kuist U(x,y) HOBUHHA 3aJ0BOJILHATH YMOBY %—g = M(z,y). Vci
Taki PYHKIT MOXKHA OMHCATH (POPMYJIOIO

U(z,y) = /M(x,y)dx + C(y), (5.5)

ne C(y) — nosinbHa HerepepBHO udepeniiiioBHa OyHKIIsS Bl .
Ockinbku dyuxiis U(z,y) HOBUHHA TAKOXK 3a/I0BOJIBHSITH JIPYTY
ymoBy 3 (5.3), To

0
5 [M@ds+C'w) = N, (5.
Hnst Bukonanust ymoBu (5.5) HOTPIOGHO BiAMOBITHUM YHHOM Iiijii-

6paru dyukuio C(y). [Tokaxkemo, 1mo rakuil Bubip 3a BUKOHAHHSI
ymosu (5.4) zaBxau moxkiusuit. Cupasni, 3 (5.5) Maemo

C'(y) = N(z,y) — a%/M(w,y)dw

JliBa wactuna 1i€l piBHOCTI € (DYHKINE TIIBKKU Bil Yy, a OTXKe,
[paBa YacTUHA He 3aJIeKUTb BiJl T, TOOTO MOXiJHA 3a 3MIHHOIO X
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BiJ[ MpaBol YacTUHU MIOBUHHA JOpiBHIOBaTH HY/0. [lepekonaemocs
y I[bOMY, BpaxoBytoun yMoBy (5.4):

g—x (N(ac,y) - (%/M(x,y)dx) — % -

__9 (9o _ON(z,y) OM(z,y)
=2 (8:3 /M(:c,y)dx) = By =0.

Hagenene nosesiennsi mocraraocti ymoB (5.4) mae BogHOUAC 1
crioci6 Bimmykanust dyukuii U(z,y). OTxe, crodarky norpibHOo
saaiitu dyukuio U(z,y) 3a dopmysown (5.5), po3risgandn y sk
cramy, a morim 3 pisaocti (5.6) smaiitn C’(y), imTerpyooun sike,
orpumaemo C(y). Iincrasiastoun suaiineny dyukiio C(y) y dop-
myaty (5.5), marumemo dyukuito U(z,y). Just ogepkaHHs 3araib-
HOr'O iHTerpaJsy piBHsiHHs y noBHUX judepenmnianax (5.1), sk 6yJ1o
JoBejieHo paninie, dyukiio U(z,y) noTpibHO MpUpiBHATH 10 J10-
BUIbHOI cTasiol C.

Ilpukian 1. 3inmezpysamu pienarma

(z + 9 +sinz) dz + (2zy + cosy) dy = 0.

Pose’azanms. Ockinbkn M(x,y) = x + y? + sinz, N(z,y) =

= 2zy + cosy, TO %—A;[ = %—JX = 2y, To6T0 ymoBa (5.4) cupaBizKye-

Thest. oist suaxomkenns Gyukiil U(z, y) MaemMo cucremy

oU 9 . oU
— =x+4+y° +sinx, — = 2zy -+ cosy.
oz y

SHaiteMo BUpa3 ist IMykKaHol (YHKIT 3 MEPIIOro piBHSHHS CH-
CTEMU 1 IMJICTABUMO HOro y JIpyre PIBHAHHS:
U(z,y) = /(m +y? +sinz)dr +C(y) =

z? 9 ou ,
U(m,y):?+my —cosx+C(y) = a—yz?xy—l—C’(y) =

22y + C'(y) = 2zy +cosy = C'(y) =cosy =
C(y) =siny + C.
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SayBaKuMo, 10 B OCTaHHiil hbopMyIIl TOBIIBHY cTaly iIHTErpyBaH-
Hsl MOYKHA MPUAHSATU PiBHOIO HYJIIO, OCKIJILKYU JIOCUTH 3HANTH OJHY
dyuxuio U(z,y), mudepeniia skol 36ira€Thest 3 JIIBOKO YaCTHHOIO
3aJJaHOTO PIBHSIHHS.

Orxe, U(z,y) = /2 + 2y* — cos x + siny, a 3arabHum iHTe-
I'paJjioM € x2/2 + J:y2 —cosx +siny=C. B

2. InuTrerpyBajibHUII MHOXXHHUK Ta OdesKi cIiiocobu iioro
3HAXO/PKEHHsI. Y 0araTbox BHUNAJKax piBHAHHA (5.1), ke He
€ DIBHSIHHSIM y TOBHUX JudepeHIianax (He BUKOHYEThCS yMOBA
(5.4)), MO’KHA 32 JIOLIOMOIOI0 MHOXKEHHsI Ha, JIesiKy (DYHKIO (12, y)
3BECTH JI0 PiBHsiHHsI y TOBHUX judepeniianax. Oyukiio u(z,y)
y I[bOMY BHIIAJIKy HA3UBAIOTH {HNME2PYBANLHUM MHOHCHUKOM
piBusiaHs (5.1).

Hexaii st koedinienris piBusinnst (5.1) He clpaBIRKyeThCst
ymoBa (5.4) 1 npumycrumo, mo p(z,y) — IHTerpyBaJbHIN MHOXKHUK
nboro piBasiabst. Toml s KoedillieHTiB piBHSIHHS

w(x,y)M(x,y) dx + p(z,y)N(z,y)dy =0
IIOBUHHAa CHpaB,ZL}KyBaTI/ICb yMOBa

o(uM)  O(uN) o oM o ON

_ M L% N
By oz oy T Fey T o THes T
oM  ON ou o
_—— — N— — M— )
( dy Ox > Ox oy’ (5:7)

Takum 9UHOM, IHTErpyBaJbHUNA MHOXKHUK [4(Z,y) € DPO3B’sI3KOM
piBHsIHHs 3 YacTHHHUMHU moxigaumu (5.7), pos3s’si3aTu sike y 3a-
raJIbHOMY BHUIIQJIKY 3HAYHO CKJIQJHIIIE, Hi2K 3BU4aiiHe jndepeHiii-
asbHe piBasinHs (5.1). I[Ipore y okpemux BHIlaJKaX 3HANTH iHTe-
rPYBaJIBHUN MHOYXKHUK BIAETLCS TOBOJI Jierko. Po3risinemo neski
3 [UX BUITAJIKIB.

Bunanok 1. Hexait pisusuns (5.1) Mae iHTerpyBaibHuil MHO-
JKHUK, KU Saﬂe}KI/ITb TiJIbKI/I Big x, 10610 11 = p(x). Toui, Bpa-
o _
xoByI0uM, mo 3 = 0, ax dm, 3 (5.7) maemo

<8M 6N) Nd_,u dp 1 .(8M 8N)d:n

By Oz dz p N dy ox
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Aximo dyHKIisg B IpaBiit 9acTUHI OCTAHHBLOTO PIBHAHHS 3a/I€2KUTh
TIIBKH BiJ &, TOOTO

1o avy_
N oy  Ox = P

TO, 3IHTErPYBAaBIIN 1€ PIBHAHHS, OJIEPAKYEMO
p(z) = el P@dz. (5.8)

Bunanok 2. Hexaii pisusinas (5.1) mMae iHTerpyBaabHUNi MHO-

JKHUK, HKHﬁ 3aJIe2KUTh TIIbKY Bl y, 10610 1t = 1(y). Toxi g’; =

ou .
By = d_y i3 (5.7) 3Haxomumo

OM ONY\ du dp 1 oM  ON
(8y_8:1:>__Mdy - w  —M <8y 8:z:>dy'

Y

Aximo dyHKIisg B IpaBiit 9acTUHI OCTAHHBLOTO PIBHAHHS 3a/I€2KUTh
TIJIBKU BiJT Y, TOOTO

1 oM  ON
M (8—y - %> = w(y),

TO iHTeI‘pyBaJH)HI/IM MHO>KHHKOM €

(y) = el VW), (5.9)

Bunanok 3. Ilpumnycrtumo, 1o iHTerpyBasibHUNT MHOXKHIK
piBasiunst (5.1) 3anexkurb Bij 3aganoi dyHKIl w(z,y), TOOTO
p=p(w(z,y)). Toxi 3 (5.7) onepxyemo:

du ow dp Ow  (OM  ON
N M <8y 8:1:) plw) =

dw Oz dw Oy
dulw) _ 5y~ 5 dw (Na—w—M ~#0)
p(w) Ng—‘; — Mg—‘; oz
Aximo nosHaunTU
oM _ ON
bw) = o (5.10)

ox
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TO
p(w) = V% = flw) = f Wiz ). (5.11)
OueBn/no, mo iHTerpyBasbui MEHOKHUKE (x) Ta u(y), BU3HA-

geni opmynamu (5.8), (5.9), € OKpeMUME BHUIIIKAMEH CTOCOBHO
BUIIQJIKY 3.

Ilpukiang 2. 3natimu inmeepysasvruti MHONCHUK DIGHANHA

(2zy% — y)dz + (y* + = + y) dy = 0 ma sinmeepyeamu tiozo.
Pose’sazarns. OueBngno, 1Mo %—Aj % %—JX. OcKiIbKA

1 (oM ON _M_ﬁ:d,()
M Oy or )  y—2ay:? oy el

T0, cKOpuCTaBIIUCh Gopmysion (5.9), 3HAXOAUMO IHTErpyBaJIbHUI

MHOYKHUK:
pu(y) =y >
Akmo nomMHoXKUTH OOWJBI  YACTHHM 3aJ]aHOIO  DIBHSIHHS —Ha
u(y) = y~2, To oeprKyeMo DIBHAHHA y TOBHEUX JudepeHianax
(2 —1/y)do + (1+z/y* 4+ 1/y) dy = 0.
Cupasi,

1 1
<2x——)dw+<1+%+—)dy:d<x2—£+y+ln]y|>,
) ) ) )

a 0T2Ke, 3alaJIbHUM iHTeI‘paJIOM €

_9o [dy
— e 2 [ — o 2Iny]

2 —z/y+y+hnjy=C. m

Ipukiaan 3. 3natimu inmeepysaivruls muoorcruk u(xy) pis-
nanna (2r3y® —y) dz + (222y3 — x) dy = 0.
Pose’azanns. Ockibku w = xy, 1o 3riguo 3 (5.10)
pla) = BTV ) (e )
222y — 2)y — (22%y* — y)z
B dzy(z? — 3?) 2
R

Toxi wa migcrasi (5.11) maemo

plzy) = plw) =/ 5 = = = O
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[Tporronyemo unTataM mepeKOHATHUC, IO iIHTerpyBaAJILHUAN MHO-
JKHUK 3HailJIEHO IpaBUJIbHO, 1 3a HOTr0 JOIOMOIOI0 3iHTErpyBaTH
3ajtane piBHaAHHA. B

BamicTb TOTO, 11106 KOPUCTYBATUCH CKJIAIHUMU JIJIsi 3a11aM’ STO-
ByBanHs opmysaamu (5.8) — (5.11), MoxkHA IIyKaTH IHTErPyBaJIb-
HUI MHOXKHUK, [IOBTODIOIOYN MIPDKYBaHHsI, HABEJIEHI JIjisl BUIIAJIKIB
1-3.

BHaroun iHTerpyBaJbHUN MHOKHUK, MOXKHA 3HANTH He TiIbKU
3araJibHUil iHTErpasl JudepeHIiajpbHOr0 PIBHIHHS, ajie i yci iioro
ocobuuBi po3s’sisku. Crupasi, Hexaii = u(x,y) — iHTerpyBajabHuMii
MHOKHUK piBHsiHHS (5.1), T06TO dU = i (M dx + N dy). Toxi

ldUsza:%—Ndy:O = dU =0 abo l:0.
2 2
[lepire 3 omep:kaHuX pIBHSHDL BH3HAYUAE 3arajibHUAN iHTErpaJi piB-
uannas (5.1) U = C, a apyre — MOXKe NPHUBECTH JI0 OCOOJIMBOIO
PO3B’ 43Ky, SIKUM MOKe Oy TH TiLIbKI TAKUI PO3B 30K, B3IOBXK SIKO-
ro iHTerpyBaIbHUIl MHOYKHUK HEPETBOPIOETHCS B OE3MEKHICTb.
3BiicH OJIEPIKYEMO NPABUAO 3HATOOHCEHHSA O0CODAUBUT
po3es’asKie:
— 3HAlTH JHIT, B3JI0BXK AKUX (DYHKIIA [ IEPETBOPIOETHCS B 00;
— IIePEeBIpUTH, YU € 3HalijIeH] JiHil iHTerpaJbHUMU KPUBUMU;
— HEepeBIpUTH, YU MICTATHCHA 3HANJIEH] pO3B’sa3Ku y dopmyJi
3araJibHOro0 pO3B’SA3KY.
Ti i3 3HaiifieHnx pPO3B’SA3KiB, SKi HE MICTATHCS B 3arajlbHOMY
PO3B’A3KY, OYyTh OCOOJIMBUMH.

3. Teopemu 1npo icHyBaHHSI, HEEAUHICTHL TA 3arajbHUN
BUTJISI/T iIHTEIrPYBAJIBHOTO MHOXKHUKA. 3’sICYEMO JIesiKi BJIACTH-
BOCTI IHTErpyBaJILHOIO MHOYKHUKA 1 HABEJIEMO OJINH 3arajibHUN Me-
TOJT 3HAXO/ZKEHHS 1HTerPyBaJILHOIO MHOXKHUKA, AKUI I'PYHTYETLCS
Ha BUKOPHUCTAHHI ITMX BJIACTUBOCTEN.

Ockinbku dyukuii M (z,y), N(z,y) HenepepBHi pa3oM 3i cBOI-
MU HEePINUME YaCTUHHUME TOXITHIME Y HesKiit obiacti G 1y XKo-
JTHIM TOYI 11i€T 06J/1acTi HEe IePETBOPIOIOTHCS B HYJIb, & IHTEIPYBaJIb-
HUIl MHOYKHUK (4(Z, y) HE IEPETBOPIOETHCS B HYJIb 1 Ma€ HellepePBHi
YACTUHHI MOXIJHI EPIIOro MOPsJIKY, TO Y KOXKHiit Touri obsracti G
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MaEMO €IMHICTb po3B’a3ky 3azadi Komri i, kpim Toro, imTerpas
U(z,y), akuii BiAIOBiIa€e iHTErpyBaJbHOMY MHOXKHUKY [i(Z,Y),
Mag€ HellepepBHi YacTUHHI HOXiaHi 1pyroro mopsaky. Lle Teepmken-
Hsl BUILIUBAE 3 TOro, 1o AKimo dU = p- (M (z,y)dz + N(z,y)dy),
TO

ou ou

8_1/‘ - :qu a_y - MNa
1 OCKIJIbKM MpaBi YaCMHU MalOTh HellepepBHI YaCTUHHI MOXiIHI 3a
3MIHHUMHU Z 1 ¥y, TO NOXiJHI BiJI JIBUX YaCTUH TAKOXK ICHYIOTbH 1
HelepepBHi.

JoBememMo, 110 3a JIesIKUX YMOB, SIKi FapaHTyIOTh iICHyBaHHs 3a-

rajbHOro iHTerpasty piBHsiHHs (5.1), icHye Takox iHTerpyBabHUIL
MHOXKHUK IIHOT'O PiBHSHHSI.

Teopema 1. fHxwo pisnanns (5.1) mae 3azarvhutl inmezpan
Ula,y) = C. (5.12)

de pynrxuyia U(zx,y) — deiui nenepepsro dudepenyitiosna, mo ue
DIBHANNA MAE MAKOHC THME2PYEAALHULT MHOAHCHUK.
Hosedennsn. Ockinbku dU = 0, To6TO ‘g—g dx + %—Z dy =0, ne dy
BU3HAYAEThCsl piBHsAHHAM (5.1), T0 d 1 dy 3a70BOJIBHSIOTH CHCTE-
MY pPiBHSIHB
{g—g dr + %—Z dy =0,
M dx + N dy = 0.

Ockisibku JudepeHIiian He3aaeKHol 3MIHHOT dX € JOBLIbHIM,
TO iCHY€ HEHYJIbOBUN PO3B’ 30K OTPUMAHOI JIHIAHOT OHOPIAHOT CH-
cremu. Tomy

ou oUu

s s 10U 10U

ox oy =0 = ——— e —— = . 5.13

M N Moz~ Naoy - H@y. (613
BBi,ZLCI/I%—g:,LLM, %—Z:MN,aOT}Ke,
M(Mdz:qLNdy):MMdJ:+,uNdy:aa—gdx+aa—Zdy:dU,

T06TO micJst MHOKeHHsI Ha yHKIH0 1 3 dopmysn (5.13) miBa va-
cruna piusinas (5.1) € noBauMm nudepentianom dyukuii U. Ile i
O3HAYAE, IMIO [ € IHTErpyBAJbLHIM MHOKHUKOM piBHstHHs (5.1). B
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3 03HaveHHsI IHTerpyBaJIbHOIO MHOYKHUKA (4 PiBHsIHH (5.1) BU-
uBae, mo eyukiia Cu s gosiibaoro C' Takoxk € iHTerpyBasib-
HIM MHOYKHUKOM THOTO PIBHAHHS. 3 HACTYITHOI TEOPEMU BUILINBAE,
110 iCHYIOTH iHTErpyBaJibHI MHOKHUKM DiBHstHHs (5.1) Glabin 3a-
rajbHOrO BULIsTY, HiK Cl.

Teopema 2. rxwo U(z,y) = C — 3aearvhull inmezpan pieHsi-
wha (5.1), a po(x,y) — oeo inmezpysasvHull MHONCHUK, MO ICHYE
0e301% THMEPYBANDHUL MHOACHUKIE Ub020 PIGHAHMA, AKL GUPQ-
ACANOMBCA HOPMYN0T0

p(z,y) = polz, v)e(U(z,y)), (5.14)

de p — doginvHa GYHKULA, AKG He JOPIBHIOE TMOMONCHO HYAIO | MAE
HENEPEPEHY NOTIONY.

Losedenns. [Tomuoxkumo By wacruny piBusiaus (5.1) Ha dyH-
ko (5.14). Toxi

poe(U) - (Mdz + Ndy) = o(U) - (uo(Mdz + Ndy)) =

— p(U)dU =d </<p(U)dU),

To6TO JiBa vactuHa piBHsAHHs (5.1) € HOBHUM JudepeHrianom
byukuii [¢(U)dU. Orxe, koxkua dyHKuis 1, BusHadeHa HopMy-
a0t (5.14), € iHTerpyBaJbHUM MHOKHUKOM piBHstHHsA (5.1). B

@opmyna (5.14) micTurh y cobi 6e3/1id iHTErpyBaIbHUX MHO-
JKHUKIB, TOPOPKEHUX (i 1 BiAmoOBiaHuM ftomy inTerpasom. Bunm-
Ka€ IUTAaHHS: YU BCl IHTErpyBaJbHI MHOXKHUKHU MICTATbCA y i
dopmysti? Biamosige Ha Iie nuTaHHS JIa€ Taka TeopeMa, siKy Ha-
BejieMo 6e3 JIoBejieHHsI (JI0BeJIeHHsI 1i€1 TeopeMu MOXKHA 3HaiiTH,
Hanpukiaazg, y [4, c. 110-111]).

Teopema 3. /[sa dosiavhi inmezpysaivii MHodcHukY (1 (2, )
i pa(z,y) pisnanna (5.1) nos’asani cnissionowenHAM

pa(z,y) = pa(x,y) e(U(z,y)). (5.15)

Teopemy 3 MOKHA BUKOPUCTATHU JIJIsT IPAKTUIHOTO Bi/IITyKAHHS
iHTerpyBasbHOr0 MHOXKHUKA piBHsAHHs (5.1). [Tpumycrumo, 1o me
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PIBHSHHS MOYKHA 3aIlACATH y BUTJISIL
(Ml dr + Ny dy) + (MQ dx + Ny dy) =0,

MPUYOMY JIJIsl KO?KHOI I'PYIIA MOYKHa 3HANUTH iHTEerpyBaJbHUN MHO-
x)uuk. Hexait py 1 Uy = Uy(z,y) inrerpyBaibHuii MHOXKHUK 1 3a-
raJIbHUI iHTerpaJs piBHAHHS

My dx + Nydy =0,

a pg i Upy = Us(x,y) — iHTerpyBasbHUN MHOXKHUK 1 3arajbHuii
iHTerpaJs piBHIHHS

Ms dx + Nody = 0.

Toxmi srimuo 3 (5.15) Bei iHTErpyBaibHI MHOXKHUKHU HEPINOl IPYIIN
micsitbest y dopmyaii p = p1p(Uy), a Bel iHTerpyBaibHi MHOXKHU-
Ku apyrol rpymu — y dopmyii p = pth(Us). dximo BuacTbest Bu-
oparu dyukii ¢ i ¢ Tak, 1106

p1p(Ur) = p2tp(Us), (5.16)

ro byukiis u = pu1(Ur) = ugp(Usz) Oyue iHTErpyBajJbHUM MHO-
JKHUKOM ycboro piBusHHs (5.1).

YacTo BHaeTbcsd po30UTH PIBHSHHS Ha JBI I'PyIH, y KOXKHIH 3
JKUX € PIBHSHHS 3 BiIOKPEMJIIOBAHUMU 3MIiHHUMU. {1 piBHSHHS
3 BIJIOKPEMJIIOBAHUME 3MiHHIMUI

My (z)N1(y) dz + M (x)N2(y) dy =0

iHTerpyBaJlbHUM MHOXKHUKOM, 30KpeMa, € (DYyHKILis m

Ilpukiang 4. 3natimu iHmezpysasvHull. MHONCHUK DIGHAHHA
(y/z + 32?) dz + (1 + 23 /y) dy = 0.
Pose’azarns. Po3ib’emo By yacTuHy DIBHSHHS HA JIBl IpyIH:

y a’
(—dx—l— dy) + <3x2dm+ —dy> =0
z )
1 3HAIIEMO JIJT PIBHAHD

gdzﬂ— dy=20
x
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2 a?
3z°der+ —dy =0
Y
iHTerpyBaJ/IbHl MHOYXKHMKH 1 BIJIIIOBLIHI 1HTErpaJIn:
m=z, Ui=ay; pp=y, Up=2y

3 (5.16) maemo, mo zp(xy) = y(z3y). Bisbmemo p(U) = U?,
Y(U) = U, roni a(wy)? = y(a®y) = 2°y*. Orxe, p(w,y) = 2°y*. W

Pexomerndosana aimepamypa: 4, c. 96 — 112], [5, c. 86 — 96],
[6, c. 89 — 101], [8, c. 46 — 57], [15, c. 33 — 41].

Iluranusa go gekrii 5

1. Sdxkuvn nounHi 6ytn dyskuii M (x,y) i N(z,y), mob pisBHsHHS
M (z,y)dx + N(z,y)dy = 0 Gys0 piBHAHHSM y HOBHUX JudepeHn ianax’?
Ax bopmymoeTbed HeOOXiHA 1 TOCTATHS O3HAKA TOTO, 100 1€ PIBHAHHS
Oys0 y moBHUX jaudepentiagax’

2. 9lk sinrerpyBaru piBHsHHS y oBHUX judepentianax? Akuit Bu-
IJIsIJ] Ma€ 3arajibHUil IHTerpaJsl TaKoro piBHsIHHS !

3. Illo mazuBaroTh iHTErpyBa/ibHIM MHOKHIUKOM? HaBetiTe dopmy-
JIM JIJIsl 3HAXO/KEHHS 1HTerpyBaJIbHUX MHOXKHUKIB BUryany p(z), u(y),
(w(z,)).

4. {x 3maitt 0cO6/ MBI PO3B’A3KU PIBHAHNHSA, JJIsT SKOTO € BiJIOMUM
#oro iHTerpyBabHUI MHOKHUK !

5. Yu xoxue pudepentianbue pisugaag M (z,y)dx + N(x,y)dy = 0
Mag€ IHTerpyBaJIbHIII MHOXKHUK !

6. Axum cuiBBiHONIEHHAM [TOB’si3aHi IBA IHTErPyBAJIbHI MHOKHIKHI
p1 i pe piBugnug M (z,y)dx + N(z,y)dy = 07

Bopasu go jekiiii 5

1. CepeJ1 HaBeIeHUX PiBHSHB BijlllyKaiiTe pIBHSIHHS Y IOBHUX Jude-
peHIiaax Ta 3iHTerpyiire fioro:

a) (ye* —e¥)dr = (ze¥ — e%)dy; 6) 3x%e¥dx + (x3e¥ — x)dy = 0;
B) (ysin2z + x)dx + (y? — cos2x)dy = 0.
2. 3HafifiTh iHTErpyBaJbHUII MHOXKHUK JHHIITHONO HEOITHOPITHOTO

piBusiEEsA 3" + p(a)y = ¢(x) Ta po3B’sKITH 1e PIBHSIHHS 3a JOMOMOTOR0
1poro MHOKHUKA (MeTos Eitsepa).
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3. 3inTerpyiire piBHSHHS 3a JOIIOMOIO0 IHTErpyBaJIbHOIO MHOXKHIKA,
pw):

2 2
a) (4xy—%+3)dm+< 2—;y>dy:0, w=ux;

223 — 2 3

6) (3z% — 1)dx + ;W=

B) (3y — 22%y?)dx = (23y — x)dy, w = xy.

4. 3HaliiTh iHTErpyBAIBHAN MHOKHUK DIBHSHHS, BHUKOPUCTOBYIOUN
MeToz, po36uTTs Ha Bl Yacturu (1. 3):

a) y(z +y3)dx +2%(y — 1)dy =0; 6) (2?2 —y)dz +x(y +1)dy = 0.

Jleknia 6. HesBui qudepeniiianbHi piBHIHHS
MEPIHIOTO IMOPAIAKY

Il1an

1. OcuoBHi o3Ha4YeHHs I TOHATTS.
2. Sagaqua Komi. Knacudikarist po3s’si3kis.
3. PiBuganuga cremend n.

()

1. OcHoBHIi o3HauenHns U nmoHsaTTd. Hesenum dudepen-
UIAALHUM DIBHAHHAM NEePUL020 NOoPAIKY (Judeperyiarorum
PIBHAHHAM NEPUWO20 NOPAOKY, HE PO3E A3AHUM GIOHOCHO NOTIOHOT)
HA3UBAIOTH CIIBBIJIHOIIICHHS BUIJISIILY

F(z,y,y) =0, (6.1)
ne bynkiia F(z,vy,2) HenepepsHa B fAeskiit obmacti D C R3.
@yukuiio y = y(x), gka Bu3HaYeHa 1 HenepepsHO judepeH-

niffoBaa Ha iHTepBasi (a,b), HABUBAIOTH PO36°A3KOM DIBHSHHSI
(6.1), gKiO Ha IBOMY IHTEpBaJi BOHA IEPETBOPIOE OO y TOTO-
2KHICTD.

ko piBugHHs (6.1) MOxKHA PO3B’si3aTH Yepe3 eJleMeHTapHi
dbynkuii BisHOCHO Y/, TO ONEPKUMO OfHE ab0 JeKiIbKa pPIBHSHb,
PO3B’SI3aHUX BiAHOCHO TIOXiTHOI:

y/:fk(:l:ay)v k:172a SRR (62)
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ne fr(x,y) — nidicui dyukuii, Tobro iHTerpysanus pisasiaHs (6.1)
3BOJIUTHCS JI0 IHTErpyBaHHsi KOKHOTO 3 piBHsiHb (6.2), 0CHOBHI Tu-
I IKUX PO3TJISAJIAIUCH Ha JIEKIIAX 2 — 5.

Ipuknax 1. 3inmezpysamu piensmnsa y'> — 93yt = 0.
Pose’azanns. 3ajane piBHSIHHS PO3IAIAETHCA HA JBA PIBHSIHHS
3 BIJJOKpeMJIIOBAaHUMU 3MiHHUMHE: 3 = 33/3/_2 iy =— 3{”/y_2.

BarajbHIM PO3B’A3KOM Tieprioro 3 mux € y = (z + C)3, a apy-
roro — y = —(z + C)3. 3 reoMeTpuuHOi TOUKH 30Dy Iie O3HAMAE,
o KoxHa 3 Jiniit y = (z+ C)3 ta y = —(z+ C)3 € inTerpambHoo
kpuBot. OkpiM TOro0, po3B’sa3koM piBusiaHs € y = 0 (puc. 6.1).

Puc. 6.1

Sajiane PIBHsSIHHS Ma€ TaKOXK 0e3J1iu pO3B’s3KiB, SKi MOXKHA
«CKJIEITH» 3 JaCTUH HaBeJeHUX BHUIle po3s’sa3kiB. Hanpukias, ta-
KAME PO3B’sI3KaMu Oy1yTh (byHKIHT

|0, AKIO T < 1,

J= (x —1)3, axmo x > 1,

—(z+1)3, akmo z < —1,
gakio —1 < x < 1,

y=10,
(x—1)3, saxkmo z > 1,
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rpadiku sskux 300pazkeHi Ha puc. 6.2 i 6.3 Bigmosigno. OgHaK Ha-
JTaJii Taki PO3B’sA3KU MU HE PO3IJISIATIMEMO.

Yy Yy
(0] 1 x -1 O 1 45
Puc. 6.2 puc. 6.3

Bionosidv: y = (z + C)3, y=—(z+C)3, y=0.

Hesiue nudepenniasnbue piBusinast (6.1), Tak camo, sk 1 pie-
HsIHHSI, PO3B’si3aHe BiJIHOCHO ITOXi/IHOT, BU3Ha4ae Ha rommai Oxy
Jlesike T10Jle HalpsiMiB. AJie Terep, sIK MPaBUJIO, YV 3aJaHiil ToUIl
(0, Yo) MATUMEMO He OJIUH, & JIEKLIbKa HAIPSMIB [0JIs1, 60, PO3B’si-
sytoun piBasiHEst F'(20,y0,y’) = 0 BimHOCHO ¥/, 3a3BU4ail omepxy-
BaTUMEMO JIEKIJIbKa MificHUX po3B’s3KiB. Hampukiias, piBHSHHS 3
npukiajay | BusHauae y KoxkHiil Touni (2o, o), 1e yo > 0, aBa Ha-
upsMu nosts: y' = 3{”/% iy =-3 m. VY koxHiit Tourni (g, 0) oci

Ox e PIBHSIHHSI BU3HAYAE TLIHKU OJ[MH HAIPSAM T10JIs: | (20,0) = 0.
?

2. 3agaua Komi. Kiaacudikaiiisi po3B’siskiB. 3adaua
Kowsi nyist piBusinas (6.1) dbopMysoeThest Tak camo, sk 1 jist pis-
HsIHHSI, PO3B’sI32HOT0 BiJHOCHO IOXiTHOT: MOTPIOHO 3HANTH PO3B’si-
30K y = y(x) piBusinus (6.1), siKuii 38/10BOJIbHSIE TIOYATKOBY YMOBY

y(zo) = vo- (6.3)

[Ipu oMy, SKIIO PO3B’SA3KIB, SKi 38/I0BOJIBHSIOTH [I0YATKOBY YMO-
By (6.3), He Gliblle, HI2K KIJIBKICTH HANPSIMIB 110JIsI, BUSHAYEHOI'O
piBasiaHsiM (6.1) y 11iii TouIl, TO6TO He GliIbIIIe KiJTBKOCTI PO3B’sI3KiB
Yy piBasiEs F(20,90,y") = 0, To KaxyTh, mo 3agaua Komi (6.1),
(6.3) mae eaunuit po3s’sa30K. B iHAKIIOMY BUIIAKY BBAYKAIOTH, IO
€JIMHICTD PO3B’43KY i€l 3a/1a4l MOPYIIyEThCS.

Hexait y, — oquu 3 aificuux Kopenis piBusinns (6.1). 3’scyemo
YMOBH, 3a sIKUX ICHY€ €IMHa iHTerpajbHa KPUBa IILOTO PIBHSIHHS,
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1[0 [IPOXOJIUTH Yepe3 TOUKY (X, Yo), IPUIOMY JOTHIHA JI0 Hel y 1iiii
TOYI YTBOPIOE 3 JoJaTHIM HanpamMoM O KyT (, TAHI'€HC SKOI'O
JIOPIBHIOE ).

Teopema 1. Hexat sisa wacmuna pishanns (6.1) sadososvhae
MaK, YMOo8U:
1) pynkyia F(x,y,y’) eushauena i nenepepsna pasom 3 wa-

CMUHHUMU TOTIOHUMU %—5, 2—5 6 JeAKOMY 3AMEHEHOMY OKOAL TO-

wku (20, Yo, Yo);
2) F($0ay0ay6) = Oa

3) oF # 0.
) W' | (z0,90,u5)
Tooi pisnanmsa (6.1) mae edunuti poss’azor y = y(x), eusnavenud

1 HENEPEPEHO JUPEPEHUTTOBHUT Y DEAKOMY OKOAL MOUKU T = I(,
Aaxull 3adosoavrac novwamrosy ymosy y(xg) = yo, & marud, wo
y'(z0) = yo-

oeederns. Yvosu, naknazgeni na dyuxuio F(z,y,y'), rapan-
TYIOTH iICHYBaHHsI HeIBHOI (DyHKIIT JABOX 3MiHHUX. TOoMY pIBHSIHHS
(6.1) y nesikomy zamkneHoMy okosi D Touku (o, Yo, Yf) BUSHAYAE
y' 9K ofHO3HAUHY (DYHKIIIO

y = f(z,y), (6.4)

npudomy byskiist f(x,y) — HenepepBHa pa30M i3 CBOIMHU YaCTHH-
HUMU [OXIHUME [EPIIOro MOPAIKY, TPHIOMY

f (20, 90) = yp-

Orxe, f(x,y) — Henepepsua dyukiig B D i B miii 3aMKHeHii
obJtacTi Mae obMekeHy TOXiaHy 3a 3MiHHOO y. Tomi mpaBa qacTuna
piBusianst (6.4) 3a0BosIbHsIE yMOBHU Teopemu Korri 1ipo icHyBaHHs
Ta €IMHICTh PO3B’s3Ky. ToMy Ha JiesikoMy iHTepBaJi icHye eauHuit
po3B’si30K y = y(z) piBusnusa (6.4), a orxe, i piBusansg (6.1) Ta-
KUii, 1110

y(zo) = yo.

[Tokazkemo rerep, mo y'(xg) = y;. fAxmo B piBaocri (6.4) mo-
KJIACTU & = I(, TO OJEPKUMO

y'(z0) = f(z0,y(20)) = f(20,%0) = yo- »
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[Ipumycrumo, mo piBastaas (6.1) B okoul Toukm (T, Yo) MOXKe
OyTH po3B’d3aHe BiJJHOCHO IIOXi/IHOI, TOOTO PO3IIAJIA€ThCS Ha CyKy-
nuicTs piBasHb (6.2). Hexail KoxkHe 3 1ux piBHSAHD Ma€ 3arajbHuil

PO3B’ 130K

y=or(z,C), k=1,2,..., (6.5)
abo 3araJbHUI THTErpas

Op(z,y)=C, k=1,2,..., (6.6)

e C' — goBltbHa craja. Toml CyKyIHICTH 3arajibHUX PO3B’sI3KiB
(6.5) (abo cykymHicTh 3arajabHuX iHTerpasis (6.6)) Ha3UBAIOTH 3a-
2aAbHUM tHMezpanom pisasaus (6.1).

Yacmunrum po3e’sskom pisusians (6.1) naszuBarorsb byH-
kiito y = y(z, Cp), yTBOpeHy 3 SIKOrOCh 3arajbHOro po3s’sizky (6.5)
pu nesHomy 3HadenHi crajoi C = Cj.

Ocobausum po36°a3KOM HA3UBAIOTH PO3B’SI30K, Y KOXKHIM
TOYIl SKOI'O MOPYIIYEThCs yMOBa Horo eaunocti. OcobuBuit
PO3B’gI30K HE MOXKHA OTPpUMATHU 3 (DOPMYJIN 3arabHOIO PO3B’A3KY
(aranabHOTO iHTErpasa) AudepeHIiaabHOr0 PIBHSHHS [IPH YKOTHO-
My KOHKpeTHOMY 3uatdenHi cramoi C.

3 teopemn | BUILIHBAE, IO OCOOIUBI PO3B’SI3KM MOXKYTD 1CHY-
BaTU JIWIIIE y TUX TOYKAX, JI€ MOPYIIYIOThCS YMOBHU 1€ TEOPEMHU.
To6ro, sxmo F(z,y,y') HenepepBHa i Mae HelepepBHi YaCTUHHI T10-
XiJIHI TIepIIoro MopsiJiky, TO 0COOIUBI PO3B’I3KM MOTPIOHO ITyKaTH
cepell THX TOUOK, KOOPJIUHATH SKUX 38 0BOJILHAIOTH CUCTEMY

F($7y7p) :07 _ /
{Fé(m,y,p) —o, PTY

Ko 1g cucrema cyMicHa, TO BUKJIIOYAIOYH [TapAMeTD p, OTPU-
MAEMO JIesiKy MHOXKUHY TOUOK (2, y) = 0, sika Moxke OyTu 0cob.11-
BUM po3B’si3koM piBHsiHHs (6.1). OHak moTpibHO Ie nepeBipuTH,
91 reoMeTpudHe Micre ToUok ¢(x,y) = 0 € po3B’SI3KOM 3a[aH0r0
PIBHSIHHS, 1 UM y KOXKHII HOro TOYI HMOPYNIYETHCS BJIACTHBICTH
euHOCTI PO3B’si3Ky (TOOTO UM 3HalijleHnil PO3B’sI30K cHpaBji €
0COBJIUBHM ).

Kpim HaBegenoro crocoly 3HAXOIKEHHST OCOOJIMBOTO PO3B’I3KY
nudepeniianbHoro piasiaus (6.1) icHye iHmmii croci6, mo rpyHTy-
€ThCsT Ha ToHATTI 06BinHOI. Haragaemo, mo 066101010 HA3UBAIOTH
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iHTerpasjibHy KPUBY, dKa y KOXKHIN TOYI Ma€ CHUIBHY JOTHYHY 3
OJIHI€IO 3 IHTErpaJbHUX KPUBHUX, aJjie Ha »KOMHIN IiIgHIl He 36ira-
€ThCS 3 YKOJHOIO 3 IHTErpaJibHUX KPUBHUX.

Busenemo neobxigai ymoBu icHyBaHHst 00BigHOl. Hexait

O(z,y,C)=0 (6.7)

€ 3araJIbHIM PO3B’si3KOM JiudbepeHntianbHoro pisasHHs (6.1) 1 cim’st
kpusux (6.7) Mae 06BiHY, PIBHSIHHS SIKOT 3aIIUIIEMO Y TapaMeTPH-
it popmi

z=alt), y=y(t), (6.8)

ne x(t), y(t) — madepenniiioui GyHKIHT Ha JESIKOMY IPOMIKKY
(av, B). Ockinbku 00BiHA JIsi PI3HUX ¢ JIOTUKAETHCS 0 PI3HUX
KpuBux i3 ciM1 (6.7), To Besmuminy C' MOXKHA PO3IVISIATH SIK (DYH-
Kiito 3minuoi ¢, Tobro C' = C(t). punycrumo, mo C'(t) # 0,
t € (o, ), ockinbku iHakiie oOBiJHA y KOXKHIfi CBOIH ToUIl Gy-
Jie JTOTHKATHCS JI0 OJHIET i Tiel caMol iHTerpaJibHol KpUBOI 3 ciM’T
(6.7), a ToMy 36iraTUMETHCS 3 TIEI0 KPUBOIO.

[Tigcrasumo (6.8) y (6.7) ta 3qudepeHiirneMo OTpuMaHy TOTO-
xmuicrs @ (z(t),y(t),C(t)) = 0 3a 3minHOO ¢:

L2 (t) + Py (t) + P C'(t) = 0. (6.9)

Kyrouit koedirienr k moruanoi no kpusoi i3 cim’i (6.7) Bu-
3HAYAETHCA (POPMYJIOIO

k=22 (3, #0),

Ockinbgu k = k1, TO
L2 (t) + Py (t) = 0.
Toxi 3 (6.9) maemo

e (2(t),y(t),C (1)) =0,
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6o C'(t) # 0. Orxe, sikmo cim’st Kpuux (6.7) Mae 0OBiHY 1 B KO-
xHidt Touni Kpusux 3 niel cim'i @7 (x,y, C) # 0 abo ) (z,y,C) # 0,

TO YMOBH
®(x(t) t))
6.10

{at o ) = o1
€ HeoOX1THUMU J1jIsI TOT'O, mo6 KpUBa (6 8) Gysra 06BigHOO ISt CiM'T
kpusux (6.7).

[Tokaxkemo, mo ymosu (6.10) y Bunajky, KoJu y KOXKHii Todi
kpusoi (6.8) @/, i @; OJHOYACHO HE JIOPIBHIOIOTH HYJIIO, € TaKOXK
i moctarHiMu i TOro, MO0 It KpuBa Oy/Ia 0OBiIHOIO It cimM’T
kpusux (6.7).

Cupasti, nexaif, nanpukia,, @ (ac(t), y(t), C’(t)) # 0. Toni, nu-
dbepennirooun nepiry ToroxuicTs cucremu (6.10) 3a 3miHHOMWO ¢,
marumemo (6.9). 3Bigcu, 3riHO 3 JAPYIUM DIBHSIHHSIM CHCTEMU
(6.10),

Py’ (t) + Py (t) = 0.

Orxe,

(t) @)

3BIJIKM I BUILIUBAE MOTPiOHE TBepIzKeHHsT. TaKuM IMHOM, OfeprKa-
JII TaKe NPasuso 810wWYyKaHHs 06610HO0T:
1) ckyacTu cucreMy PiBHSIHB

®(z,y,C) =0,
6.11
{(D/C'(:l:?y?C) = 07 ( )

ne ®(z,y,C) = 0 — 3aranbhuil inTerpas nudepeHIiajibHOro piBHsi-
uus (6.1);

2) i3 cucremu (6.11) 3a jonoMoroto BukJroueHHs napamerpa C
sHaiitu kpuBy @(x,y) = 0;

3) 3 kpuBol p(z,y) = 0 Butyuntu Touku, jge O, i & ommoua-
CHO JIOPIBHIOIOTH HYJII0. Perra kpuBol ¢(x,y) = 0 i Oyme 06BigHOIO
3ajaHo0l ciM’T iHTerpaJibHUX KPUBHUX.
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3. PiBHsiHHA cTenieHda n. PosriasHeMo IesdKi THIH HESIBHUX
nudepeHIiagbHuX piBHsAHb BUNIsiAy (6.1), yisi IKUX iCHYIOTH 3a-
raJibHi MeToau po3B’s3anugd. udepenriaabue piBHAHHS BUIJIALY

W)™ + a1 (2, y) ()" + o F ano1(2,9)Y + an(z,y) =0 (6.12)

Ha3UBAIOTh PIBHAHHAM NEPULO20 TNOPAOIKY cmenens n. 7k
BijioMo 3 anrebpu, piBHsiHHs (6.12) Bu3HAYae N 3HAYEHb s
y'. SIKmo He BpaxoByBaTH KOMILIEKCHI KODEHI, TO MaTHMeMO M
(m < n) audepeHnianbHUX PIBHSIHB IIEPIIONO MOPSIJIKY, PO3B’si3a-
HUX BiJIHOCHO IIOX1JTHOI:

v = fi(z,y), ¥ = fo(z,y), ..., ¥ = fm(z,y). (6.13)

CyxkymnHicrb 3arajbHuxX pos3s’sizkiB y = @i (z,C) abo 3arajb-
uux inrerpanis ®p(z,y,C) =0, k =1,2,...,m, piBusup (6.13) €
3arajbHEM inTerpasom pisusaHs (6.12). Moro moxkma samucarn
TaKOXK y BUTJISIII

(y—01(2,0)) - (y— 2(2,0)) - ... - (y — om(x,C)) =0

abo

O (z,y,C) - Po(x,y,C) - ...  Pp(x,y,C) =0.

Axmio xo4a 6 oaue 3 piBHsAHb (6.13) Mae ocobuuBi po3B’s3KH,
TO BOHU OYJIyTh TAKOXK OCOOJIMBUMHU PO3B’si3Kamu piBHsiHH:A (6.12).

IlpukJiazng 2. 3inmezpysamu pieHAHHA
:1:2y’2 + 2zyy’ +y? — 4z = 0.

Posze’azanns. Maemo kBajparne piBHsiHHS BimpocHo 3. Voro
muckpuminant D/4 = x2y? — 22(y? — 4z) = 423, Posp’asyoun
KBaJIpaTHE PIBHAHHA, OJIEPKYEMO JIBa JIiHITHI qudepentiaibai piB-
HsaHHs (J1eKIgs 4):

SV 2y 2
x T 7

7

3iHTerpyemMo Iepiie 3 HUX, HaIpPHUKJIaJ, MeToaoMm Jlarpan-
JKa. 3arajJbHUM PO3B’SI3KOM BiIIIOBIIHOIO OIHOPIIHOIO PIBHSIHHS
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y = — ¥ e bynxniz y = € Orxe, po3B’sI30K JIHIHOIO HEOIHO-

’ Cl)

T

PIAHOTO PIBHAHHS NIYKAEMO Y BUIVISL Y = . [lincraBuBmu 1110

bYHKIIIO y PIBHAHHS, OIEPXKYEMO:
C'(z) C(x) Cz) 2 ,
— — —_— :2
. = o NG = O'(z)=2z =

4 4
O@)=3avE+C = y:§\/5+§.

AHaJIoriYHO MOXKHA IMOKA3aTH, M0 3arajJbHIM PO3B’sI3KOM PiB-

usnns Y = —¥ — % ey = —%\/E—i— %, ne C — 1oBibHA cTaJA.

Bionosidv: y = +3/x + 7.
JIerko iHTerpyeThcs pi8HAHHSA, AKEe MICMUMD MIALKY NO-
T10HY, TOOTO PIBHSHHS BUIJISILY

F(y) = 0. (6.14)

[e piBHAHHS MOXKE, 30KpeMa, OYTH OKPEMUM BHUITAKOM PiBHSIHHST
(6.12). Hexait piBusinus (6.14) mae nesiky (ckinuenty abo HecKin-
YeHHy) KUIbKICTD ajficnux poss’sskis y = kj, j =1,2,..., ne kj —
crayi. Hami, ockiabkm

/ y— C

y:k:j = y:k:jx+C = k‘j: o

TO OJIEPKYEMO 3arajbHUl 1HTErpaJ IIbOI'0 PIBHSHHSI

F(y_0> = 0. (6.15)

X

IMpuknaz 3. 3inmeepysamu pienanns > — 5y'? + 7 = 0.
Poss’azamnns. 3riguo 3 dopmysiown (6.15) ogepxKyemo 3arajibHuii

iHTerpaJ
—C\? —C\?
(y >—5<y—> +7=0 =
X X

(y— 0P —bz(y—C)2+723=0. m

Pexomerndosana aimepamypa: |1, c. 71 — 78|, [3, c. 41 — 47|,
[6, c. 125 — 126, 131 — 150], [8, c. 58 — 86], [15, c. 42 — 49].
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Iluranusa go gekiii 6

1. dxwuit 3araapHUil BUTTIAN Ma€ HesBHE TudepeHIialbHe PiBHAHH
MepIIoro MOpsaaky ! Aky yHKIN0 HA3UBAIOTH PO3B’I3KOM TAKOTO PIBHSI-
HHsA?!

2. dx nobyyBaru 10Jie HAIIPSIMIB, 3a/[aHe HeSIBHUM JIu(epeHIliab-
HUM PIBHSIHHSIM TIEPIIIOTO MOPSIIKY 7

3. dx dbopmymoernes 3amaga Ko ayis nesgBrnoro audepeiiaabHo-
ro piBHSAHHS HEePIIoro nopsaaky? Koim poss’sa30k wiel 3aga4i eauamii?

4. dx dopMmyIoeTbcst TeOpeMa PO ICHYBaHHS €IMHOTO PO3B’SI3KY
sagaui Komi juist HesiBHOrO JudepeHIiabHOrO PIBHSHHS IIEPIIOTO I10-
psiaKy?

5. dxe mesasHe audepeniiajbie PIBHAHHS HA3WUBAIOTD PIBHAHHAM
[IEPIIIOrO MOPAJIKY crernensa n? K BOHO iHTerpyerbest?

6. Skuit BurIsi Mae 3arajbHuil iHTerpas pisusuas F(y') = 07

Bnopasu go jsekiiii 6

1. BimTerpyiiTe piBHSAHHS Ta BAIIITH IHTErpaIbHi KPUBI, AKi IPOXO-
JATh depe3 3aJaHy TOUKY:

a) y? =4y, M(1,0); 6)yy” — (zy+ 1)y’ +2=0, M(1,1).

2. 3HaiigiTh 3a BUIVIAAOM DIBHAHb KpPHUBI, Mimo3piai #Ha 0cobJsmBi
PpO3B’s3KH, i mepeBipTe, 9u Oy/IyTh BOHU OCOOJUBUMU PO3B’I3KAMU:

a)y? =y% 6)y? —2yy +2%=0.
3. 3inTerpyiiTe piBHsIHHSI, PO3B’sI3aBIIN TX CIOYATKY BiJIHOCHO ITOXi-
ITHOT:
a) Y% — 2z +y)y' + 20y =0; 6) y* —y'e* =0.

4. 3inrerpyiite piBHSIHHS:

a)eV +2y =1; 6)y*+22—y +3=0.
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Jlekuia 7. HeaBHi qudepennianbHi piBHAHHSA
[EePIIOro MOpsiAKY (IMPOSOBXKEHHS )

Ilan

1. Meroy, BBeIeHHS TTapaMeTpa.
2. PiBugnnga Jlarpamxka Ta pisaganus Kiepo.
3. 3ajia1a 1mpo 130roHaJIbHI TPAEKTOPII.

1. Meton BBemeHHsi mapameTrpa. Hexait HestBHe andepen-
niaJibHe PIBHAHHSA

F(z,y,y')=0 (7.1)

MOXKHA, PO3B’si3aTH BiJTHOCHO ¥, TOOTO

Toui MoxkHA BUKOpHCTATH Memod 66edeHHs Napamempa.
Axmo nosuwauut y' = p(z), To 3 (7.2) MaeMo CuiBBiHOIICHHS

Yy = f(xap)v (73)

JIDEPEHIHIOIYH SKE, OJePKYEMO:
of

dy = afd +—fdp = ydr= 8fd:z:+—dp =
ox op

ox op
fdx + = 5‘f

pdx = D 8p (7.4)

[Ipumycrumo, o BJAJIOCH 3HANTH 3arajbHUNl  PO3B’SI30K
= ¢(p,C) piBusinus (7.4). Toxi, mixcrasisioun ioro y (7.3),
OJIepKYEMO 3arajibHuil po3s’s30K piBusinust (7.2) y napamerpuHiii
dopwmi
z = ¢(p,C), y=f(¢(pac)ap)~

Ao BracTbesd 3HAWTH 3arajibHUil pO3B’si30K piBHsiHHA (7.4)
y Burssiai p = h(z,C), To, nizcraBusmu ioro y (7.3), orpu-
MaEMO 3arajibHuii po3B’si30K piBHsiHHsI (7.2) y SIBHOMY BHIVIsII
Y= f(l', h(x7C))

fAxmo piBusanus (7.4) mae ocobimuBuii po3s’s30k p = Y(z), TO
y = f (x,9(x)) moxke GyTn 0cobMBIM PO3B’si3KOM piBHsIHHS (7.2).
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Ipukaan 1. 3inmezpysamu picnanms y = 1y’ - 3zy’ + 322
Poses’azanna. Hexait vy = p. Toni

y = p? — 3zp + 322 (7.5)
Baudepennioemo (7.5), Bpaxosywoun, mo dy = y'dr = pdu:

dy = 2pdp — 3xdp — 3pdx + 6xdx =
pdx = (2p — 3z)dp — (3p — 6z)dx =
(2p —3z)dp —2(2p — 3z)dr =0 =
(2p —3z)(dp —2dx) =0 = dp=2dz abo 2p — 3z = 0.

Orke, ojiepKajM J[Ba DPIBHSIHHS. 3 IEPIIONO0 3 HUX 3HAXOJMMO
p = 2x + C. Iligcrasastoun 3Haiinene 3nadenns p y (7.5), onep-
JKYEMO 3arajbHuil PO3B’SI30K

y=0224+C)?-32(224+C)+32> = y=224+Cz+C2%

3 piBusinas 2p — 3x = 0 3Haxopumo p = 3x/2, a ToMy y = 31:2/4.
[leit po3B’s130K 0COOIUBMIA.
Bidnosiov: y = x> + Cx + C?, y = 3:c2/4.

Hexait piBusinust (7.1) MoxkHa po3B’sizaTd BIJHOCHO X, TOOTO
BOHO Ma€ BUIJIAJ

= f(.y) (7.6)

Ile piBHSIHHSI TaKO)K MOXKHa PO3B’SI3yBATH MEMOIOM 88€0eH-

Hnsa napamempa. osznaaumo 3y’ = p(y). Toxi, Bpaxosyiouu, 1o
dy

dr = =%, MaeMo

)
=fly,p) = dx= ?dy + g—idp =
&y _ 9, U, (7.7)

P 33/ 329

[Tpunycrumo, 1o 3HaiigeHo 3arajibhuii pos3s’sizok y = ¢(p, C)
piusinus (7.7). Higcrasmsiroun fioro y x = f(y, p), oepxKyemo 3a-
raJbHUN po3B’s130K piBHsiHHs (7.6) y mapamerpudniii popmi

z = f(e(p,0),p), y=ppO0).
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Skmo BracTbes 3HANTH 3arajbHUil po3s’si30k piBHsHHs (7.7) y
sursisizii p = h(y, C'), ToO MaTHMEMO 3araJbHUil PO3B I30K PIBHSAHHSI
(7.6) y siBromy Burisani x = f(y, h(y,C)).

Axmo piusiaus (7.7) mae ocobiuBuil po3s’si3ok p = ¥ (y), To
z = f(y,¥(y)) moxe 6yTu ocobsuBuM po3s’si3koM piBHsiHHS (7.6).

Ipuknan 2. 3inmezpysamu pienanns © = y'* + 2y
Posze’azanms. Hexait 3y = p. Toxi x = p* + 2p. Haui maewmo:
3 dy 3
de =4p°dp +2dp = —< =4p°dp+2dp =
p
4 4p° 2
dy:(4p +2p)dp = y=?+p + C.
Bionosidv: x = p* + 2p, y = 4p5/5 +p2+C.

2. PiBuannas Jlarpamxka ta piBusgsHHsa Kiepo. Oxpemum
BUIIQJIKOM DiBHsiHHS (7.2) € PIBHSIHHSI BUIJISILY

y=zo(y) + ). (7.8)

dxmo bynkisa ¢(y') roroxuo He 36iraeThes 3y, To (7.8) HazMBa-
0Tb pieHarHam Jlazparnotca. Ak H6adumo, piBHsinHs Jlarpanxka
JIiHifiHE BIJIHOCHO Z 1 ¥.

Hexait ¢ = p. Toxi

y = zo(p) + ¥(p). (7.9)

Baudepentioemo (7.9), 6epyun jio yBaru, 1o dy = pdz:

dy = @(p)dz + ¢’ (p)dp + ¢’ (p)dp =
(p — ¢(p))dz = (x¢'(p) +¢'(p))dp (p # »(p) =
dz z¢'(p) _ Y'(p)
p—(p)

dp  p—(p)

Ocranne piBHsiHHS € JiHifiHuM BigHOCHO dyHKIil 2(p). [HTErpyTO-
un foro 3a ¢opmyson (4.6) 3 gekuil 4, omepxumo z = w(p, C),
1o pasom 3 (7.9) BusHayaTHMe 3arajbHuil po3B’si30K piBHsIHHs Jla-
rpamka y mapamMerpudHiii ¢hopmi.

Axmo piBasiHHS p = ¢(p) Mae JificHl KopeHi p = p;, TO, mij-
craBiisitoun 1X y piBusiHHs (7.8), omepxyemo y = zp(p;) + ¥ (p;).
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L1i poss’si3ku piBHsiHHs JlarpaHzka (3 reoMeTpUvHOT TOYKHU 30pY —
IpsiMi) MOXKYTb OyTH OCODJIUBUMU.

Ipuxkiaan 3. 3inmezpysamu picnanmns y = 2xy’ — Iny/.
Poses’azanna. Hexait vy = p. Toni

1
y=2zxp—Inp = dy=2xdp+2pdx——-dp =
p
1 1
pdr = (2x — =)dp+2pdx = pdr+ (2z—-)dp=0 =
p p

de 2 1
)
dp p P
Posp’sizyroun ozieprkane Jiniiine piBHsiHHst (J1eKiiist 4), 3HAXO/M-
Mo, mo = = (p + C)/p?. incrasnsioun et BUpa3 T y piBHICTH
y = 2zp — lnp, 3naxompumo, mo y = 2(p+ C)/p — Inp. Orxke, 3a-

raJIbHUM PO3B’SI3KOM y IMapamMeTpudHiil popmi €

p+C 2(p+C)
= yzi

, —Inp.
2

Axmo p = 0, To migcraBisgoun itoro y y = 2xp — In p, mepexo-
HYEMOCB, 10 T (DYHKISA He € Po3B’sa3koM, 60 In 0 He icHye.
Bionosidv: x = (p+ C)/p?, y = 2xp — Inp.

Posristmemo oxpemwmiti Bumamoxk piBHsiHHSI Jlarpam»ka, KoJm
/

ey) =y" / /

y=ay +9(y). (7.10)
Pisusinns (7.10) nasuBatorh pienarHsam Kaepo. Inrerpyoun iio-
r'o 3a TI€I0 CaMOI0 CXEeMOIO, 10 1 piBHsHHs Jlarpamxka, MaeMo:

y=p = y=wp+yp) =
pdx = wdp + pdr +'(p)dp =
dp-(z+4'(p) =0 = dp=0 abo z+¢'(p)=0.

3 mepiroro piBHsiHHS 3HaxoauMo p = C' i, mijcTaBisitoan y pop-
Mmysty y = zp + ¥(p), onepKyeMo 3arajbHU PO3B’sI30K DIBHSIHHS
Kaepo:

y=zC +¢(C). (7.11)
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Jlerko 6avuTH, M0 3 TEOMETPUIHOI TOUKN 30PY 3arajbHUi PO3-
B’s130K piBHsAHHA Kitepo € ofHOmapaMeTpudHO0 CiM’€l0 MpIMUx, a
JyIst oro ozeprkamust noTpibuo y piBusuai (7.10) 3amiHuTH MOXi-
nny 3 na cramy C.

3 piersnEs  + ¢ (p) = 0 snaxogumo x = —i/(p). Ilincras-
Jsioun 1eii Bupas y dopmyiny y = zp + 1(p), oIepKyemo, 1o
y =1'(p)p + 1(p). Takum ImHOM, MAEMO PO3B’AZ0K

r = —¢'(p),
{y — ¥/(p)-p+ $(p). (7.12)

Posp’st30k (7.12) 3a3Buvaii € 0cOOJIUBIUM, 1 Y [[LOMY BHUIIQJKY 3 [€O-
METPUYHOI TOYKU 30py Maemo ob6Bixuy cim’i (7.11). Cupasi, Bii-
IIYKYIOUU KPUBY, [i/103piny Ha 00BixHy ciM’T (7.11), 3a npasuiom,
BKa3aHUM HAIPUKIHIIL JPYTroro IyHKTY JIEKIl 6, MaeMO cucremy

{y = zC +¢(C),
0=x+¢'(C),

JIpyre pIBHAHHS SKOI OeprKaHe 3 IePIIOro AuepeHIIOBAHHAM 34
napamerpom C. 3BiJAcH JIEIrKO 3HAXOIUMO

{l‘ = —1//(0)7
y=—¢(C)C+y(0),

T0OTO cucTeMy, sika BiapizHseTbes Bif (7.12) TLIbKM HO3HAYEHHSIM
rapamMeTpa.

Ipuknan 4. 3inmezpysamu piensammns y = xy — y'.
Poss’azannsa. Hexait vy = p. Toni

yzxp—p?’ = dy=xdp+pd1:—3p2dp =
(33—3172)0317:0 = dp:0a6oa:—3p2:0_

3 piBasgaEsg dp = 0 3Haxogumo, mo p = C. Iligcrabisroun
p=C y piBricTb y = 2p — P>, OIEPIKYEMO 3arajbHUH PO3B’A30K
3ajanoro pisusanng y = Cx — O3,

dkmo z = 3p?, To y = 3p3 — p> = 2p3. Takum unHOM, OCO-
6mBUM PO3B’S3KOM € = = 3p?, y = 2p>. Bukiounsmm 3Bijacu
napaMeTp p, OJeP:KYyEMO OCODJIUBHUI PO3B’'A30K Yy sIBHOMY BUTJISIII

Yy ==£24/ 92”—; abo B HesBHil dbopmi 27y? = 4a3.

Bionosidv: y = Cx — C3, 27y? = 4a3.
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3. 3azava mpo izoroHasibHiI TpaekTopii. 4k me ogun npu-
KJIaJ[ OJIHOTO 3 0AaraThbOX NeOMETPUIHUX 3aCTOCYBaHb inbepeHIi-
aJbHUX PIBHAHB IEPIIOrO MOPSAIKY, PO3IVITHEMO 33Jady PO i30-
rOHaJIbHI TPAEKTOPII.

Axmo kpusa L neperunae yci kpusi L 3aaH01 cimM’T i oqaum
1 THM caMHM KyTOM v, TO 11 Ha3UBAaIOTLb 13020HGABLHOMO TMPAE-
xmopiero niei civ’i) (puc. 7.1). ko, 30kpema, a = %, To izoro-
HAJIbHY TPAEKTOPII0 HA3BUBAIOTH OPIMO20HAALHO.

Y

Puc. 7.1

SuaitemMo ciM’1o i30roHaIbHUX TPAEKTOPIN 3a/IaHOT OHOIIApa-
MEeTPHUYHOI CiM’T KpUBUX

&(x,y,C) =0, (7.13)

ne C' — mapamerp. Jljist IBOTO CIIOYATKY CKJIa1eMO JudepeHIiaabHe
piBusiHEs ciM’T (7.13) (1. 3 srexnii 1), Buksounsuu mapamerp C' 3
cucremMu

®(x,y,C) =0,
6¢(77C) 6¢(77C) —
50 4 20y

Y pesysnbrari ofep:kuMo Judepenniaabae piBHsiHHs cim’T (7.13)
BUTJISLY
F(z,y,y") =0. (7.14)

1)KyTOM MiK JIBOMa KPHUBUMH y TOYIi IX IIepETHHY HA3UBAIOTh KYT MixK
JOTUYHUMU JIO HUX Y il TOYII.
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Temnep BuzHAIMMO CIIBBIIHOIIIEHHS MiXK KyTOBUMH KoeilieH-
TaM¥ JOTHYHUX J10 KpuBol cim'T (7.14) i 110 i30roHaibHOT TpaeKTOPii
B Touni ix neperuny. Hexait M (z1,y1) — J0BlIbHA TOYKa i30rOHAb-
HOT TPAEKTOPIL, (¢ 1 (o] — KyTH, SIKi YTBOPIOIOTH 3 Biccio Ox JOTHIHI
J1o gesikol kpusol cim’i (7.14) B mouni M i 10 i30roHasbHOI Tpae-
KTODIi B Iiii camiii Touni Bignosinuo (puc. 7.1). Toxi

Y1 =@ + a,
IPUYOMY ; ;
Y1 Y
tgpr = —&, tgp =2
g¥1 - gy do

[Ipumycrumo crnovaTky, mo « # 5 i nosHauumo tga uepes k.
Maemo ¢ = ¢1 — a. Tomy

tg 1 —tga
thOZtg((Pl—a):m
abo
dy 2&—
— =4 7.15
dr 1+ k3L (712)

PiBuicte (7.15) BCTaHOBIIIOE IIyKaHUiT 3B’S30K MIZK HAIPSIMOM
notudHol B Oyab-skiit Touri M TpaekTopii L i HAIIpsIMOM JT0TH-
9HOT 710 KpuBoi L ciM’T (7.14), 1110 mpoXoauTh Yepes3 I TOUKY.

Toni mmudepentianbae piBHAHHS CiM’'1 i30TrOHATBHAX TPAEKTO-

piil Ma€ BULJIsA,
dyl _ k
dx
/5 Z1, Y1, : =0
( Lokl

abo, Mmeperno3HadnBIIg L1 1 Y1 BIAIOBIAHO Yepe3 T 1 v,

" y —k

Binrerpysasim piBsiHHg (7.16), 3HaliemMo mykaHy ciM’io i3oro-
HaJIbHUX TPAEKTOPIil.

Adxmo a = §, To

1
tg o1’

T T
tgp =tg (@1—5) =—tg<§—s@1) = —ctgyr = —
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a orzke, 3amictb (7.15) MaeMo CHiBBiIHOIIEHHS:

dy 1
Friaiay
dx ﬁ
Baminupmm B (7.14) y' na —%, oTpuMyeMo jiudepeHIiiaabHe piB-

dxq
HsHHs CiM'T OPTOrOHAJLHUX TPAEKTOPIit

1
18 531791,—% =0
dxy

abo, Meperno3HadInBINg T 1 Y1 9epe3 T i y,

1
F(x,y, ——/> = 0. (7.17)
Y

Binrerpysasiiu piBustanst (7.17), 3HaiieMo mykaHy cim’'io opToro-
HaJIbHUX TPAEKTOPIil.

Ilpukiang 5. Ckaacmu dugeperyiarvre PISHAHHA 13020HAND-
nux mpaekmopiti cim’i win 2 4+ % = C, wo nepemunaroms ix nio
Kymom o = 7.
Poze’sazanns. Criagemo audepeHIfiajbHe PIBHSIHHS 3aJ1aHO0T
cim’i kpusnx. Ioznaunmo ®(z,y, C) = 2?+y*—C, Toxi O, +Pyy =
= 2z + 2yy/. Buxkmougaroun napamerp C' 3 cucremn

2z + 2yy’ =0,

onepKyeMo audepenniaabie piBasang T + yy’ = 0.
3 dopmysu (7.16) BunsmBae, Mo myKaHuM JAudepeHIiaabHuM
PIBHAHHAM 130MOHAJIBHUX TPAEKTOPIi €
y -1 _ / ’ _
Tty =0 = rt+ay+yy-y=0 =
I1+y
z—y+(z+y)y' =0 M

Ilpukigan 6. Ckaacmu Jdugeperuianvre pi8HAHHA OPMO20-
nasvnur mpaekmopiti cim’i wia 22 +y* = C.
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Poss’asanna. Judepennianbhe pisuanna r + yy' = 0 3azanol
ciM’T KpuBUX OYyJIO OfiepyKaHe Yy MOIEPEIHBOMY TPUKIa. 3 (hopMy-
au (7.17) BumIMBaE, MO NIyKaHUM JdepeHIiaJbHIM DIBHSIHHIM
130roHaJILHUX TPAEKTOPiil €

1
1:—|—y<—?)20 = xy=y N

Pexomendosana aimepamypa: |2, c. 73 — 81, 106 — 112], [4,
c. 125 — 147], [5, c. 112 — 131], [8, c. 66 — 76, 86 — 89, [15, c. 42 —
49].

ITurapua mo ekl 7

1. dxa 3amiHa BUKOPUCTOBYETHCS I IHTEIDYBAHHHA DIBHAHHS
y = f(x,y")? Yn MoxKe 1 piBHSIHHS MATH 0COOJIMBI PO3B’sI3KN?

2. ¢ka 3amiHa BUKOPHUCTOBYETHCS /[IJIsI IHTEIPDYBAHHS PIiBHIHHS
z = f(y,y)?

3. dxwuit Buriisn mae piBasaas Jlarpamxka? dky 3aminy BukopucTo-
BYIOTD [IJIsl iIHTE€IDYBAHHS I[bOTO PiBHAHHSA ! ZIKi KpUBI MOXKYyTh OyTH f10T0
0COOJTMBUMU PO3B’SI3KAMIE !

4. dxwit Burssin mae piBasiaas Kitepo? Sk 3HaliTu 3arajbHUii i oco-
OJIMBUIT PO3B’SI3KU IIHOTO PIBHSTHHS?

5. ITlo Take i3oromajbHa TPAEKTOPIs 3a/1aHOl ciM’T KPUBUX HA ILIO-
muni? fdk nmobymysaru audepeniiaibHe pIBHSHHS CiM'T i30rOHAJIBHUX
TPaeKTOPiii?

6. Illo Take opTOroHaJbHA TPAEKTOPIs 33, 1aHOT CiM'T KDUBUX HA I1JI0-
muHi? Ak nmobymyBaTu audepeHIiajibHe pIBHSHHS CiM’'T OPTOTOHAJIBHUX
TPaeKTOPiii?

Bopasu go nekiii 7
1. BinrerpyiiTe piBHsIHHSI:
a)y=(y —1)ev; 6)z(y”—1)=2y"

2. Cepej HaBeJleHUX PIBHsIHb BijillyKaiiTe piBHsIHHA JlarpaHzka Ta
3iHTerpyiiTe itoro:

a)y' =2xy -3y 6)y=2ay —3y* B)y=ay —3y>

3. Cepe/1 HaBeleHUX PiBHsIHD BijnnyKaiire piBasiHHs Kiiepo Ta 3iHTe-
rpyiite moro:

a)y =2xy+3y? 6)y=axy +3xy? B)y—2y —/1-y2=0.
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4. 3HaliiTh i30roHaJIBHI TpaeKTOpil ciMT psimux y = C'x, siKi 1epe-
TUHAIOTH T IpaMi i KyToM 60°.
5. S3HaliliTh OPTOroHa IbHI TpaekTOpil ciM'T npsimux y = Cx.

Jlekiis 8. OcHOBHI BJIaCTUBOCTI PO3B’SA3KiB
audepeHIliaJIbHUX PiBHAHBb IEPIIIOrO MOPSAIKY

Il1an

1. IlpuHiun cTUCKYIOYUX BijloOparKeHb.

2. Teopema icnyBaHHS Ta €IMHOCTI PO3B 73Ky 3aja4i Kormi.
3. IIpooBxkenust po3s’s3ky 3ajadi Korri.

4. Kopekrnuicts 3azaxi Korri.

1. IlpuHnun cTuckymdmux BigobpaxkeHb. MempuuHum
npocmopom nazupaotb Muokuny W = {x} enemenris = 10BLIb-
HOI IPUPOH, AKIINO s Oyab-gKol mapu ejgementiB x,y € W 3a
[IEBHUM [IPABUJIOM BBEJICHO Mempuky (610cmans), TOOTO IUCIO0-
By byHKILIO p(T,Yy), gKa 33 J0BOJIbHSE Taki BIacTHBOCTI (akciomn):

1) p(z,y) = 0, npuuomy p(x,y) = 0 Toxi i TILKKH TOAL, KOIH
T =1Y;

2) p(z,y) = p(y, ®);

3) p(z,y) < p(z,2) + p(2,y) (ana Gymp-axnx z,y,z € W).

EjleMenTr METpUYIHOTO TPOCTOPY HA3UBATUMEMO TaKOXK 1MO-
YKAMU TTHOTO TIPOCTOPY.

Hasenemo nBa BayKIMBI MPUKIAIN METPUIHAX TIPOCTOPIB.

1.  Cykymnicrs  [miliCHUX  N-BUMIDHUX  BEKTOpIB & =
= (x1,T9,...,Tpn) 3 METPUKOIO

p(r,y) =

€ MEeTPUIHUM IPOCTOPOM. Voro Ha3mBaoTh N-8UMIPHUM €6KAL-
dosum npocmopom i nosnagaorb R,

2. CykyusicTb AificHUX, HellepepBHHUX Ha BIIPI3KY [a,b] dys-
KIiiit y(t) 3 METPUKOIO

p (a(t).y(t)) = max [a(t) ~ y(1)



88 Poznin 1. JVUOEPEHIIAJIBHI PIBHAHHS ITEPITIOIO ITOPAIKY

TaKoXK € MeTpudHuM rpocropoM. Lleit mpocrip nosnasators Cla, b].

Jlnst 060X MPOCTOPIB BAACTUBOCTI 3 O3HAYEHHST METPUKH JIETKO
IIePEBIPATOTHCS.

[MocnimoBHicTb X1, T2, T3, . .. EJIEMEHTIB METPUIHOTO TPOCTOPY
W HasupaoTh GyHIAMEHMAADBHOMN, STKIIO nhﬁngo @m0 F5pnn) = U
JJIS OBIJIBHOIO IILJIOTO P.

Merpuunuit pocrip W HasuBaioTh NOSHUM, SIKITO Y HHOMY
Oyab-sika dyHIaMEeHTaJIbHA TTOC/IIIOBHICTD T1, T2, X3, ... 30irae-
ThCsI JIO0 JIESTKOTO €JIEMEHTA 1IHOT0 K TIPOCTOPY. BaxkyjmBuMu mpu-
KJIaJ[aMu [IOBHUX 11poctopis € npocropu R™ (n > 1) i Cla, b)].

Hexaii y mosrOMY MeTpuanomy mpoctopi W sajanuit onepa-
mop (Binobpakenusi, GpyHKIist) A, KUl KOXKHOMY €JIEMEHTY 11PO-
cropy W craBuUTb y BiIMOBIIHICTE €JIEMEHT IHOTO YK TTPOCTOPY:

y=Ax, z,ye W

Toni kaxkyTh, 1m0 omeparop A Bimobparkae mpoctip W'y cebe.
OrmepaTop A Ha3UBAIOTH CIMUCKYOUUM, STKIIO ICHYE Take -
cno «, 0 < a < 1, o jyist OyJib-sikux ejieMeHTiB x,y € W

p(Az, Ay) < ap(z,y). (8.1)

Ywucesto v 3 MbOTro O3HAYMEHHsI HA3UBAaIOTh Koe@iuteHmom cmu-
CHEHHA.

Enement ¢ € W Ha3suBaOTL HEPYTomMoi0 1mMouKO00 olepa-
topa A, gxmo Ay = . lnakime KaxKy<In, HEPYXOMi TOUKH — I1€
PO3B’sI3KM piBHsHHSA Ax = T.

Bingunaunmo, mo 6araro nuTaHb, OB’ sI3aHUX 3 ICHYBAHHIM Ta
€IMHICTIO PO3B’sI3KIB PIBHAHDb PI3HUX THUIIB, MOYKHA 3BECTU JIO IIH-
TaHHSI PO ICHYBaHHSI HEPYXOMOI TOUYKH JIesTKOIO BijgoOparkeHHs1 A
METPUIHOIO 1pocTopy y cebe. OHier0 3 HABaXK/IMBIIIIX yMOB
icHyBaHHST HEPYXOMOI TOUKH € NPUHUUTN CMUCKYOYUL 610-
o0bpastcens, Buepiie chopmynpoBanuit C. Banaxom. Ileit mpun-
MU € TEOPETUTHOI0 OCHOBOIO Memody NOocAid08HUL HaAbAU-
otcens (memody imepayiti), siKuii MUPOKO BUKOPHCTOBYETHCS
JIst HabJIMZKEHOTO PO3B’sa3yBaHHs JubepeHIiajlbHIX, 1HTErpaib-
HUX Ta aJreOpUIHUX PiBHIHD.
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Teopema 1 (IPpUHIUII CTUCKYIOYUX BioOparkeHs ). Ko
cmuckyrouutll onepamop A eidobpastcae nosHuli MempuiHul npo-
cmip Wy cebe, mo icHye eQuHa HEPYLOMA MOYUKA O UbO20 ONEPI-
mopa. Ii mootena snatmu 3a Bopmy.aoio

= lim z, (xp,=Az,_1, n=12,...),
n—oo
npuvomy eaemenm xo y npocmopit W moorcna subpamu do6iabHO.
ZJlosedernsn. Bizbmemo jioBuibHEIT etemenT xg € W 1 mobymyemo
IIOCJII JOBHICTH €JIEMEHTIB

o, X1 = Al‘o, T = Al‘l = A(Al‘o) = A21‘0, ey (8 2)
n=AT, 1= Anx()a .

[Tokaxkemo, 10 Il MOCJIOBHICTD yHmamMenTa baa. s nporo,
BUKOpHCTOBYI04H (8.1), OIIHNMO cLOYATKY BijcTani MixK CycigHiMn
esleMenTaMu mpocropy W:

p(z2, 1) = p(Az1, Azg) < ap(x1,zo),

p(x3,22) = p(Azg, Ax1) < ap(x, 1) < &®p(a1, 20),

o (8.3)
p(xn+17 xn) = P(AfUm Al’nfl) <

< ap(xmxn—l) <. < anp<$1>$0)7

Bukopucrosyroun orinku (8.3), a Takox p — 1 pasiB BIacTuBICTH
3 3 O3HAYEHHST METPUKH, OJIEPIKYEMO

P(l‘nvanrp) <
< p(ZTn; Tnt1) + P(Tni1, Tnte) + - -+ P(Trip-1, Tnip) S
< (@™ + o™+ + o) (3, m0) =
a — QP o'

= <
T p(xhx()) S 1—a

p(xlv 1'0)

JIg JOCTaTHBO BEJIMKOI'O 1. OT}KQ,

an

1—

(T, Tnip) < ap(x1>$0)~ (8.4)

Ockinmbkn 0 < v < 1, To 3 (8.4) BuUILIMBaAE, MO Jyisi JOCUTH Be-
JUKAX 1 BeIUYUHA P(Tp, Tpip) € SAK 3aBLOAHO MAJIOI, TOOTO
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p(Tn, Tnip) < €, & OTXKe, T1, T2, T3, ... — byHIAMEHTAIbHA IIO-
cainopaicTb. Ockinbku W — MOBHUIT TIPOCTIP, TO s TOC/IITOBHICTD
Mag€ TPAHUIO, Ky MMO3HAIUMO = lim x,.

n—o0

I3 cuiBBigHOIIEHD

p(Ap, 0) < p(Ap, zn) + p(zn, 0) = p(Ap, Azn_1) + p(zn, ) <
< ap(p, Tn-1) + p(an, ) — 0
n—,oo

sunBae, mo p(Ap, ) = 0, a orxke, Ap = ¢, T06TO ¥ € HEpyXo-
MOIO TOYKOIO Bijjobpazkenusi A.

Jlst toBesieHHsT €IMHOCTI HEPYXOMOI TOYKHU IMPUILYCTHMO, IO
icHye 1e ojiHa HepyXoMa TouKa 1) Binobpaskenus A, robro Ay = ).
Tomi

p(p,¥) = p(Ap, AY) < ap(p,y) =
plo, )1 —a) <0 = plp,9p) =0.

3 piBaocti p(¢p,1) = 0, BpaxoByrodn IepIly BIACTUBICTD METPH-
KU, OJIEP:KYEMO, IO P = @, TOOTO ¢ — €IUHA HEPYXOMa TOYKA
BijioOparkeHHst A. p

Enemenrtu g, x1, x2, ... y dopmyii (8.2) HazuBaioTh nocai-
008HUMU HADAUHCEHHAMU HEPYXOMOI TOUKH (p.

Harostomyemo, 1o Bubip moyarkoBoro Hab/mKeHHs xg € W e
JOBLILHIAM 1 BILIUBAE JIAIIIE Ha, IIBUAKICTEL 3012KHOCTI OC/II0BHOCTI
1, T, T3, ... JIO CBOEl TPAHUIL ©.

2. Teopema icHyBaHHS Ta €IMHOCTI PO3B’SI3KY 3aaadi
Kormi. BukopucroByioun mpuHIuIl CTUCKYIOUNX Bi0OPaKeHb, 10-
BeJIeMO TeopeMy PO ICHYBAaHHS Ta €IUHICTH PO3B’sI3Ky 3aadi Ko-
11l s audepPeHIliaIbHOrO PIBHIHHS IEPIIOro MOPSIKY, PO3B sa3a-
HOT'O BIJTHOCHO HOXi,Z[HOIl)Z

y(70) = Yo

n Il Teopema Ge3 moOBeIeHHS HaBeIeHA Y 1. 2 JIEKIIl 2.
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Teopema 2 (Komui). Hexatl ¢ynxyia f(x,y) susnavena y
NPAMOKYMHUKY

D={(z,y): o—a<z<a0+a, yo—b<y<yo+b},

de a,b > 0, i 3a00604bHAE Y HHOMY MAKE YMOGU:

1) f(z,y) nenepepena, a omorce, G obmeorcena (|f(x,y)| < M);
2) wacmunna noxiona g—i ICHYE MG 00MENHCEHA (‘g—f‘ < L).
Todi sadaua Kowsi (8.5), (8.6) mae edunuti poss’asox y = y(x) npu-

natimmi na 6idpisky G = {x :xg—h < x < xo+ h}, de
b 1
h i —, = ).
< min <a’M’L>

osedernsa. ITokaxemo crouarky, mo 3agada Komi (8.5), (8.6)
PIBHOCWJIbHA, IHTErPaJIbHOMY piBHHHHIOl)

y(z) = yo + / £t (1)) dt. (8.7)

Cupasni, sikimo uenepepsaa byukiis y(r) € po3B’si3BKOM iHTe-
rpajbHOro piBHsiHHA (8.7), TO, mudepeniooun (8.7), oaepKye-
mo, mo y' = f(x,y(x)) i, ogesumno, y(xg) = yo. Takum udunom,
dyukuist y(z) € poss’siskom 3azaaai Komi (8.5), (8.6).

Hapnaku, Hexait y(r) — poss’si3ok 3amaui (8.5), (8.6), Tob6To
y'(z) = f (z,y(x)) 1 y(x0) = yo. Toxi, iHTErpyI0UM MIO TOTOKHICTD
Yy MexKax Bl Xy JI0 &, OIePKYEMO

x

/y’<t>dt= /f(t,y@))dt = (@) -0 = /f(t,y(t))dt,

o o

10610 y() € PO3B’sI3KOM iHTErpasbHOrO piBHsAHHS (8.7).
Hagasi mocnimkysarumenmo piBusitast (8.7).

1)IHTeram)He piBHSIHHS — Il PDIBHsSIHHSI, B SIKOMY HeBisoma (DyHKI[s 3HA-
XOJUTHCS 11/ 3HAKOM 1HTerpaJia.
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[Mosnaunmo wepes W MHOKHHY HenepepBHUX (QYHKITIH
y = y(x), axi 3amani Ha BiApi3ky G 1 3aJI0BOJIbHSIIOTH Ha HBOMY
HepisuicTs |y(z) — yo| < b. Ha muoxkuni W BBeseMo MeTpuky

ply, z) = max|y(z) — 2(z)|, y,ze W
zeG

Taxum wwmnom, W — merpuunumit mpoctip. et mpocrip € mos-
M. Crpasji, Ko HOCJHI0BHICTE GDYHKIN ¥y = Yn(X), yn € W,
€ yHIaMeHTaIbHOIO, TO, dK BiJIOMO 3 MATEMaTUIHOIO aHAJI3Y,
151 TIOCJIIJIOBHICTD 30ira€Thesd pIBHOMIPHO Ha BiIpi3Ky G 10 JesKOl
HeIlePEePBHOI Ha 1[boMY Bipisky dyHkIil y = y(z). dus dbyskuiii
Yn € W BUKOHYETBCA HEPiBHICTDH

lyn(x) — 0| <b, z€G, n=1,2,...,

sIKa 30epira€ThCs MiC/Is MepexoLy 10 TPaHulll Ipu n — 00, TOOTO
ly(x) —yo| < b. Aute Toui y € W, 3Biuku Bummsae, mo W — nosHuii
IIPOCTIP.

[IpaBy wactuny inrerpajbHOro piBHsHHS (8.7) IPUPOTHO PO3-
DJISJIATH SIK JIesiKe iHTerpajibHe [epeTBOPEHHs HellepepBHOl (pyH-
kil y(z). PiBricts

(a) =w+ [ F(t.(0)d (8.8)

CTaBUTH Yy BiAMOBIAHICTD KOXKHIN dyHKIT §y € W nesky dyHKIHIO
z € W. Cupasni, sikuio y € W, to y(z) nenepepsHa (yHKIis1, rpa-
diK SIKOT HAJIEXKUTH PSIMOKY THUKY

Dy ={(z,y): mo—h<z<z0+h, yo—b<y<yo+b},

ToMy Ha mijcrasi Henepepsrocti dyHkuil f(z,y) B D upasa da-
cruHa piBHsAHHA (8.8) € HenepepBHOO (DYHKIIIEW Bl 2, T06TO () —
HenepepBHa (DYHKINS Ha Bijpisky G. asti, BUKOPUCTOBYOUIHN BiI0-
MY 3 MAQTEMATUYHOI'O aHAJI3y HEPIBHICTH

[ o] < | [o@iaz

< , (8.9)
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OJIEPYKYEMO, IO

) -l < | [ f(t,y<t>>dt\< / rf<t,y<t>>|dt\<
o o
b
<Mz —zo| < Mh< M-~ =1,
|z — x| h i b

3BiIKN BUIIUBAE, 1Mo z € W.

Orxe, KoxkHiil HenepepsHillt byl y(z) dopmyra (8.8) cra-
BUTH Yy BLANIOBIHICTH HenepepBHY dyHKIO z (). Pesynbrar Buko-
HAHHS [[bOTO IIEPETBOPEHHSI MO3HAUNMO 1depe3 Ay:

T

Ay =yo+ / F(t,y(t))dt.

o

Takum 9UHOM, MOYKEMO BBarKaTH, 110 PIBHICTH (8.8) BusHava€e ore-

paTop
z=Ay (y,ze W),

SIKUl 1IepeBouTh moBHUIA ipoctip Wy cebe (Takuii oneparop Ha-
3UBAIOTH tHMEZPAAbHUM onepamopom Ppedzosvma). loka-
JKEMO, M0 Tieii orrepaTop € cruckytounmM. Crupai, Ko z1 = Ay,
zo = Ays (y1,y2 € W), 10, Bukopucrosyiouu (8.8), (8.9), ymoBy Te-
opeMu PO 0OMEXKEHICTh TaCTUHHOI TTOX1THOT 5y & TAKOXK Teopemy
Jlarpamzka 1mpo CKiHYeHHI IPUPOCTH, OJIEPIKYEMO

|21 — 22| =

Yo +/xf(t7y1(t))dt — %0 —/xf(tyz(t))dt‘ <

<

[ ba® = @) |fyte.00) dt’ <

< p(y1,y2) L |z — 0| < Lhp(y1,y2) = ap(y1,y2), (8.10)

/ p(y1,y2) L dt’ <

0

ne w € [y1,y2], a uncino o = Lh 3an0BosbHsie HepiBHicTb 0 < o < 1
(3a ymosoio h < 1/L).
3 (8.10) BumuBae, 1o

p(21,22) = max |z1(z) — z2(2)| < ap(y1,y2),

a OTKe, 3TiJHO 3 MPHUHIMIIOM CTUCKYIOUNX Bij0OpazkeHb (Teope-
ma 1) y mpocropi W ichye emmna dyHKIis (HepyxoMma TOYKA)
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y € W, nst sikol y = Ay, iHaKIme KaxKydu, (DyHKILsI, STKa € PO3B’si3-
KoM piBHsiHHsA (8.7), a orxke, il posp’sizkom 3azadi Komi (8.5),

(8.6). »

3ayBakeHHsi 1. 3acTOCOBYIOUM METOJ| MOCJIIOBHUX HAOJIHU-
JKeHb, MOXKHA OTpUMATH HAOJMKeHW po3B’si30K 3amadui Ko

(8.5), (8.6):

Yn(z) = Ayn-1(7) = Yo +/f(tayn1(t))dt7 n=12,...,

Zo

ne yo € W.

3ayBakeHHsI 2. YMOBY TeopeMu 2 PO OOMEXKEHICTh JaCTHH-

HOI TOX1IHOT g_;; MOXKHa 3aMiHUTH Yymoeo0to Jlinwiua:

|f(@,91) = f(@,y2)| < Llyr — 92l

ne (xz,y1), (x,y2) € D, L — crana Jlimmina. [Tokaxkemo, 1110 3 o6me-

YKEHOCTI YaCTUHHOI II0X1THOI 8—5 B obs1acTi D BUILIMBAE BUKOHAHHS

ymoBu Jlinmina. Cripasi, Hexait < L. Toxi, BUKOpUCTOBYIOUM

dopmyny Jlarpanzka mpo CKiHYEHH] TPUPOCTHU, OIEPIKYEMO
f (2, 1) — [, y2)| = | (@, w(@))] - lyr — vol < Ly1 — w2l

Ie w € [y1, Y2l

SIKINO BUKOHYIOTHCSI YMOBH T€OPEMH 2 1 B JIESIKOMY OKOJII TOUKH
(x0,y0) dynkuis f(x,y) mae HenlepepsHi noxijHi 10 k-ro HOpsiIKY
BKJIIOYHO, TO po3B’si30K y(x) 3amaqai Komi (8.5), (8.6) memepeps-
Ho sudepenniiiopuuit (k + 1) pasie. Cupasui, ockinbku dyHKILis
f(z,y(z)) nenepepsro mudepentiitoBHa, To 3 (8.5) BUILIMBAE, 10
Yy = g_x+a_y§_g = g—£+g—£fzfl(x y). 3a yMOBOIO % i a_;; Herre-
pepsro qudepenniiiosni, Tomy " = %];1 + 3 on f fa(z,y) Takox
HerepepBHO JudepeHIiioBaa QyHKITis. HOBTOpIOIOqI/I aHaJIOrIIH1
MipkyBanust k pasis, omepzxunmo, mo y*+t1) = f(z,y) — menepeps-
Ha (QYHKITis.
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3. IlpomoBkenHst po3B’si3ky 3asaa4i Komri. Hexait (Q — ne-
gka obmacts y R? i dynxmis f(z,y) nenepepsna y miit obiacti.
Hust nosinbHOT ToukM (T, yo) UpsiMOKyTHUKa D Teopema Ileano
(/ekmist 2) BCTAHOBIIIOE icHyBaHHsI po3B’s3Ky 3asadi Komd (8.5),
(8.6) Ha JEAKOMY, MOXKJIMBO JIOCUTH MaJIOMy, BLIPI3KY 3 HEHTPOM
y Toutl xg. [Hakie kaxKy4u, Teopema Ileano — e jiokabHa Teope-
Ma iCHyBaHHs PO3B’si3Ky JudepenniaabHoro piBHsiHHs (8.5). s
i1 3acrocyBanHst napamerpu a i b npsiMokyTHUKa [ (BOHE MOXKYTb
3aJ1exKaTh Bijl X0, Yo ), IEHTP sIKOIO PO3TAInoBaHuil y o4l (Zg, Yo),
noTpibno Bubparu Takumu, mod D C Q. Ilicias miporo MoxkHa BuU-
saauuT aucyao h = h(xg,yo) 1 Bignosiaumii Bigpizok G, Ha SKOMY
icHye posB’si30k 3azadi (8.5), (8.6).

Kinnesi rouku rpadika poss’siaky s3azgaqi (8.5), (8.6), icuysa-
HHsI SIKOTO rapaHTye Teopema lleano, jiexkarb B objacti Q. Pos-
IVISIIAI0YN 1X K HOBI TTOYATKOBI JIaHi, MOXKHA 3HOBY 3aCTOCYBaTH
Teopemy Ileano it posmmupuTn 06/1aCTH iCHYBaHHS 1ILOI'O PO3B’A3KY.
lle BurmBae 3 HACTYITHOT'O TBEPJIZKEHHS.

Teopema 3. Hexati gyrxuyin f(x,y) nenepepsna 6 obaacmi Q,
a Pynryii y1 () i yo(x) — nenepepeni pose’asku pienanns (8.5) Ha
eidpiskax [xo,x1] i [x1, x| 6idn06IdHO, npuvomy y1(x1) = y2(x1).
Todi gynruyin

_ Jyi(x), sxmo x € [xg, z1],
y(z) =
ya(x), sxmo x € (x1,x9]

€ pose’azxkom pienanns (8.5) na 6idpisky [xo, xa).

Josederns. OueBniHo, Mo Tak Bu3HadeHa (DyHKINA y(x) 38110~
BOJIbHSIE PIBHsAHHS (8.5) $IK Ha IIPOMIXKKY [Z0, 1), Tak 1 Ha (X1, T2).
JliBocroponnst 1 npasocroponHst noxiaui GyHkuil y(z) y rouni zq
icHyIOTH 1 HaOyBalOTh 3HAYCHD f(xl, Y1 (1:1)) i f(xl, Yo (1:1)) Bimmo-
BiiHO. AJle 3 yMOBH TeOpeMHU BUILIUBAE, IO Il 3HAYEHHsT 30iraro-
toesd 3 f(x1,y(z1)), a Tomy y(z) — po3s’s:3ok piBusHHs (8.5) Ha
BCBOMY BIJIDI3KY [Z0, Z2]. »

MozkHMBO, IO IHTErpaJbHy KPUBY He MOXKHA Oyze IPOJOBIKH-
TH Yepe3 HaOJIMyKeHHs JI0 TOYKH, Y sIKiii OPYIIeH] yMOBU T€OPEMU
Komii (icuyBanHsi Ta €1uHOCTI PO3B’sI3KY), abo IHTErpajabHa KpH-
Ba HaOJIM3UTHLCS JIO aCUMIITOTH, sika HapaJjejabHa ;1o oci Oy. 1Ii
BUIAJKN TPOLIIOCTPYEMO NIPUKJIAIAMU:
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1) zdx + ydy = 0, y(0) = 3. Iurerpytoun piBHSIHHS 1 BUKOPU-
CTOBYIOYHU IIOYATKOBY YMOBY, OJIEPKYEMO:

1‘2

2
?+%:Cl, y(0)=3 = y=+/C?-22, C=3 =
y=v9— 2

Po3B’s130K He MOXKHa IIPOIOBXKUTH 38 MeXKi inTepBaay —3 < x < 3
(puc. 8.1). ¥V mexosux toukax (—3,0) i (3,0) upasa yacTuna pis-
nanaa y = —% pospusHa. YMmoBu Teopemu lleano (icHyBaHHs

PO3B’$I3KY ) IIOPYIIIEHI.

Y Y
3
0,51
9
-3 0] 3 T O 1 3| =x
Puc. 8.1 Puc. 8.2

2) 3 = y?, y(1) = 1/2. Inrerpyoun piBHSHHS Ta BUKOPHCTO-
BYIOYHN IIOYATKOBY YMOBY, OJIE€PIKYEMO:

dy 1 1
2 = y(1) =3 y=-_-_3

IHTeraﬂbHy KpuBY MO2KHa HIPO/JIOBZKHUTHU JIUIIE J0 ACUMIITOTU
=3 (—o00 <z < 3) (puc. 8.2).

4. KopekTHicTb 3aga4i Kortiri. Y peajibHIX NPUKJIAJIHIX 38~
Jadax, MO MOJIEIOITHCA 1 PO3B I3YIOTHC 3a JIOIIOMOIO0 Jude-
peHIIaJIbHUX PiBHSHBL BUJIsiy (8.5), MOYATKOBI yMOBH, & TAKOXK
npaBa YacTuHa — (QYHKINsT f, sIK IPaBWJIO, BIIOMI 3 JESIKUM Ha-
osmkenHssM. OKpiM Toro, MyHKIsA f MOXKe 3a/IexKaTh BiJl 0JTHOTO
ab0o KIJIbKOX IapaMeTpiB (Macu, TeMIepaTypH, 3apsily TOIIO), fKi
XapaKTepU3yIoTh MPUPOAY 3aJadi i 3aBXKJIM BUMIPIOIOTLCI 3 Je-
SIKOIO TIOXHOKOI0, TOOTO Hab/mKeHO. ToMy BaKJIMBUMU € ITUTAHHS
PO iCHYBaHHsI Ta €IUHICTH po3B’si3Ky 3asadi Ko, a Takox 1mpo
Te, sIK 3MIHIOETHCS 1€l PO3B’SI30K HA CKIHYEHHOMY ITPOMIXKKY 3a
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MaJinX 3MiH (30ypeHb) IIOYATKOBUX 3HAY€Hb, IIapamerTpiB i camol
dyukil f. Bumorn icnyBaHHS Ta €IMHOCTI PO3B’s3KY, HOI0 Hele-
PEpBHOI 3a/1€2KHOCTI BiJl TOYATKOBUX YMOB, HapaMerpiB i dyHKIT
f Ha CKIHYEHHOMY HPOMIXKKY CTaHOBJISATH 3MICT MOHATTS KOpe-
xmnocmi 3adaywi Kow.

BukopucroBytoun TeopemMy 2 TpO iCHyBaHHS Ta €IUHICTD
po3B’sa3Ky 3agati Ko, po3risgaeMo Teopemu, Mo ONUCYIOTh SKi-
CHY IIOBEIHKY PO3B’sI3KiB.

Teopema 4 (Ipo HenmepepBHY 3aJI€XKHICTh PO3B’SI3KiB
Big mapamerpy). fdxwo npasa wacmuna dugepeniiansvrozo pie-
HANHA

Y = f(z,y, 1) (8.11)

HENEPEPEHa 34 3MINHON0 (L, [t € [fi1, 2], © daa Kooicnozo dikcosa-
H020 [4 360060ADHAE YMOBU MEOPEMU 2 3 MUMU CAMUMU CINANUMUY
a, b, L, M, mo poss’asox y = y(x,p) pienanna (8.11), axud 3a-
dosoavrse nowamkosy ymosy y(xo) = Yo, HENEPEPEHO 3AAEHCUMD
610 L.

Josederns. OCKiIbKY 9IeHU TI0CJH0BHOCTI

T

Yn(, 1) = Yo +/ F(tyn—1(t, p))dt

Zo

€ HerepepBHUME (DYHKIHAMU 3MIHHUX T 1 i, a ctajga o = Lh < 1
He 3aJIeXKUTh BiJ ft, TO MOCHinoBHICTD Y1 (T, 1), Yo(x, 1), ... 30ira-
erbest 110 y(x, 1) piBHOMIpHO 1O p. ZIK BIIOMO 3 MaTeMaTuIHOIO
aHaJIi3y, PiIBHOMIpHO 30i’KHa MOCJIII0BHICTh HEllepEePBHUX (DYHKITIi
36iraeThest j10 HenlepepBHOI dyHKIIT, T06T0 ¥ = y(T, 1) — DyHKIA,
HEIlEPEePBHA 3a apr'yMEHTOM [i. B

Teopema 5 (Ipo HenmepepBHY 3aJIEXKHICTH BiJ| IOYATKO-

Bux ymoB). Hexal sukxonani ymosu meopemu 2. Todi pose’aszor
sadawi Kowi (8.5), (8.6) y = y(z,x0,y0) Henepepsno sasesrcumo
610 NOYAMKOBUL YMOS.
Josedenns. ko 3poburn saminu z = y(z,zo,yo) — Yo 1 t =
= — x0, To BimHOCHO bYHKIHT 2(t) omepKuUMO JudepeHIiaibHe
piBusinns 2’ = f(t + 20,2+ Yo) 3 Hy/IBOBUMH MOYATKOBUMHU yMOBa-
M. 3riJIHO 3 TEOPEMOIO 4 MaEMO HEIEPEPBHY 3aJIeXKHICTh PO3B’si3-
KiB BiJ xg, Yo SIK BiJ] mapaMeTpiB. »
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Pexomendosana aimepamypa: |1, c. 27 — 45], [3, ¢. 27 — 41],
[6, c. 63 — 78], [7, c. 35 — 43, 58 — 74], [15, c. T1 — 90).

ITuranuga mo Jjgekiii 8

1. Ilo mazmBarTh MeTpUIHUM TpocTopoM? ZKi BaacTmBOCTI 3a/10-
BOJIbHSIE MeTpHKa Takoro mpocropy?! HapemiTh npukjiajim MeTpUIHUX
IIPOCTOPIB.

2. 4Ky mocsiIoBHICTD €IeMEHTIB METPUIHOIO TPOCTOPY HA3UBAIOTH
dyHmaMeHTaIbHOI0? KMiT MeTPUIHMIT IPOCTIP HA3UBAIOTH OBHUM !

3. ITlo Take omeparop, 3ajiaHuii y TOBHOMY METPUIHOMY TPOCTOPi?
Ko onteparop Bizobpazkae merpudnuii mpoctip y cebe? dxuit oneparop
Ha3uBalOTh cTucKyrodInMm? 1110 Ha3MBAOTh HEPYXOMOIO TOYKOK OIIepaTo-
pa?

4. dx popMyJIIOETHCS IPUHIUI CTUCKYIOUNX BigoOparkenb ! SIke iioro
[paKTUYHE 3HAYEHHS !

5. dx dopmymioernes Teopema Kormi npo icHyBamHS Ta €IUHICTD
po3B’sa3Ky 3ajaqi Ko mist mudepeHiiaabHOTO PiBHSHHS MIEPIIOTO 0-
PsIKY, PO3B’si3aHOTO BiHOCHO 10XiaHOI? HaBeiTh OCHOBHI i€l j1oBee-
HHS I11i€T T€OpeMH.

6. ¢k, BUKOPHCTOBYIOYHM METOJ| IOCJIOBHUX HAOJIMKEHDb, MOXKHA
3HafTH HAOJMXKeHWit po3B’sa30K 3ajadi Komri misa andepeniiaabHOTO
PIBHSIHHSI II€PIIIOTO TOPSIIKY, PO3B’sI32HOTO BiTHOCHO MTOXITHOT!

7. Hu MOXKHA IPOMIOBXKUTH PO3B’ 130K 3a1a4i Ko 3a Mexi BiapisKy,
BusHaueHoro reopemoro Komi? Hasemaits npuxiran.

8. Illo craHOBUTH 3MICT MOHSTTS KOpeKTHicTb 3aja4ui Komi? Hase-
JITH TEOPEMHU PO HEIIEPEPBHY 3aJIEXKHICTH PO3B’g3KiB Bij| HapaMeTpy Ta
PO HEMEPEPBHY 3aJIXKHICTD Bi/l TOYATKOBUX YMOB. ¥ YOMY IPAKTUIHA
BaXKJINBICTD ITUX Teopem?

Bopasu go jsexiiii 8

1. ITobymyiiTe 1moctiTOBHI HAOINKEHHS Yo, Y1, Y2 /IO PO3B’A3KY 3a/a-
ai Komi ¢/ = 2% — 2y3, y(0) = 0.

2. BrazxiTh axuit-ueOyab BiIpi3oK, Ha sIKOMY iCHy€e pO3B’I30K 3a1adi
Komi ¢/ = 3z +y*, y(0) = 0.

3. Kopucryrouauncs sikoro-uedy1b IOCTATHROIO YMOBOIO €IMHOCTI, BU/Ti-
JiiTh Ha mwiomuHi Oxy Ti TOYKH, Yepes sIKi IMPOXOAUTh €IUHUN PO3B’sI30K
piBHstHHA § = 5 + 2y + .

4. Yu MoxKyTh rpadikn IBOX po3B’g3KiB piBHaHHA y' = 2 + y° 1epe-
TUHATHUCH (JMOTUKATHUCSH) B JIedKiil Toqi?

5. CKiIbKY MOXITHUX MaIOTh PO3B’s3KU PIBHSHB:

a)y =22 +1%% 6)y = 2alz| -y
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Jlekmnia 9. /Iudepennianbui MomeJti
ILnan

1. ITobymoBa mudepeHIiabHIX MOJEIel TPUPOJIHUYINX HAYK.

2. Po3p’si3yBanis reoOMeTpUYHEX 33729 32 JOIIOMOTOI0 Jnde-
PEeHIiaJIbHUX PIBHSAHD.

3. Posp’sa3yBamns 3a1at 3a J0MOMOIOI0 iHTErpaJbHUX PIBHSIHbD.

1. ITo6ynoBa audepeHIiaIbHIX MOJIEJIEN IPUPOIHAINX
Hayk. Ha jekmil 1 3a3Ha4a/iocsk, Mo JudepeHIiajibHi piBHAHHS €
OJIHUM 3 HANOIIbIT eheKTUBHUX 3aCO0IB MATEMATUIHOTO MO/IE/IIO-
BaHHSI 0araTbox NpUKJIATHEX 3ajad. OcoOJIMBO IMUPOKO BOHU BU-
KOPHUCTOBYIOTBCSI y TEOPETUIHIN MexaHiri, (i3ull, a TakoxK iHINIx
OPUPOTHUYINX HAyKaX.

Posp’sa3ytoun 3ama4i dizukm, MexaHikm, XiMil 91 iHITHX TPUPO-
JIHYUX HAYK 38 JO0MOMOrOI0 Ju(EPEHIaJbHIUX DIBHIHB, BUI1JIs-
IOTHh TaKi TPU €TaIu:

a) noby10Ba jiudepeHIiaabHOr0 PIBHIHHS;

6) iHTerpyBaHHs [ILOTO PIBHSAHHS;

B) JIOCJIJIZKEHHSI OTPUMAHOTO PO3B’sI3KY.

[Ipu oMy pPEKOMEHIYEMO NOTPUMYBATHCH TaKOl ITOCIIiIOBHO-
cTi Jiiit:

1) BCTAHOBUTH BEJIMYUHHY, K1 3MIHIOIOTHCS Y 33J[AHOMY SIBUIIL,
i BusiBuTu 3aK0HU (OPMYJIN) BiJIIOBIHOI HAYKH, SIKi [l BEJMIUHU
OB’ I3y 10T

2) BubparTu He3aJiexKHY 3MiHHY 1 DYHKI[O Ii€l 3MIHHOI, sKYy
OTpiOHO 3HATH;

3) BUXOSYM 3 yMOB 3aJ@dl, BU3HAYUTH [O0YATKOBI abo iHmi
YMOBH, K HAKJIAJAIOTHCS HA IIYKaHy (DyHKIIO;

4) BUpa3UTU yCi BEJIMYMHU 3 yMOBHU 3aJIadi uepe3 He3aslexKHy
3MiHHY, IIyKaHy (DYHKINO Ta 11 HOXiIHi;

5) BUXOJSIYM 3 yMOBH 3aJadl Ta 3aKOHY, SIKUil OIUCY€E 3ajaHe
SIBUINE, CKJIACTU TU(EpPEHIiabHe PiBHIHHSI;

6) sinrerpyBaru ojiepxkane judepeniiajgbie PIBHSIHHS;

7) SIKIIO 3a/1aH] TI0YaTKOBI YK KpaiioBi yMOBHU, 3HANTH YacTUH-
HUII PO3B’S30K;

8) HpOBECTH JOCIIIIPKEHHSI OJIEPXKAHOIO PO3B’SI3KY.
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Y bGaraTbox BHUIIaIKaX MO0Y/I0Ba JAUMEPEHITAILHOIO PiBHIHHS
[IEePIIIOro NOPSAAKY I'PYHTYEThCS Ha TaK 3BaHIil «JIIHIIHOCTI Iporecy
Yy MaJIoMy», TOOTO Ha JudepeHIiioBHOCTI (PYHKINH, AKi BUpaKa-
IOTh 3aJIeXKHICTDh BeJIMYWH. ZK MpaBUIo, MOXKHA PaxyBaTH, IO BCi
BEJIMYINHU, SIKi OePYTh yIACTb Y IEBHOMY IIPOIIECI IIPOTATOM MaJjIO-
ro MPOMIKKY Yacy, 3MIHIOIOThCH 31 cTasioo mBuakicTio. Ile mo3Bo-
JISIE 3aCTOCYBATH BIJIOMI 3aKOHU, SKI ONMUCYIOTH SBUITA, O IIPOTi-
KalOTh PIBHOMIPHO, JIJIs YTBOPEHH CIIIBBIIHOIIEHHS MiXK 3HaY€H-
Hsimu ¢, t+At, ToOTO BeTmIMHAMH, sIKi OEPYTh y9acTh y IPOIEC, Ta
IX mpupocTaMu. ¥ Pe3yJIbTaTi Oep:KUMO PIBHICTD, SKa Mag JIUIIe
HAOJIMKEHNT XapakTep, 00 BEJUINHU 3MIHIOIOTHCS HABITH 3a KO-
POTKUII MPOMI?KOK 1acy, B3araji KaxkKydu, HeJiiHiiiHo. OIHaK SIKITO
HOILIUTH 00MABI YacTUHU ofepzkanol pisHocTi Ha At i1 nepeiiTu 10
rpanut, koju At — 0, To oTpuMaeMo TOUHY piBHICTS. [ls1 piBHICTD
MicTUTUME Yac t, 3aJIeXKHI BiJ| Yacy BeJIMYMHM Ta TX MOXi/HI, TOOTO
Oye nudepeHItiaIbHIM PIBHIHHSM, siKe OIICYE 3a/aHe gBuie. 1e
came piBHsiHHS Y quepeHIiaibhiiit (hopMi MOXKHA OTPUMATH, STKITIO
samiauTu npupict At #Ha mudepentian dt, a npupocTu QyHKIHH —
BiAnOBIIHUME JudepeHIfiaJIaMn.

Takum annoM, CKIaga09u JudepenIiajibHe PIBHAHHSI, MU PO-
6UMO HIOM «MUTTEBUIl KaJp» IIPOIECY YV 3aJaHUN MOMEHT dYacy,
a MOTiM, PO3B’gA3yI0uM PIBHAHHS, BIITHOBJIIOEMO II€pedir mporecy.
Orke, y mporeci po3B’si3yBaHHsS NPUKJIAIHUX 3a/a9 HABEIEHUM
METOJIOM JIE2KUTh 3arajibHa i/iesd AtHeapu3ayii — 3aMinn GyHKIi
Ha Ma/JUX HPOMIKKAX 3MIiHM apryMeHTa JIHIHHUMHU (QyHKIIAMA.
I xoua 3ycrpiuaioTbest nporecu (HApUKIIaL, GPOYHIBCbKUi PyX),
ISl IKAX JIIHeapu3allisd HEMOYKJIMBa, TOMY IO He iCHYE TTBHJIKO-
CTi 3MIHU JAeTKUX BEJIMYUH Y 3aJaHUIl MOMEHT Jacy, y ITepeBazKHiil
OLIBITTOCTI BUIIAIKIB MeTO aAndepeHIliaabHuX PIBHAHD i€ Oe3Bi-
MOBHO.

Bama4da 1. V i sepmukasvroi yusindpuHoi nocyouru suco-
mu H i padiyca ochosu R, 3anosrenoi 600010, 3pobaero Heseaurul
omeip naowero S (puc. 9.1). Yepes axul wac wepes omsip eumee
yea 80da, AKWO MpPemuHa 600u sumikae wepes ty c.
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Poses’sazarns. Axmo 6 BUTIKAHHS
BOJI BiZI0YyBajoCh PIBHOMIDHO, TO
BCsd BOJa BUTEKJA O 3 MOCYIWHH 34
3t1 c. OaHaK I0CiIM TOKA3YIOTh, 1110
31 3MEHIIEHHAM PIBHS BOJHA Y IO-
CY/IMHI TIBUJIKICTH BUTIKAHHSA BOJIU
3MeHIyeTbed. Tomy morpibno Bpa-
XYBaTU 3aJI€KHICTh MIK HMIBUJIKICTIO
BUTIKAHHS ¥ 1 BUCOTOIO h CTOBIIA BO-
JI HaJI OTBOPOM. 3TiJHO 3 3aKOHOM
Toppiuesti

v = k+/2gh,

Je g — IPUCKOPEHHs BLJIBHOIO Ia-

minus, k — xoedirienT, axuil 3ase-

JKUTH BiJ B’si3KOCTi pigmau Ta dop-

ME OTBOPY (U1t BOJM Y BUINAJKY Kpyrsioro orsopy k = 0,6).
Posrysinemo jrocitizkyBanuii mporec Ha Biapisky [¢; ¢+ At]. He-

Xail y MOMEHT 4acy t BUCOTa BOIHW Ha OTBOPOM CKJIajaJja h, a gepes

At ¢ Bona 3MeHmuiIach i craga h + Ah, ne Ah — npupict BucoTn

(oueBugro, Ah < 0). Toxi 0o6’em BomM, sIKUil BUTIK 3 IIOCYMHM,

JOpIBHIOE 00’€MY BiJIIIOBIIHOTO MUJHHIPA, TOOTO

AV = —7R2Ah.

Boga 3 mocyaunn BUIMBAETHCA Y BUNVIA] HUIIHIPUIHOIO CTPY-
MeHsI, TIJIOIa OCHOBHU SIKOTO .S, a BHCOTa IOPIBHIOE IIJISIXY, SIKUI
IpOMILIa Boja 3a NPOMIKOK vacy [t;t + At]. Ha mouarky 1ipo-
ro BiZpi3Ky MIBUAKICTH BUTIKAHHS 3TiHO 3 3aKOHOM Toppidesti
nopientoBana kv/2gh, a nanpukinni nopisntosana k+/2g(h + Ah).
dAxmo At nocurs mase, To Ah(t) TakoX Maje i TOMy oTpuMa-
HI BUpas3u Jjisl IMIBUIKOCTI Maiizke omHakoBi. Tomy IisIX, mpoiige-
HUIl BOJIOIO 32 IIPOMIZKOK vacy [¢;t+ At], BupazkaeThbcst (hOpMyJIOIO
(kv/2gh + a(At)) At, ne Alitgloa<At) = 0. 3Ha4nTDb, 06’€M PiIuHH,
sIKa BUJLJIETHCSL 3a IMPOMIKOK 4vacy [t;t + At], MoxkHa 3HaiiTu 32
dopmyJioro

AV = (k 2gh + a(At))SAt.
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[TpupiBHioloun aBa OfeprkaHi BUpa3u i 00’ eMy piaunu, sKa
BIJIMJIACH 3 TOCYJMHHU 3a MPOMIXKOK 4acy [t;t + At], omepKyemo
PiBHSIHHS

— TR2Ah = (k: 2gh + a(At)) SALt. (9.1)

[Mominumo obupi wactunu pisasiaus (9.1) na At nepeitgemo 10

rpamuni upu At — 0. Ockiabkn hmoa(At) =0, a hmO Az(tt)

= K (t), To omepxkyemo mudepeHIianbHe PIBHSAHHS MEPIIOTO MO~

pAIKY
— TR (t) = k+\/2gh S. (9.2)

Orpumarn piBusnas (9.2) moxksa i imaxmre. [ocipkyoan
[IPOIIEC IIPOTIATOM HECKIHYEHHO MAaJIoro MPOMIXKKY dacy dt, MOXKHa
BBaKaTH, IO 3a Ieil MPOMIKOK Jacy IIBHUKICTb BUTIKAHHS BOJIN
€ meaminuow. Tomy 3amicrs HabmKeHoro piBHsiHHs (9.1) Bigpasy
OJIEP2KYEMO PIBHAHHSA

— mR%dh = k+/2gh Sdt, (9.3)

sIKe, OYEBUJIHO, € TIPOCTO iHIIOK (opMOIO 3anucy piBHsaHHs (9.2).
Pipusnus (9.3) — piBHSHHS 3 BIJOKPEMJIIOBAHUME 3MIHHUMIU.
3inTerpyemo itoro:

—7R? dh —V21R?
NN = kS Vh+ =
t=C— AVh, (9.4)
Je crana A = ‘/\/igfkf 3ajIeKUTh Bisl po3mipiB i dopmu orBODY,

B’SI3KOCTI PiAMHN Ta JesTKuX IHIMNX (QI3sUTHIX TapaMeTpiB, a craja
C' € noBinbHOW0O (1€ cTasa iHTerpyBaHHsi). SHARIEMO I1i CTaJI.

Ba ymosoro 3a1a4i h(0) = H (Ha noyaTky BiJyliKy BUCOTA CTOB-
na Boju y nocyauni gopisuosana H). [Migcrasnsouan y (9.4) t =0
i h = H, snaxomumo craay C = AvVH.

Crany A snaiizemo 3 ymosu 3aja4i h(ty) = 2H 3Bincu

2H 131
t) = AVH — A\ — A=(3 6) —.
L= Av 7 < A=CHVeTE
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[Migcrapisiroun 3Haiigeni suadendst cramux A i C'y dopmyity
(9.4), onepKy€eMO 3aKOH 3MIHU Yacy BUTIKAHHS BiJl BUCOTH CTOBIIA

VH - Vh
vVH

3 (9.5) sierko 3HaxoxuMo vac T’ HOBHOIO BUTIKAHHS DIIMHU 3

BOJIU:

t=(3+6) t1. (9.5)

IIOCy/INHNI:
MT)=0 = T=@3+V6)t;. ®

BayBakuMo, 110 3HalieHe 3Havenss 1 npubsnsno y 1,82 pasu
OistbIie 3HaYeHHs 3t1, sTKe OJIEPXKAJIM Y MPUILYIIEHH], [0 PiauHa 3
ITOCYTMHU BUTIKAE PIBHOMIPHO.

3BUYAIHO, PO3B’S30K, OjlepKaHuil y 3ajadi 1, He € TOYHNM,
aJzKe MU 3HEXTYBaJIM, HAIPUKJIAJ, sIBUIEM KAIJISIPHOCTI (& BOHO
€ CyTTEBUM, SIKIIO JHaMeTP OTBOPY MAJIHil), 3aBUXPEHHSIMU PIJINHE
Ta JeIKUMU IHIIMI (PaKTOPAMU.

Y baraTbox 3ajlavax CKAJIaHHS JdEepeHIiaJbHuX Mojesieit
[OJIETTIIYEThCsT THM, 110 BIJIIOBITHUI 3aKOH HAyKU IOB’SI3Y€ MiXK
o000 3HAUEHHSI JeSIKOI BEJMYIMHE 1 MBUIAKOCTI 11 3MiHM abo 1mo-
B'si3y€ 3HAUCHHS BEJUIUHU, IMBUIKOCTI 11 3MIHM 91 IPUCKOPEHHS.
HaBenemo nekiibKa TaKUX 3aKOHIB:

— apyruii 3akon Heiorona (F' = ma, ge m — maca Tina, a —
IPUCKOpeHHsI pyxy, F' — cyma cwi, mo aifors Ha Ti10) i moxijsi
BiJI, HBOI'O 3aKOHU 30€pEeKEHHsI eHepril, KIJIbKOCTI PyXy, IMILYIbCY
TOIIIO;

— 3aKOH BCECBITHBOIO TsiKinHs (F = k

mimso
r2
JIBOX TLJI, 7 — BijicTanb MK HuMH, k — KoedillieHT nponopuiiiHocti);

, Jle M1, Mo — Macu

— 3aKOH PO3YMHEHHsI PeYOBUHM (IIBUJKICTH PO3YMHEHHS M1PO-
Hopiiifina HasgBHIN KiJIbKOCTI HEPO3UMHEHOI PEYOBUHU Ta PI3HUILL
KOHIIEHTPAIll HACHYEHOTO PO3YMHY 1 PO3YUHY y TEBHUN MOMEHT
qacy);

— 3akoH Kipxroda (aarebpudna cyma cuia cTpyMiB, siKi IIpoTi-
KAIOTh y MEBHIN TOYIl €JIeKTPUYHOIO KOJIA, JIOPIBHIOE HYJIIO);

— 3akoH Pyp’e (¢ = —)\(T)d—g, Jie ¢ — IUTOMMUII MMOTIK TeIIOTH,
AMT) — xoedinienT TemIONPOBIHOCTI cepeoBUIIA, % — IIBUJI-
Kicth 3Mmiau temneparypu 1') i anasoriunuii 3akon Hepuera mpo
Juy3ito pedoBUHU;
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— 3akoH Hbrorona 1po oxosioizkeHHs Tija (MIBHIKICTH 0XO0JIO-
JIPKEHH¢ TijIa IPAMO IPONIOPIIiiHA PI3HUIN TeMIIepaTyp Tijla Ta OTO-
YYIOUOrO CEPEeJIOBUINA);

— 3akoH ['yka (cujia mpyzKHOCTI IPYKUHE [IPOTOPIiiiHa i1 BU-
JIOBZKEHHIO) TOLIIO.

[Turanas mpo BiamoBiaHicTh AudepeHIiaJlbHol Moge i peaib-
HOT'O SIBUITIA BUBYAETHCA HA OCHOBI aHAII3Y PE3yIbTaTIB JOCIITY Ta
IX MOPIBHAHHSI 3 MOBEIIHKOIO PO3B’SI3KY OHEPrKAHOIO AU epeHIili-
aJbHOTO PIBHSAHHS.

Samaua 2. Tino, Ake 8 NOYaMKroOSUL MOMEHM “ACY MAE MEM-
nepamypy Ty, nomicmuau 6 cepedosuuie, 8 AKOMY NIOMPUMYEMBCA
memnepamypa 1. Busnauwumu 3ax0n 3MIHY MEMNEPAMYPU MIAG.
Pose’sazanns. Hexait T(t) — Temueparypa Tijla B MOMEHT 4acy
t. 3a 3akonoM Hprorona npo oxosioizkentst tina dyukiist T'(t) mo-
BHUHHA 3aJ0BOJILHATI piBHHHHH

dr
dt
ne k > 0 — koedinient nponopiitHocTi (3HAK «MiHYC» y IpaBiii
vyactuHi piBHsiHHs (9.6) BiAIOBiZA€ €KCIIEPUMEHTAJILHUM JIAHKUM:

axiio T'(t) > T, To TemmepaTypa Tijla 3MEHIIYETbCH 1 MIBUAKICTD
i1 3Minu Bix'emua, i HaBIAKN).

= —k(T(t) - T1), (9.6)

Binrerpyemo pisnsiunsg (9.6) 3a monomororo 3aminm u(t) =
=k(Th — T(t)) (ue piBusnus surusgy y' = f(ax + by + ¢), sxe
BUBYAJIOCH Ha JieKIil 3). Maemo

T=k(h -T) = —%:u = —=—kdt =
u
Inju|=—kt+C = u=Ce*
T(t) =T, — Ce™*, (9.7)

ne C' — nosinbHa crasa.

Bpaxysasim nogarkoBy ymoBy 1'(0) = Tp, 3 (9.7) 3uHaxomu-
Mo, mo C' = Ty — Tp, a oTKe, OCTATOYHO BUBOIMMO 3aKOH 3MiHU
TEMIIEPATYPH TijIa 3aJI€XKHO BiJI dacy:

TW) =T+ (Top —T1)e ™. =
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2. Po3B’si3yBaHHSA reOMETPUYHUX 337a4 34 JJOIIOMOTOIO
audepeHiaIbHUX PIBHAHB. Y 0araTrbox 3a/adax I'eOMeTpU-
9HOI ONTHKH, Kaprorpadil Ta iHmmx objacTeil HayKW BUHUKAE
HEOOXIJIHICTD Y 3HAXO/KEHHI KPUBUX 3a [EBHUMH BJIACTUBOCTS-
MU TPOBEJIEHNX 0 HUX JOTHIHUX. OCKUIBKU KyTOBHIT KOEMIIieHT
AOTHYHOI 110 rpadiky PYHKII JOPIBHIOE 3HAYEHHIO IOXIIHOI i€l
dbyHKIIT y TOUIl JOTUKY, TO TaKi 3a/adi 3pydHO PO3B’sa3yBaTh 3a
JIOIIOMOT'OI0 JInEPEHITIATBHUX PIBHSIHb.

Posp’sa3ytotn reomerpudHi 3a1adi 3a JOTIOMOrO0 AudepeHtii-
aJIbHUX PIBHIHL PEKOMEHIYEMO IOTPUMYBATUCH TAKOI'O AJIrOpU-
T™Y:

1) 3po6GuTH PUCYHOK 1 BBECTH II03HAYEHHS;

2) BIJIOKpEMUTH YMOBH, siKi CIIPABRKYIOThCSI B JIOBLIBHIN TOYII
ITyKaHOI JIiHII, BiJ yMOB, fIKi CHPaBJKYIOTbCS JIHUIIE Yy OKPEMNX
TOYKAX, TOOTO MOYATKOBUX YMOB;

3) BUpa3uUTH BCi BEJIMUMHM 3aJa4i Uepe3 KOODAUHATH JIOBLjIb-
HOI TOYKHU 1 Yepe3 3HavYeHHsl TMOXIHOI y Il TOYIl, BPaxOBYIOUU
reOMeTPUIHUN 3MICT TIOXiJTHOT;

4) 3a yMOBOIO 3a1a4i cKytacTu JudepeHiiaibHe PIBHAHHS, KO-
MY 3a/I0BOJILHSE TTyKaHa KPHUBa;

5) 3HaiiTu 3arajbHUil PO3B’SI30K 1bOrO PIBHSHHS 1 OTPUMATH 3
HBOI'O [TEBHUI TACTUHHUI PO3B’I30K, AKWUI 38I0BOJIbHSIE TOIATKOBI
YMOBH.

Bana4ga 3. 3natimu kpusy, y axoi eidcmans 610 do6iavHOL do-
muywHoi 0o novamxy xKoopduram JopieHIe adCUUCT MOYKY JOMUKY.

y
y= f(x)
M(z,y)
@
y
(@ i
A @) r B T

Puc. 9.2
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Pose’aszanns. Hexait M (x,y) — nosinbHa Touka kpusol y = f(x).
[Tposesemo y miit Touni goruany M A, ¢y = tga (reomerpuannii
amict noxignoi) (puc. 9.2). Tpukyrauku OCM 1 OBM pieni (3a
ymoBoro OC' = OB, a rinorenysa OM cnisnbha), a tomy ZMOB =
= ZMOC. Ocximxn ZAOC =% —a, 10 ZMOB =14 (3 4+a) =

= 7 + 5. Tenep 3 Tpuxkyrnuxa OBM maemo

T o« 1+tg$5 o — 7z
9:tg(—+—)=7g§ tg—:y .
x 4 2 1-tgg 2 y+4zx
Hapermrri, Bukopucrosyoun dopmyiy tga = %, 1 CIiBBIJIHO-
2

menns tga = 1, onepKyemo audepeniiagbae piBHIHHSA
7= 2zy
OckinbKku Tie piBHsIHHST OffHOpPiHE (JIeKIlist 3), TO BUKOHYIOUM 3a-
MIHY Y = UZ, OIePXKYEMO:
dx 2udu
z  u?+1
P4y’ =2Cz = (zxC)?2+y*=C"2%

=0 = Injz|/+n@®+1)=h2C|] =

OrKe, HABEIEHOIO B YMOBI 3a/1a1i BJIACTUBICTIO BOJIOJIE KOXKHE
k0J10 3 1eaTpoM y Touni (+C;0) i pagiycom C. B

3. Po3B’si3yBaHHA 3a/1a4 3a AOIIOMOrOI0 iHTErpaJibHUX
PiBHsSIHB. VY JIeAKAX BUIAJIKAX PO3B si3yBaHHS 3aJa9 [IPUBOIUTH
JI0 PIBHSAHD, 9Ki MICTATH IHMIyKaHy (YHKIHIO ITiJ 3HAKOM iHTerpa-
Jia, TOOTO THMEe2PANbHUTL PI8HAHG. [HTerpajbHi piBHSAHHS BH-
HUKAIOTh, 30KPEMa, KOJIMI BUKOPUCTOBYETHCSA T€OMETPUYHUN 3MiCT
BU3HAYEHOI'O iHTerpaJia K IO KPUBOJIHIHOI Tpamenil Ta iHIl
iHTerpasbii opMyIM (JIOBXKUHU JyT'H, IJIONI IIOBEPXHi, 00’eMy
Tizta Tommo). Y HpocTimmxX BUNAIKaX Hicss judepeHIioBanHs iH-
TerpaJjibHi PiBHSIHHS BJIA€THCSA 3BECTH JI0 JU(EPEHITIATBHUX.

Bamada 4. 3natimu kpusy, s kootchoi mouku M axoi ab-
CUUCA UEHMPA 6a2U KPUBOAIHITHOT mpaneyii, obmedcenoi ocamuU
Koopduram, dyz010 yiei kKpueoi i 6idpidkom, w0 3’ednye mouxy M
3 i1 npoexuyicio Ha 6icy abcyuc, JopiBHIOE MPEMUHL aOCUUCY ULET
MOUKU.
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Poses’sazanns. Binomo, mo abcrnca 1eH-

Tpa Baru yTBOPEHOI KPUBOJIIHIIHOI Tpalie- Y
uii (puc. 9.3) Bupazkaerhcst (OpMyIIo0
x
Jty(t)dt
0
T0 = , y=y(x)
Jy(t)dt
0 M(z,y)
Je t — 3miHHaA iHTerpyBaHHd, a y = y(t) —
PIBHSHHS MIYKAHOI KPUBOI. ol zo T
i —z
3a ymoBolo 3ajadi Tg = 3, TOOTO Puc. 9.3
x x
x
/ (e de =% / y(t)dt.
0 0

SaudepeHIiioeMo 001ABI YaCTUHH OAEPXKAHOIO 1HTErPaILHOIO
PIBHSHHS 33 3MIHHOIO X:

x T

zy(x) = %@) + é/y(t)dt = 2zy(z) = /y(t)dt.

0 0

Judepenrioodn 1e oauH pa3, OIep:KYEMO IudepeHIiajbHe
piBHSIHHS
2zy +y=0.

Ile piBHSHHS 3 BIIOKPEMJIIOBAHUMU 3MIiHHUMH, HOTO 3arajbHUM
c

PO3B’SIBKOM € ¥y = 7 [ |
Pexomendosana aimepamypa: |5, c. 37 — 56|, |9, c¢. 9 — 26],
[13, c. 8 — 44], [14, c. 71 — 88], [16, c. 5 — 226].

ITuranuga mo Jjgekirii 9

1. dxumu € OCHOBHI eTanu po3B’A3yBaHHS 33249 IPUPOIHIINX HAYK
3a JIOTIOMOTOI0 MuDePEHIAJbHIX PIBHAHD !

2. HaemiTh npuk/am 3akoHiB (Di3UKH, siKi BAKOPUCTOBYIOTHCS TIPU
o6y IO0Bi udepeHIiaIbHIX MOJIEIe.

3. 4k 3a momomoroo mudepeHiagbHnX PIBHAHD PO3B SA3yBaTH I€0-
MEeTPUYH] 3a1a9i7?
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Bopasu go jsexiiii 9

1. KinpkicTs cBiT/a, M0 TOTVIMHAE AP BOJIU MAJIOl TOBIIUHU, IIPO-
MOPIIiiiHa 710 KiTBKOCTI CBiTJIA, IO Majae Ha HHOTro, 1 ToBImHi mapy. [lap
BOJIM TOBIIMHOIO 35 CM ITOTVIMHAE MTOJIOBUHY CBiT/Ia, IO TaJIa€ HA HBOTO.
fKy yacTuHy CBiTJIa [TOTJIMHAE IIAD TOBIIUHO 2 M7

2. Kyna, pyxaodnch 31 mBuiakicrio vg = 350 M/c, npobusae cTimy
roBumuoo h = 0,25 M i Buiitae 3 Hel 31 mBuikicTio v; = 90 Mm/c.
Braxkaroun, mo cuiaa omopy CTiHM IPOMOPIHiHA KBaJIPAaTy MIBUIKOCTI
Ky, 3HATH TPUBAJICTH PYXy KYyJi y CTiHi.

3. Busznadure KpuBy, BCi JOTUUHI /10 KO ITPOXOJIATD Uepe3 MOIaTOK
KOOD/IMHAT.

4. Busnadre KpuBy, KO2KHA JIOTUYHA 0 AKOI YTBOPIOE 3 OCAMHU KO-
OpIWHAT TPUKYTHHK ILTOMeIo 2a2.

5. Busnaure kpuBy, sika upoxoaurb depe3 Touku (0;0) 1 (1;1) i o6me-
JKy€ KpHUBOJIHIHY Tpanerito 3 ocHopowo [0; x| i muromero, sika 1porop-
mifina y*.

HHomarok 1.

3acTocyBaHHSA MaTeMaTH4YHOro nakera Maple
JJI iHTerpyBaHHA 3BUYAHUX JudepeHniajTbHuX
PIBHSIHb IIEPIIIOTO MOPSJIKY

Ha crorogmimuiili geHb € 4YUMaJo CIEIaJbHUX MaTeMaTH-
YHUX IAKeTIB KOMII IOTEPHUX IIPOrpaM, siKi JO3BOJIAIOTH PO3B’s-
3yBaTH pi3HOMAHITHI MaTeMmarwdHi 3amadi. Maremarunaauii maker
MathCad opienrosanuii, epir 3a Bce, Ha 3JiCHEHHS YUCIOBUX
pospaxyukis. [Takeru MATLAB, Scilab, Octave i FreeMat crBo-
peHi, y mepIiy 4epry, /i poOOOTH 3 YUCJIOBUMU MATPHUISIME 1 Be-
KTOpaM{ 1 MaloTh OyTH 3pydHUME JJjisi iHxKeHepa. MaremarwaHi
nakern Maple, Mathematica, Maxima i MuPAD pospaxoBani Ha
3JIiCHEHHST CUMBOJILHUX (TOOTO AHAITHIHNUX) OOYUCIICHb.

[IpakTuvno BCi Il AKETH JO3BOJIAIOTL PO3B’dA3yBaTh Jude-
peHIia/IbHI PIBHSHHS YUCIOBUMU (HAOIMZKeHIMHU) MeTojaMu. Aje
OCTAHHS TPYyIa MATEMATUIHUX IAKETIB JT03BOJISIE TAKOXK 3HAWTHU
TouHM (AHAITUYIHUI) PO3B’SI30K y TUX BHUIIAJKAX, KOJM DIBHSH-
Hsl IHTErpyIOThCsl y CKIHIEHHOMY BUTJISII.

OaHuM 3 HAHOLIBIN MOMYJIAPHUX 1 HOTYXKHUX € IaKeT aHaJIiTH-
YHUX 00YMC/IeHb 1 gucioBux po3paxyHkiB Maple. Mu posrisinemo
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3aCTOCYBAHHS came foro 10 po3B’sa3yBanns pudepenIiaabHuX PiB-
HSTHB. 3 OCHOBaMU POOOTH 3 IIUM ITAKETOM MOXKHA O3HANOMHUTHCH Y
nonarky 6 (crop. 320).

st po3s’sa3yBaHHs 3BUYAlHuX JndepeHniajlbuiuX pPiBHIHDL Y
nakeri Maple BUKOpHCTOBYIOTH KOMAaH Ly

dsolve(piBHsIHHSI, HEBIIOMA, OIIIIiT)

[Tapamerp «HeBimoMa» Bu3Hadae HeBimoMy (byHKINO judepeHiii-
AJIbHOIO PIBHSIHHS, & HEOOOB I3KOBUI IapamMerp «oIIiily — dopmy
MOJIAHHS PO3B’SI3KY 1 MeTo/ I HOro BijIITyKaHHSI.

st 3aanns moXimHOl y AudepeHIiajbHOMY DIiBHIAHHI MOXKHA,
BukopucroByBaTu komanay diff () abo omeparop D, mpuuomy camy
dyHKIi0 Tpeba 3ammcyBaTd 3 SIBHUM BKAa3yBaHHSM HE3aJIEZKHOT
3MIHHOI, HAITPUKJIA/T, y(:c) OmrepaTop D Mae HACTYITHIIT CUHTAKCHUC:

(De@n) (dbyukis) (3minaa)

Y npoMmy 3amnuci n — HOpsIoK mnoxigHol. fAxio n = 1, To 3aMicTh
[EPIOTO BUPA3y y JyKKax MoxkHa mmcaru mnpocto D. Komanma
dsolve(), sIK IpaBWJIO, 3HAXOAWTDL JIUIIE 3araJibHUN PO3B’A30K 1
He 3aBK/IN HABOIUTEL 0cobuBi. 3reneposani semnamnn _ C'1,  C2
1 T. A. MO3HAYAIOThH JIOBIJIbHI CTaJIi.

dAxmo morpibno poss’a3aru 3asady Ko, To meprmmMm mapa-
MeTpoM Komanu dsolve() moBuHHa OYyTH MHOMKHHA, sIK& CKJIa-
JIAETHCsI 3 PIBHSIHHS 1 IIOYATKOBUX YMOB (4epe3 KoMy y (birypHux
JLy7KKaX).

IIpomemoncrpyemo Bukopucranas Maple 1jist po3B’si3yBaHHsI
NPUKJIA/IB, PO3IVIAHYTUX Y IIBOMY PO3MIiai. Y JIedKHX BHUIAIKAX
Maple mae posB’si3ku, gKi 3BOASTHCA J0 OTPUMAHUX BHUIIE BiIIO-
BiJlell MMIJITXOM TePETBOPEHb.

Ilpukaana 1. 3naiitm 3arajbHuUil  PO3B’SI30K PIBHSHHA 3
Bifokpemmoparnvu sminanvu (y — 22y)dy = (v — xy?)dr (npn-
ka1 jekuii 3, crop. 37):
> dsolve ((y(x)-x"2xy(x))*D(y) (x)=x-x*y(x)~2,y(x));

y(x)=+1— C1+ Ciz2 y(x)=—-/1—_ Cl+ C1a2

Ipukmnax 2. inrerpysaru pisuanns y' = (4o +y+5)% (npu-
ka2 jekiii 3, crop. 38):
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> dsolve(D(y) (x)=(4*x+y(x)+5)~2,y(x));
y(x) = -5—4zx —2tan(—2zx+2 _C1).

Ilpukiaza 3. 3HaiiTu 3arajbHUNl PO3B’SI30K OMHOPIIHOTO PiB-
usibst ydz + 2,/rydy = xdy (upukiaz 3 aekuil 3, crop. 39):
> dsolve (y(x)+2*sqrt (x*y (x) ) *D(y) (x)=x*D(y) (x),y(x));
43
In(y(z)) + ———= — _CI1 =0.
zy(z)
Ilpukiam 4. Po3s’ss3atu ogHopigHe piBHIHHSI

o Yy
2+y2+z

3 ekl 3 (crop. 40), ne piBHsIHHSI OyJIO OTPUMAHE [IPH PO3B’sI3y-
BaHHI 337124l ipo opmy a3epkasa (3agada 3 Jjekil 1, crop. 17):
> dsolve(D(y) (x)=y(x)/(sqrt(x~2+(y(x))~2)+x),y(x));

QYT+ @) @ C1 = 0.

G@)?  w@)? -

Posp’sizkeMo ocranHe piBHSIHHS BifHOCHO y(x):
> isolate(%,y(x));

JIT Clz

y(z)=-2 i

IIpukaan 5. 3inrerpysaru pisusung (r—2y+3)y = 1—y—2x
(mpukitag 4 sieknii 3, crop. 42):
> dsolve ((x-2*y(x)+3)*D(y) (x)=1-y(x)-2*x,y(x));

(5z+1) C1 \5(Bz+1)2 C124+4

o) =3 - ———; SN

[Tepekonaemoch, 10 oTpuMana (DYHKILS 3a/I0BOJIBHSE 3arabHUI
2 — 2y + 2 — 3y = C, 3uaiieHnii
ua crop. 43. s nporo mizcraBumo 11y HOro JiiBy YacTUHY, CKO-
PUCTABIINCH KOMAaH/ 1010 simplify():

inTerpas 1mporo piBHAHHS Y — T
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> y:=7/5-1/56%(-1/2x(5xx+1)*_C1+1/2% (5% (5*x+1) ~2*%_C1~2+
4)~(1/2))/_C1l: simplify(y~2-x"2-x*y+x-3%*y);

55 _C1%2-1
25 C12

Orpumanuii Bupa3 cupasii € crajoio. OckiJIbKu 3araabHuil iHTe-
rpajg € MHOTOYJIEHOM JIPYTOrO CTEIeHsT BiJHOCHO ¥, TO TOBUHEH
OyTu 1e oJMH PO3B’sI30K, siKuiil BijpisHsaTuMeThCs Bij (1) 3HAKOM
nepe;i KBajipaTHuM Koperem. [lei pO3B 'SI30K, 9K i JiBa OCO6JII/IBI/IX
PO3B’si3KM piBHsIHHS (Y = H'\/_:1: —|— + \1/0_, Yy = \/_x 2 — \1/—05)
Maple BijgnmykaTu He 3Mir.

Ilpukian 6. 3naiiTn 3arajbHuil po3B’sI30K piBHsAHHSA 1 =
= % (mpukaaz 5 siexii 3, crop. 43):
> dsolve(D(y) (x)=(x-2%y(x)+3) / (2*%x-4*y(x)-1) ,y(x));

1 =z I-282+28 CI
y(x)——ZJrg— 1 ;
1 =z T-28z+28 CI
y(:z:)——1+§ 1 .

3po3ymiso, mo orpuMaHi YHKIHT — PO3B’SI3KH BiIHOCHO 3MIHHOT Y
KBa/IpATHOTO piBHsAHHA 12 — 42y + 4y? 4 62 + 2y = C, ke € 3Ha-
fimeHnM Ha cTOp. 44 3araJbHUM IHTErpaJioM 3aJaHOr0 IudepeH-
IAJIBHOTO PIBHSHHS. Y IIBOMY JIETKO MEPEKOHATHCH, PO3B’sA3aBIIH
3araJIbHU# 1HTErpaJs BITHOCHO 3MIHHOI Yy 3a JOTIOMOTOI0 KOMAaH 1
solve():

> solve (x"2-4*xx*xy+4*xy~2+6*x+2xy=C,y) ;

1 = V1-28z+4C 1 V1 —28x +4C
——+ 5 - , Y@)=—~+ .

—
1772 1 1772 1

IlpukJjazm 7. 3inrerpyBartu JiiHiliHE PIBHSIHHSI y’+23:y:2$e’“2

(mpukitaz 1 srexnii 4, crop. 49):
> dsolve(D(y) (x)+2xx*y (x)=2*x*exp(-x~2) ,y(x));

y(z) = (@ + _C1)e™

Ilpukiazm 8. SuaiiTu 3arajgbHuil pO3B’si30K piBHsSHHS BepHyi-
. 2 2
m Yy + 2xy = 2xe® y* (upukiaan 2 aekuii 4, crop. 52):
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> dsolve(D(y) (x)+2xx*y (x)=2*x*exp(x~2) *y (x)~2,y(x));

2

@) = —m—ar

Ilpukiazm 9. 3uaiiTu piBHSIHHSA KpUBHUX 3 3ajadi 1 Jjiexril 4.
Ha crop. 53 6ys10 orpumano mudepeniiiaabie piBHIHHS ITyKa-
Hol cim’i kpusux 4y’ — y/x = —q? /x. 3inrerpyemo iioro:
> dsolve(D(y) (x)-y(x)/x=-y(x)~2/x,y(x));

y(z) =

T
z+ CI1°

IlpukJiaz 10. 3HaliTi 3araJbHUil PO3B’s130K piBHAHHS PiKKaT
y=y>—<— ;—2 (mpukstas 3 ekl 4, crop. 55):

> dsolve(D(y) (x)=y(x)~2-y(x)/x-4/x"2,y(x));

(z) = 2¢*+2_C1
AT z(_C1—z*)

IlpukJjaza 11. 3iaTerpyBaru piBHSIHHS Y OBHUX JI(PEePEHTIIi-
anax (z +y? +sinx) dr + (2zy + cosy) dy = 0 (npukaaz 1 jgexmii
5, cTop. 59):
> dsolve(x+y(x) ~2+sin(x)+(2*x*y (x)+cos(y(x)))*D(y) (x)=

0,y(x));

2
% + y(z)%x — cos(z) + sin(y(z)) + _C1 =0.
Ilpukian 12. 3uailtu 3arajbHUl  PO3B'S30K PIBHSIHHS
(2zy% —y) dx + (y® + 2 +vy) dy = 0 (mpukaaz 2 mekmii 5, crop. 62):
> dsolve (2*xxy (x) ~2-y (x)+(y(x) ~2+x+y (x) ) *D(y) (x) ,y(x),
implicit);

2? — —— +In(y(z)) + y(x) + _C1 =0.
y(x)
Honarkosa oris implicit /103BoJIS€ 3HAXOIUTH PO3B’HA30K y He-
siBHiit (popmi. BigcyrHicTh MOy B aprymenTy Jjorapudma He €
HOMUJIKOIO, 60 Bci obunciienns y Maple 3a 3amoBuyBanHsM 3/1iii-
CHIOIOThCs Y TIOJII KOMILJIEKCHUX YHUCEJI, 3HAWJIEHUN PO3B SI30K TEXK



Honmarox 1. 3acrocyBaHHs MaTeMaTHIHOro makera Maple 113

MO2Ke OyTr KoMILIeKCHO3HAIHIM. [1inibpasiiu Bi OB IHUM TUHOM
JIOBIJIbHY CTaJly, dKa MOKe OyTH KOMILIEKCHOIO, JIEIKO BYIIINTH
JHCHO3HATHII PO3B’s130K. 3HAIIEMO TaKOXK IHTErpyBaIbHUN MHO-
JKHHUK I[HOI0O PIBHSIHHS, CKOPHUCTABIINCH KOMaH 1010 intfactor() 3
nakera DEtools:
> DEtools[intfactor] (2*x*y(x) ~2-y(x)+(y(x) ~2+x+y(x))*
D(y) (x));
1
y(z)
IMpuxmaax 13. 3interpysarn pisusmua (223y% — y)dz +
+ (22%y3 — ) dy = 0 (npuxmaz 3 wexii 5, crop. 62):
> dsolve (2xx~3*y(x) ~2-y(x)+(2*xx~2*y (x) ~3-x)*D(y) (x)=0,
y(x),implicit);

5"

_C1+2% 4+ +y(z)? = 0.

1
y()z
3Haii1eMo TaKOXK IHTerpyBaJbHAN MHOXKHUK ITHOTO DIBHSHHS:
> DEtools[intfactor] (2*x~3*y(x) ~2-y(x)+(2*x~2*y(x) ~3-
x)*D(y) (x)=0) ;
1 1
y(@)?z?" @ (1+ay(@)® + 2%y(2)) y(x)
[Iporpama 3naiinia jaBa iHTErpyBaJILHUX MHOXKHUKA.

Ilpuksana 14. BuaiiTy iHTErpyBaJbHUI MHOXKHHUK PiBHSIHHSI
(y/x + 3x2)dz + (1 + 23/y)dy = 0 (npuxnaz 4 nexmuii 5, crop. 66):
> DEtools[intfactor] (y(x)/x+3*x~2+(1+x~3/y(x))*D(y) (x)=

0);

1
2y(z) + 323

Y mpoMy BHITAJKY MporpamMa HaBesIa IHTerpyBaJbHUIl MHOXKHUK,
AKUI BLIPI3HAETBHCA Bl IHTErPYBaJIbHOIO MHOXKHUKA, 3HAl/IEHOIO
y npukjam 4 jekmnil 5. Ajie e it He auBHO, 60 iHTErpyBaJBHUI
MHOXKHHK He € €MHIM (Teopema 2 JieKIii 5).

IIpukman 15. 3inTerpysaru HesBHe piBHsIHHS Y2 — 9 W =0
(mpukstas 1 ekt 6, crop. 69):
> dsolve(D(y) (x)"2-9*y(x)~(4/3)=0,y(x));

1

y(ac)(ﬁ) —z— C1=0, y(m)(%) +z— C1=0.
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BHaitmosmm 3 ocraHHix piBHOCTEH y(T), OTPUMAEMO 3arajbHUi
po3B’st30K npukiiay 1 ekl 6. OcobsmBuii po3s’sa30k y = 0 1po-
rpama He 3Haillia.
Ipuknazn 16. BinrerpysaTu HesiBue piBHsHHS 227 2 +2zyy’ +
+y? — 4x = 0 (nmpuknaz 2 jexmuii 6, crop. 75):
> dsolve(x~2xD(y) (x) ~2+2*xxy (x) *D (y) (x) +y (x) ~2-4%*x=0,
y(x));

4 C1 4 C1
—$+— : y(x):ﬁJr_ :
T 3 T

y(z) =

[Ipornionyemo dmradaM caMOCTIHO 3iHTErpyBaTH PIBHSHHS
y'® — 5y"2 +7 = 0 3 npuxnay 3 jexuii 6 (crop. 76) 3a KOIOMOrOI0
nakera Maple i mepecBiTIuTHCH, 10 MPOrpamMa MyKae Po3B I30K Y
SBHOMY BUIJIs/Il HABITH IIPDM BUKOPHUCTaHHI ol implicit.

Ipuknang 17. 3inrerpysaru pisuanng y = y'2 — 3zy’ + 322
(mpukstas 1 ekt 7, crop. 79):
> dsolve(y(x)=D(y) (x)~2-3*x*D(y) (x)+3*x~2,y(x));

(m)_Sa:Q ($)__012$2+_CZ($_C1 +2)x +2
Yy - 4 ) - 2_012 )
_C1%22+ Ci(zx_C1—2)x+2
y(z) = 3 :
2 C1
2 (-z-2_Cl)zx 9
== — = 1
y(z) = 5 + _C17,
2 (~z+2_C1
ywy =2 - 2O, o

Ha neprmuit moryis TyT € 1'siTh Pi3HUX PO3B’A3KiB, ajie HACIIPABII
BCl, KPIM HEPIIOro, PO3B’sI3KH MIJITXOM HECKJIAIHUX [I€PETBOPEHD i
MePEero3HAYEHHs CTAJIUX MOYKHA 3BECTH OJWH 10 OJHOTO. ¥ IILOMY
JIETKO IIEPEKOHATHCH 3 JOIOMOIo0 KoMasau simplify():

> simplify({%});

{y(:c) =2?—2 Cl+ C1? ylz)="-

2.2
y(x) = G Cf2_01+1’ y(x):$2+$_01+_012,
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_C1%2%2 4z C1+1
y(z) = :

_C1?

Ipuknan 18. Binrerpysaru pisnannsa x = y™* + 2y (npn-
ka2 Jekiii 7, crop. 80).
Ckopucraemocst onrisimu implicit i parametric:
> dsolve(x=D(y) (x) ~4+2*D(y) (x),y(x) ,implicit,
parametric);

o T)= T*42 T, y(_T)=

TS+ T?+ (1.

Ot >

Besmunna T nosnauae napamerp (po3B’si30K 3HaiijleHO y napa-
MerpuuHiii dopmi).
Ilpuksana 19. 3Haiitu 3arajgbHUl pO3B’sI30K piBHsIHHS Jla-
rpamka y = 2xy’ — Iny’ (npukiaz 3 sekuii 7, crop. 81).
Ckopucraemocs omiero implicit:
> dsolve(y(x)=2xx*D(y) (x)-1n(D(y) (x)),y(x),implicit);
o)==y m)=2

_T+ _c1
T

In(_T).

Ipuknaz 20. 3inrerpysaru pisuanus Kiepo y = zy’ — y°
(upukiag 4 sieknii 7, crop. 82):
> dsolve(y(x)=x*D(y) (x)-(D(y) (x))~3,y(x));

2 3 2 3 3

y(x) = —§\/§x2, y(x) = 5\/5:62, ylx)=z_C1 — C1°.

Ilpukman 21. Posp’sa3aru 3ajady mpo 3pOCTaHHS KiJIbKOCTI
HayKoBuX Iyburikariii (3amada 1 jekmii 1).

Ha crop. 14 orpumanu jgudepeHiiajibHe PIBHIHHS, SKE OIUCYE
3pocTaHHs KIJIHKOCTI HAyKOBUX IIyOJiiKaliiii:

Y (t) =ky(t).

BiHTerpyemMo 1e piBHSIHHS, BPAXOBYIOUHM IMOYATKOBY YMOBY
y(0) = yo:
> dsolve ({D(y) (t)=k*y(t),y(0)=y0},y(t));

y(t) = y0 .
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3HaiijeMo Ternep 3a J0IOMOroo Komanau solve () mesijzoMwuii yac
T 3 nonarkosol ymosu y(1') = 2yg, skio koedimient k = 0,07:
> solve(yO*exp(0.07*T)=2%y0,T);

9.902102579.

IMpuknan 22. Biurerpysaru pisusinns y' = ky(M — y) (upu-
KJIaJ1 micsist 3aza4i 1 jekuii 1, crop. 14):
> dsolve(D(y) (t)=kxy(t)*(M-y(t)),y(t));

&) = ——em
YW = T e Mt o1 M

IIpuknang 23. Posp’asaru 3aja4dy 1po pyx 4YoBHa (3aja4a 2
Jekii 1).
Ha crop. 16 6ymo orpumano gudepeniiaibie PiBHSIHHS, sKe
OIIMCYE PyX UOBHA: p
g 2
ma = kv”.
BinTerpyemo ioro, Bpaxysasiiu nodarkoBy ymoBy v(0) = 3:
> dsolve ({m*D(v) (t)=k*v(t)~2,v(0)=3},v(t));

3m
0= C3kt—m

3HalijeMo Ternep HeBiJoMe CIIBBIIHOIIEHHS MiXK m 1 k 3 jo/1a-
TKOBOI ymoBH v(4) = 1:
> solve(-3*m/(3*k*4-m)=1,m) ;

—6k.

Toni mesimomuit ac 1" 3 ymosu v(71") = 0,01 BusHAUUTH JIETKO:
> m:=-6*k:solve(-3*m/ (3*xk*T-m)=0.01,T) ;

598.

IIpukmam 24. Habauxeno mobylyBaTu iHTerpaibHi KPUBI PiB-
usuns y' = x(y — 1) (upuxiaz 1 3 gekuit 2, crop. 30).

[Tobyayemo mosie HampsimMiB, BU3HAYEHE IUM PIBHIHHIM, Ta
CiM iHTerpaJbHUX KPUBUX, SKI 33J/I0BOJBHAIOTH MOYATKOBI yMOBHU

y(O) = —1, y(O) =0, y(O) = 0,9, y(O) =1, y(O) = 1,5, y(O) =2,
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y(0) = 3. st poro moTpibHO cKopucTaTuch KoMaH 010 DEplot 3

nakera DEtools (Komamja ommcaHa y Jgogarky 6 za crop. 325):

> DEtools[DEplot] (D(y) (x)=x*(y(x)-1),y(x),x=-3..3,
[[y(0)=-1]1, [y(0)=0], [y(0)=0.5], [y(0)=1], [y(0)=1.5],
[y(0)=2], [y(0)=3]1],y=-2.5..3.5,scaling=constrained,
stepsize=0.1,linecolor=black);

Yurau Moxke crpoOyBaTH CaMOCTIfiHO 3iHTerpyBaTn HaBeJeHi
BUIIE 1HII PIBHSIHHS 3a J0IoMOroio naxkera Maple.
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Pozain 2.
3BNYANVHI TN®EPEHITIAJJIBHI
PIBHAHHSA BUIIINX TTOPAJIKIB

Jleknia 10. IndepeniianbHi piBHIHHS
BUIIUAX MOPAIKiB

Il1an

1. OcuosHi nousiTTs i o3navenus. 3agada Ko,

2. Kiacudikariist po3B’si3KiB.

3. PiBHanHS, iK€ MICTUTD TIJIbKM HE3aJIEXKHY 3MIHHY 1 HOXiJHY
HOPSIIIKY 7.

1. OcHoBHi noHsATTS i1 o3HadeHHsi. 3agada Kormai. Pos-
[VISTHEMO 3BHUYaiiHe qudepentiajibie PIBHIHHS N-T'0 TOPSIKY

F(aj,y,y’, ... ,y(”)> =0. (10.1)

Axmo pisasinas (10.1) MoxKHA PO3B’sI3aTH BITHOCHO CTAPIIOL
MIOXI/THOI, TO fIOT0 3aINCyBaATHMEMO Y BUIVISIIL

y(”) = f(ac,y,y', ... ,y("_1)>. (10.2)

Qyukiio y = y(r), sika BU3HaYeHA 1 HEllePEePBHO JUbepeHIii-
fioBHa n pasiB Ha iHTepBasi (a,b), HA3UBAIOTH PO38°A3KOM DiB-
usanns (10.2) #Ha npoMy iHTEpBaI, SIKINO BOHA JyIsd BCiX = € (a,b)
[IEPETBOPIOE 1Ie PIBHAHHS Yy TOTOXKHICTD.

Hnst pisusiaas (10.2) 3adawa Kowsi dopmysroeThest Tak:
cepeJt, yeixX po3B’sA3KIB I[bONO PIBHSIHHSI 3HAWTH TAKUil PO3B’SI30K
y = y(x), gaxuil 11st £ = T 3a/10BOJIbHSIE YMOBH

_ —il
y(@o) =yo, ¥(@0)=h -, ¥ Viao) =", (10.3)
1€ Z0, Y0s Yos - - s y(()"_l) — 33JIaHl YucsIa, gKi Ha3UBAIOTH NOYa-

mxosumu darumu pode’ssky y = y(x). Hucno ry HA3UBAIOTH
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MIOYATKOBUM 3HAUEHHSM He3aJIe’KHOI 3MIHHOI ¥, CYKYIHICTb UH-
n—1 .

CeIL Z0, Y05 Ybs - - - » y(() ) nouwamxosumu danumu pienanns

(10.2), a ymosu (10.3) — nowamxosumu ymosamu.

30Kkpema, Jjist PIBHSIHHSI APYTOTO MOPSJIKY

y' = fz,y,9) (10.4)

saziada Kol nossirae y 3HaxozkeHHl po3B’sizKy y = y(x) 1poro
PIBHAHHS, KUl 38/J0BOJIbHAE TIOYATKOBI YMOBHI

y(zo) = yo, ¥'(z0) = Yo- (10.5)

3 reomerpuunoi Touku 30py 3azada Komi (10.4), (10.5) mo-
JIITae y 3HAXO/KEHHI Takol 1HTerpasjibHOI KPHUBOI, sKa IIPOXOJUTH
depe3 TOUKY (Zg,Yo) 1 Ma€ y Iiil To4Ii 3aJaHuii HAIPSM JIOTHIHOL
Yp), TOOTO tg g = Y.

3ayBaykuMo, M0 €IMHICTh PO3B’si3Ky 3a/1a4i Kot jijist piBHsIH-
Hs1 n-1o nopsiaky (10.2) He o3Havae, 1m0 Uepe3 TOUKY (Xo,Yo) 1IPO-
XOJUTH TIIbKK OJIHA iHTErpaJibHa KpUBa, SK e OYJIO JiJisi PiBHSIH-
Hsl TIEPIIOrO HOPSIIKY, PO3B’sI3aHOTO BITHOCHO MOXIAHOT (JIeKIlist 2).
Hanpukian, eaunicts po3s’ssky 3aaadi Ko (10.4), (10.5) o3na-
Jae, 110 Yepe3 KOKHY TOUKY (T, Yo ) IPOXOIUTD €/IMHA IHTerPAIbHA
kpuBa piBasHHs (10.4), moruvna J10 AKOI y Il TOUI YyTBOPIOE 3
JoaaTHIM HapsimoM oci Ox KyT ay, JJIsd sIKOro tg g = Y. Bozso-
gac, KpiM Iii€l iHTerpajabHol KpUBOI uepe3 TOUKy (X, Yo) MOKYTH
MIPOXOJUTHU i 1HII iHTerpajbHi KpWBi, aje 3 IHIIUM HaXUJIOM JI0-
TUYHOI y Tl TOYII.

Hpukaan 1. 3natimu poss’asox sadawi Kowsi vy’ +y = 0,
y(0) =1, ¥'(0) =0.
Pose’sazanns. Moxna 1oBecTH, 10 BCl PO3B’SI3KU PIBHAHHSA Mi-
cTaThCA B (bopMmyii

y=Crcosx + Cosinz,

ne Cy i Cy — jnosinbi crami. 3sigcu y' = —Cy sina + Co cos z. Bu-
6epemo C i (9, m06 3aJ10BOJBHATH HOYATKOBI yMoBU. OdeBUIHO,
mo C; = 1, Co = 0. OTke, MIYKAHUM PO3B’SI3KOM € Yy = COSI.
Leit poss’sizok eaunnii. Onnak yepe3 rouky (0,1), okpiM Kpusol
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Y = COS T, IPOXOAUTDH OE3/1i4 IHINX iHTerpaJTbHUX KPUBUX, sIKi MO-
»kHa ommcatu dopmysow y = cosx + Cosinx, e Co — j10BiibHA
craJia, BiIMIHHA BiJ[ HYJIsd, aje YKOJHa 3 JOTUYHUX JI0 HUX y TOYIL
(0,1) He 36iraeTbCst 3 JIOTUIHOO JIO KPUBOI y = €OS Z y Iiii Touri. M

Posrisinemo nmranHs mpo MeXaHidHE TPAKTyBaHHs IudepeH-
IAJIBHOTO PIBHSIHHSI JIDYTOTO MOPsJIKY, HOr0 pO3B’si3KiB Ta 3a/1adi
Komri. Hexait marepiajibHa TOYKA MaCH M PYXA€TbCs MO IPSAMIi,
sIKy npuiiMmemo 3a Bice Oz, i jieto cuin F' (t,a:, ‘é—f), 3aJ1e2KHOL
B/l yacy t, IOJIOKEeHHS © 1 MIBUJIKOCTI Cgll—"f y MOMEHT 4Jacy t. 3rijHo

3 apyrum 3akonom Hpiorona

d?z dx
mW = F<t,x, —>,

2
e ZTQE — IPUCKOPEHHsI TOYKU B MOMEHT 4acy t, abo

d’x dx
22 _ ile,2, 22, 10.6
=1 (%) 103)
ne f=F/m.
Kozxknomy poss’sisky = = x(t) piBusuus (10.6) Bignosigae mnes-
HUl 3aKOH PYXyY, TOMY 4acro po3B’si3ok = = x(t) Ha3UBAIOTH

pyxom, sikuii BusHadenuii pisasinasm (10.6). 3agaga inrerpyBan-
Hsi piBHsAHHs (10.6) Hosisirae y 3HAXOJKEHH] BCIX pyXiB, BU3HAYe-
HUX ITUM PIBHSIHHSM, Ta Yy BUBYEHHI IX BJIACTHUBOCTEI.

3 mexaniunol Touku 30py 3aiada Kommi jyist piBusinas (10.6)
HOJISATAE y 3HAXO/KEHHI TaKoro pyxy x = x(t), siKuil 3a10BOJIbHSIE
IOYaTKOBl YMOBH

z(tg) = zo, ' (fo) = g,

TOOTO B MOYATKOBHIT MOMEHT 1acy t = ty TOUKa IMOBUHHA 3aiiMaTu
3ajjaHe [OJIOZKEHHSI T 1 MaTH 3a/aHy IIBUIKICT X().

HocraTusa ymoBa icHyBaHHs po3B’a3Ky 3asa4i Ko st nude-
PEHIHAJIBHOIO PIBHSAHHS HEPIIOrO MOPSIKY MOIMUPIOETHCA 1 HA BU-
I18JI0K PIBHSIHHS N-TO TOPSJIKY: 08 ICHYSaHHA (Henepepenozo pa-
30M 3 NOTIOHUMU 00 NOPAIKY N 6KAN0YHO) P36 A3KY 3adawi Kowi
(10.2), (10.3) documv npunycmumu, w06 npasa 4wacmura pieHAHHA
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(10.2) 6yaa nenepepsnoro 6 okoai nowamkosuxr danux (Mmeopema
ITeano).

Biamosinp Ha nuTanns mpo iCHyBaHHsI €IUHOTO PO3B’S3KY 3a-
nadai Komd (10.2), (10.3) mae Taka Teopema [8, c. 93 — 99).

Teopema (Komi). Hxwo ¢ynruyin f(:v,y,y’,...,y("_l)) 3
pisnanna (10.2) y deaxomy oxoai mouru (ZL‘(), Y0, Yos -+ y((]nfl))
HENEPEPBHG 30 BCIMG GP2YMENMAMU T MAE OOMENHCENT YACTNUNHI
nozioni sa sminrumu vy, Yy, ..., Yy Y mo icnye edunuti poss’s-
3ok sadawi Kowi (10.2), (10.3), axuid susnavenud i nenepepsrud
Pa3oM 3 MOTIOHUMYU 00 NOPAJKY N 6KAIOUHO Ha 0eAKoMY GIOPI3KY

|z — x| < h.

2. Knacudikariiss po3B’sa3kKiB. 3a2a4bHUM PO38’°A3KOM
piBasiaHs (10.2) HA3UBaOTH CiM'10 PO3B’SA3KIB 1HOIO DIBHSIHHSI, 3a-
JIEXKHY BT 1 TOBLIBHUX CTAJIUX:

y=p(x,C1,Co...,Cp).

3 reOMeTpUYIHOI TOYKHU 30pY MAEMO CIM'I0 IHTErpajibHUX KPU-
BUX Ha IUIOMuMHI (2, y), 3anexuy Bij n napamerpis Cq,Co, ..., Ch,
NPUYIOMY PIBHSIHHSI 1€l ciM’T po3B’sizaHe BiIHOCHO Y.

BaranbHuii po3s’sizok pisHsiHHs (10.2) y HesiBHOMY BHIVIsI-
mi ®(x,y,Cq,...,C,) = 0 HABUBAIOTL 3G2AALHUM THMEZPAAOM
IIHOT'O PIBHSAHHS.

VY jesikux Bunajkax, inrerpyroun piBusiHHst (10.1), nrykaiorsb
ciM’'t0 IHTerpalbHIX KPUBUX, sIKA 3aJI€KNTh BiJ N JTOBIIBHUX CTa-
sux C1, Co, ..., Cp, y HIapaMeTpUIHOMY BUTJISII

{x = ¢(p,C1,Co,...,Cp),
Yy = w(Z%CLCQ?- .. 7Cn)

Taky ciM’'to iHTErpajbHUX KPUBUX HA3UBAIOTH 3G2AAbHUM DO3-
8’A3KOM Y NAPAMEMPUYHIT HOPMI.

[ToustTTst YaCTHHHUX Ta OCOOJUBUX PO3B’S3KIB JJIsi TU(EPEHTITi-
aJIbHUX PIBHSIHb BUIIUX IMOPSIKIB BBOJSATHCS aHAJJIOTTIHO, SIK 1 JIJIST
PIBHSIHHS TIEPIIIOTO TOPSIIKY.

Posp’s30k y = y(x) piBusuns (10.2) Ha3HBAIOTH YACTMUHHUM,
JKIIO Y KOXKHIIl floro Todri 306epira€rbcst €IuHICTh PO3B I3KY 3a-
jaai Ko, Tobro st koxKHOT Toukn (o, y(Tp)) Ha iHTErpabHiit
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KpuBiit y = y(x) He icHye iHmOro po3p’sisky y = yi(x), skuit 6u
3a/I0BOJIbHSIB [TOYATKOBI yMOBU

y1(z0) = y(@0), ¥, (z0) = ¥'(20), -, vi" V(o) = y™ (o).

Koxkunit po3s’si30K, sKmit MOYKHA OfepKaTh 3 (GOPMYJIN 3arajibHO-
ro PO3B’SI3KY JIJIsi IEBHUX JIOIYCTUMUX UUCJIOBUX 3HAYEHD CTAJIUX
C1,Cy, ..., C,, Oyae, 0O9EBUIHO, YACTHHHIIM.

Posp’si30K, y KOXKHII TOYI SKOTO IOPYIIYETHCS €JIMHICTH
po3B’a3ky 3asaqdi Komri, nasuBaiorh ocobausum. Takuit po3s’s-
30K HE MOYKHA OJIep2KATU 3 (DOPMYJIU 3arajibHOTO PO3B’SI3KY J1JIsi
»KojHuX 3HaveHb crajux Cp,Co, ..., Ch.

SayBaxkuMo, o JudepeHIiajibHe PIBHAHHS N-T0 MOPSJIKY MO-
Ke MaTu CiM'I0 0coOJIMBUX PO3B’S3KiB, 3ajI€KHY BiJ JIOBLIBHUX
cTaJinX, KUIbKICTh sikux mMoxke Oytu n — 1. IlpoimocTpyemo 1ie Ha
MIPUKJTA]II.

Ipuknan 2. 3inmezpysamu pishanna y" = 24/y.
Pose’azanmns. 3pobumo zaminy 4y’ = z, ge z = z(x) — nosa 1ry-
kana ¢yukiig. Tomi

dZZ: de (2#0) =

Z=2/z = /2\/,
Vz=z+C = z2=+C)? = ¢ =(@=+C)%

Iarerpytoun, 3naxomumo 3arajabHUN PO3B’SI30K
1 3
Y= g(erC&) + Cs.

OcobymmsoMmy poss’sisky z = 0 piBusinug 2z’ = 24/z Bianosimae
ciM’st ocobimBUX po3B’si3kiB piBHsiHHs Yy = C. KoxkeHn 3 HUX € 0co-
OTuBUM.

Bidnoside: y = (z + C1)3 /3 + Cy, y = C.

3. PiBHaAHHS, IKe MiCTUTBH TiJIbKU He3aJIeXKHY 3MiHHY i
MOXiHY TIOPSIAKY 7. Y I[BOMY IIyHKTI JIEKIIil, & TAKOXK Ha HACTY-
ITHI# JeK11il BUBYATUMEMO JesiKi KJIaCH 3BUYIAHNX audepeHItiaib-
HUX DIBHSIHb N-TO TOPSJIKY, 3arajJbHUil PO3B’s30K (3araabHuil iH-
TerpaJl) SIKUX MOYKHA 3HAHTHU 3a JIOIOMOIOIO KBaJIPaTyp. 3BeJIeHHSI
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JI0 KBaJ[paTyp BUKOHYETHCH abO0 3a JIOMOMOIOIO CIEIiaJIbHUX IIPH-
ffoMiB, ab0 MUISIXOM TONEPEIHBOI0 3HUYKEHHS MOPSJIKY DPIBHSHHS
(SIKII0 OTpUMAaHe IIPU 1bOMY DIBHSIHHSI IHTEIDYETbCsI Y KBAJPaTy-
pax).

Posrisinemo criovaTky piBHsSIHHS, STK€ MICTUTD TLIBKU He3aJjie-
JKHY 3MIHHY 1 TOXiJIHY HOPSiJIKY 7, TOOTO PIBHSHHS BUIJISLILY

F(m,y(")) —0. (10.7)

PosristreMo 1Ba MOXKJIMBI BHIIQJIKU.
Bunagok 1. Piswanna (10.7) wmoorcha pose’sasamu 6idnocHo
y(™). Toxi
y" = f(z). (10.8)

Host pisasians (10.8) 3 menepepsHoo dyHKIieO f(2) 3aBXKAU MO-
JKHa 3HANTH 3arajbHUil PO3B’SI30K y KBaJpaTypax, IIOCJII0BHO
3MEHIIYIOUHN TOPSIIOK PIiBHSIHHS Ha, ofuHuIro. Cupasmi, iHTErpy-
09N OOMIBI TACTUHU IHOTO PIBHSHHSI, MAEMO

yb = /f(:c)dx—l—C’l.

AHasorigHo 0IepPKyEMO

y(»=2) ://f(q:)dz:dm—i—cll‘—i—Cg,

y(n*3) :///f(m)dxda:da:—i—%3324-02904‘037
Cl n—1
y_// /f dode..dz 4 a4

n paslB
Cy n—2
e Cy,Cy,...,Cp — nosinbHi crami. @opmysa (10.9) Busnauae 3a-

raJbHuil po3B’si30K piBHsiaHs (10.8).

Ipuknan 3. 3inmezpysamu piensanns y" = sin? x.
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Pozs’sazannsa. [lpaBa yactuHa pIiBHSIHHS HEIEPEPBHA ISl BCiX
3HaveHb x. JBiul mocsioBHO iHTErpyovun oOU/BI 9aCTUHU PiBHSI-
HHSI, OJIEPZKYEMO

1 — cos2x r  sin2x
" 2
= /s dr = | —————dzr = — — +C
Y /sm xdx / 5 @ 5 1 1,

p xr sin2zx 2 cos2z
Y /(2 1 + 1> = + 3 + Cix + C2

InTerpytoun 1mie oJiuH pas3, 3HAXO/IUMO 3arajbHUAN PO3B’SI30K:

23 sin2z

2 16

2
Y = + Ciz” + Cox + Cf,
ne Cq, Co, C5 — noBinbhi crami, Cy := Cq/2.
3 .
: . x sin 2x
Bidnosidv: y = — +
12 16
Iurerpytoun nociigosuo pisasiHs (10.8), MOXKHA 3aMiCTh He-
BU3HAUYEHUX IHTErpaJliB BUKOPUCTOBYBATH BU3HAYEHI IHTerpasn 3i
3MIHHOIO BEPXHBOIO MEXKEI0, Oepydn B KOCTI HUXKHBOI MEXKi J10-
BIJIbHE YHCJIO T 3 IHTEPBAJIy HENIEPEPBHOCTI MTPABOI YACTUHH ITHOT'O
piBusinnst. Tozi 3arasbauil po3s’s30k piBusiHHs (10.8) 3anuimersest

+ C12?% + Coz + C5.

Y BUTJISII
Y= // /f )dxdx...dz
xoxo )
n paslB
C _ C _
—f—rll)'l'n 1+r22)‘l‘n 2+...+Cn,11‘+cn,
e Cq,Cs,...,C) — nosiabai craji. [lepmmuit momaHok y 1iit dop-

MyJii MicTUTB 1 KBajparyp (iHTerpasis), aje IX MOXKHA 3aMiHUTH
ojiHi€0 KBaJpaTyporo 3rigHo 3 gdopmyaoro Kowsi ([4, c. 164 —
165])

// /f Ydzd ... dx o /f t)" L.

xoxo )

n/pamB
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Tomy 3arasbuuii po3s’si3ok pisasinas (10.8) Moxkemo 3ammcaTi y
BUTJISII1

= T /f )" ldt + Cra™ .+ Cpo1x + C,
(10.10)
e C1,Cy,...,C, — noBlibHI (1I€pero3natdeni) cradi.
Mpuxaan 4. 3uatimu pose’asox pienanna y" = e, axudi

3a0060AbHAE HYALOBT NOYAMEKOST YMOBU.

Posze’azanmsa. llpasa vacruna piBHSIHHS HelepepBHA JJIsT BCiX
z € R. Bukopucrosytoun dhopmysy (10.10), y skiii 6epemo xg = 0,
3HAXO/IIMO 3arajbHUil PO3B’SI30K 3a/IAHOTO PiBHSIHHSI:

1
Yy = —/6t2(l‘—t)th—FCll‘Q—}—CQl‘—FCg,

ne C1, Cy, C3 — poBlIbHI cTadi.
3 roro, mo y(0) = y'(0) = y”(0) = 0, 3uaxomumo cram C =
= (5 = (C5 =0, a TOMy HIyKaHIM PO3B’SI3KOM

xT

1
y = §/et2(:c—t)2dt. m

0

Bunanok 2. Pisnanns (10.7) ne moorcna pose’ssamu 6 ene-
menmapruz Gyrrkyiaz eidnocno y™ abo eupas daa y™ e nadmo
ckaaonum. Taki pIBHSHHS MOYXKHA PO3B’SI3yBATH MemModoM G8e-
denns napamempa. Ilpunycrumo, 1Mo y MbOMY BUMAIKY ICHYIOTH
Taki OyHKIHT

z=o(), y™ =y, (10.11)

e ¢ — nesikuit napamerp, mo F(o(t),¥(t)) = 0.
Bupasumo y yepes napamerp t. Ockinbku

dy™ Y = yMda = (1) (t) dt,

TO

(n=1) /1/1 t)dt + C1 = Y1 (¢, Ch).
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Hauni, BpaxoByioun, mo
dy™2 = (Vg = oy (¢, C1)' () dt,

3HAXO/IMMO

ﬁ””:/m@cmﬂmﬁ+@;¢m¢h@)
Mipkyroun aHaJoriaHo, BPEIITi-PErT 3MO2KEeMO 3HANTH

y =¢n(t,C1,Co,...,Cp).

Orke, 3arajbHIM PO3B’SI3KOM y IapaMeTpudHiii ¢popMmi piBHSI-
uug (10.7) €

=), y=¢n(t,C1,C...,Cp).

Biyzaaunmo, 1mo ocobsnso jerko 3uaiiru GyHkmil ¢(t) 1 ¥(t) 3
(10.11) y Tomy Bunajxy, kosu piBasiaast (10.7) MoxkHa po3B’si3aTu
BiTHOCHO HE3aJIEZKHOI 3MIHHOI, TOOTO AKIIO

T = go(y(”)).

V npomy BumaKy 3amicts 4 MoXKHA B3SITH TOBLIBHY HellepepBHY
dyuxuio ¥(t) i rogi x = p(Y(t)). Bokpema, sikmo Y (t) = ¢, To
z = p(t), y™ =1t.

Ipuxkaan 5. 3inmezpysamu pishanmns v+/1 + y"? =y".
Poss’azannsa. Ioxknanemo y”’ = tgt. Toni

tgt int t
. g _sint|cost| — +sint,

- /1+tg2t  cost
HMPUYIOMY 3HAK ILUTIOC OepeMo Toji, Ko cost > 0, a 3HAaK MiHyC —
Kosm cost < 0.
Bupazumo y depes napamerp t. Hexait cost > 0. Toui

dy = y"dx = tgtd(sint) =sintdt = y = —cost+ Cy;
dy =9y dx = (—cost+ Cy)costdt =
y:—/cosztdt—i—Cl/costdt =
t sin2t

Yy=757 74

+ Cl sint + 02.
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Orxe, skimo cost > 0, TO 3araabHUM PO3B’si3KOM (y Hapame-
TpuuHiit Gpopmi) 3a1aHOr0 PIBHSIHHS €
1 t sin2t

T =sint, =-3~ "2

AHayIoriYHO MOXKHA MMOKA3ATH, 110 KO cost < 0, TO 3arajib-

HIUM pO3B7H3KOM €

+ Cl sint + 02.

. t sin2t
r = —sint, y:—§— 1

Bidnosidv: r = sint, y — & % + Cysint + Cy, akimo
cost > 0;x = —sint, y = —5— 3= —Cy sint+Cq, sikmmo cost < 0.

— Cysint + Cy.

VY nuaamini Marepianbol Touku piBugnus Burisity = f(t),
Je t —vac, x = x(t), 3ycTpiuaeTbCs IPU BUBYEHHI IIPSIMOJITHITHOIO
PyXYy, fKIIO CHUJA, IO Ji€ Ha TOUKY, 3aJIE2KUTD TITILKHU BiJI dacy.

Bamaua 1. 3natimu saxon pyzy x(t) mamepiaivroi mowku ma-
CU M, AKG PYTAEMBCA N0 NPAMIT 110 €0 CUAU, WO 3MIHIOEMBCA
3a gopmynoro F = ke P, de p > 0, AKu0 nowamxoei noiosicers
ma WeUIKIicmv pYry AopieHINOMb HYAIO.
Poses’sazarns. 3rigHo 3 apyrum 3akoHoM HbroToHa

mz’ =ke? = 2'= Eefpt,
m
TO6TO Maemo piBHsiHHs Bursay ¢ = f(t). sl nociinosuo in-
TErpyovH, OJIePKyEMO:
k k
r=——="eP4+C, = z= — e P4 Oyt + Cs.
mp mp
Ockinbku 3a ymosoio 3amaqi x(0) = 0, v(0) = 2/(0) =0, 1o
C’lzmip, ng—mLpz,aTOMy
k k k k
r=—=e P4 —t——— = zt)=— (eP +pt—1)
mp? mp . mp? (t) mp? ( p )
BayBasKuMo, o OcKimbky lim e P! = 0, To /1 BeMKNX 3Ha-
t—+o0
4eHb ¢ 3HaliIennii pyX HAOIMKAETHCs JI0 PIBHOMIPHOTO PyXy
k k
r(t) = —t—- —.
mp mp

Bidnosidw: x(t) = L (e +pt—1).
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Pexomendosana aimepamypa: |4, c. 148 — 168|, [5, c. 136 —
151], [8, c. 91 — 108], [12, c. 65 — 72], [15, c. 15 — 17, 50 — 53).

ITurannsa mo Jjgekii 10

1. fdxwnit 3araapauit BUTIIA Ma€ audepeHItiaabie PIBHIHHI N-TO T0-
PAIKY, po3B’sa3aHe BimHocHo ctapirol moxigaoi? [lo HasmBaioTh po3s’a3-
KOM IIbOT'O PIBHSIHHS HA JIeIKOMY iHTepBaJi?

2. Ak dopmynoerbes 3aada Ko jyist audepeHIiajbHOro piBHsi-
HHsI N-TO NOpsijiky? fKa JlocTarHsl yMOBa ICHYBaHHsSI PO3B’SI3KYy TaKOl
zasaqai? Hasenits Teopemy Kot mipo icnyBanHs Ta €IMHICTD PO3B’A3KY
3aa49i Komii.

3. dxwuit reomeTpudHMil i MexaHivHUI 3MIiCT AEdEPEHITIAILHOrO PiB-
HSHHS JAPYrOro IOPsIAKY, Horo po3s’s3KiB Ta Biamosianux 3amgad Komri?

4. o HA3MBAIOTH 3araJbHUM PO3B’A3KOM (3arajbHUM IHTErPAJIOM)
JnuepeHIiiajIbHOrO PIBHSAHHS 1-10 TOPsiIKY ! SKuit po3B’si30K Ha3uBa-
FOTh 9aCTUHHUM, ocobyimBuM? Yu Moxke nudpepeHiiiaabHe PIBHSIHHS N-T'0
MOPSAJIKY MaTu 0e3J1i4 0CODJIMBUX PO3B A3KIB?

5. SIKumii BUrIsL Mae 3arajbHmii po3s’s30K pismsmms y(™) = f(z) 3
HEIIEPEPBHOIO MPaBoIo YacTuHoi0?! fKa dhopMmysia /103BoJIsIE 1Ieil Po3B’s-
30K 3aIlCATU Yepe3 OJHY KBaJIpaTypy?

6. fdx MoxKkHA 3IHTErpyBaTH PIBHAHHS, sIK€ MICTUTH JIUIIE HE3aJIe-
JKHY 3MIHHY Ta N-Ty MOXIIHY TIyKaHol QpyHKIII, SKIO po3B’a3aTu foro
BIJIHOCHO TIOX1THOT MIyKaHOT (DYHKIIIT HEMOYKJIUBO?!

Bopasu go jexiii 10

1. BinrerpyiiTe piBHSIHHSI:
a)y’ =2% 6)y" ==; B)yY =sinz?
x

2. 3HaliiTh YaCTHHHMI PO3B 30K piBHAHHA Yy = cos x, axwmit 3a710-
BoJIbHsIE ovaTKoBi ymosu y(0) = —5, 4/ (0) = 1, y”(0) = 4.
3. BinTerpyiiTe piBHsIHHSI, He PO3B’sI3aHi BIJITHOCHO CTAPIIOl ITOXi/IHOT:

a)ed —y? =z; 6)x=siny” +2y".
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Jlekuisa 11. /IludepeHniajbHi piBHAHHS BUIIAX
MOPSAJIKiB, SIKi JJOMYCKAIOTh 3HUKEHHS MOPSAIKY

Il1an

1. PiBHsiHHsI, siKe He MICTHTB IMIYKaHOI (DyHKIIT Ta KiJTbKOX I10-
CJIJIOBHUX TIOX1THUX.

2. PiBHsIHHS, siKe€ HE MICTUTh HE3aJIe?KHOI 3MiHHOI.

3. PiBugnns, omgaopigne BignocHo mrykanol dyHKIHT Ta i1 moxi-
JTHUX.

4. PiBHAHHS 3 TOTHUMU TIOXI1THUMH.

1. PiBusiHHS, siKe He MICTUTH NIYKaHOI PYHKIIT Ta KiJTb-
KOX TIOCJIIJIOBHUX TTOXiHUX. Po3rsineMo jqudepeHIiaibie pis-
HAHHS N-TO HOPSIIKY

F(ac, y(k), y(k+1), . ,y(")) =0, (11.1)

ne 1 < k < n. Beegemo HoBy HeBinomy dyHKI0O 2 = z() 33 dop-
MYJIOIO
y*) = 2. (11.2)

3 (11.1), (11.2) BumuuBae, mo byHKIlisl 2 € PO3B’SI3KOM DIBHSIHHSI
F(m, 2,2 ,... ,z("fk)) =0. (11.3)

3BuuaiiHo, He MOYKHA CTBepJzKyBaTH, 110 piBHstHHs (11.2) MoxHA
3iHTerpyBaTH y CKIHY€HHOMY BUIVIsL/I, aJjie loro mopsi/IoK Ha k MeH-
it B nopsiaky piBusinast (11.1). Takum uuHOM, 3a 10IMOMOrOM0O
saminu (11.2) Brasocst 3uu3uTH nopsiiok pisasiabs (11.1) va k onu-
auip. ko z = w(x,C1,Cy,...,Cy_) — 3arajbHuii po3B’si30K
abo ®(z,z,C1,Cy,...,Ch_k) = 0 — 3aranbHuii iHTerpas piBHAHHS
(11.3), To miist 3HAXOzKeHHsT (DYHKINUT Y OJIePXKYEMO PIBHsIHHS k-T0
MOPSATKY
Yy = (x,C4,...,Chp),

abo
@(x,y<k>,cl,02,...,cn,k) —0,
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siKi BUBUasMCh Ha Jieknii 10 (e oKpemi BUIIQIKU PIBHSIHb BULVISIILY
Yy = f(x) i @(m,y(")) = 0 BiIOBI/IHO).

Ipuxkaan 1. 3inmezpysamu picnanns vy =y — xy”.
Poss’asanns. 3pooumo saminy y” = z. Toxi nis 3HAXOIKEHHS
dbyHKUT z = z(z) MaeMo piBHSIHHS 3 BIJIOKPEMJIIOBAHUMU 3MiHHH-
MU

7 = 2(1 — x).

BiHTErpyeMo 1€ PIBHSHHS:

d 1—
= e (z#£0,2#0) = Inlz|l=h|z|-2z+C, =
z T
z=Clze ™ (C'1 = eCl) = o =Cize®.
Onepxanu judepentianbue pisusgnust suriasny y’ = f(x). sivi

IHTErpyI0UN YaCTUHAME, 3HAXOIUMO
y = Cl/z:e_xdz: +Cy=—-Ci(ze ™ +e®)+Co =

y= —Cl/ace"’“"dx +Cie*+Coux+C3 =
Yy = Cl(x + 2)67‘% + CQ{L‘ + 03,

dkmo z = 0, To y” = 0, To6r0 y = Ciz 4+ Co. st dyukuis €
PO3B’SI3KOM 3aJIAHOTO PIBHSAHHSI, ajie BiH BKIIOYAETHCS B 3arajbHIi
posB’si3ok 1pu C7 = 0. OyHukiiist x = 0 HE € PO3B’SI3KOM 3aJaHOTO
PIBHAHHS.
Bidnoeidv: y = Cy(x + 2)e * + Cox + Cs.

Bamaga 1. Touka macu m pyxraemovcs no npamit nid dicro
cuAU, AKG 3MiM0embes 3a gopmyaoto Fy = Asinwt. Beascarovu,
wo onip cepedosuya NPONOPUIHUL WeUdKoCmi Mok, mobmo
Fy, = —kv, susecmu 3axon pyxy x(t) mouxu, axwo ii nowamxo-
81 NONONHCEHHA MG WEUIKICMY JOPISHIONMD HYA.
Pose’sazanns. 3a ymoporo 3ana4i ' = Fy + Fo. 3rigHo 3 apyrum
3zakonom Hpiorona

ma = Asinwt — kv,
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a ocKiibk v = x’, a = 7", To onepKyemo udepeHIiaibHe PiBHsI-
HHst Bursity (11.1):

mz” + kx’ = Asinwt.

[TouarkoBumu ymosamu € z(0) = 0, 2’/(0) = 0 (3a ymoBo
331241 1T0YaTKOBI IMMOJIOXKEHHs Ta IIBUJIKICTb TOYKH JIOPIBHIOIOTH
HYJIIO).

Brogumo noy dynknio ' = u (toni x” = ') i omepxyemo
JIiHifiHEe PIBHSAHHS MEPIIOTO HOPSIKY

r Lk ,
U+ —u= —sinwt
m m
3 noyaTkoBoto yMoBowo u(0) = 0. Po3B’s130Kk 116010 piBHSHHS MO-
»kHa 3HaiiT 3a dopmysiown (4.6) 3 sekiil 4. [Ipononyemo unradam
CAMOCTIHHO TIEPEKOHATUCT B TOMY, IO

_ky Am k .
u=Cle m S5 35 | —sinwt—wcoswt |.
k? 4+ w?m? \'m
3 ymosu u(0) = 0 3naxonumo C = l#i‘w%’ a TOMy
Am _ky k g
U= o5 5 (wem — sinwt — w cos wt |.
k? + w’m m
Ockinbku u = ', To dbyukuist x(t) € po3B’sI3KOM PIBHSAHHSI
, Am _k, ko
r=-5—3 5 |(we m + —sinwt—wcoswt |,
k% + w*m m

iHTerpyroun sike, 3HAXOINMO

Am ( mw _k, k : >
- ——e m" — — coswt —sinwt | + Cs.
k mw

Ockinpku z(0) = 0, To

Am <% k A

G2 = Tt utm? +—) = O

k mw w

Takum drHOM,

() =2 Am (e k| K ¢+ sinwt ). W
zt)= —— ——— | —e m'+ — coswt + sinwt |.
ko  k24+w?m?2 \ k mw
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2. PiBusiHHS, IKe He MiCTUTh He3aJie>KHO1 3MiHHOI. Po3-
[VISTHEMO DiBHSIHHSI

F(y,y’,y”,...,y(”)) =0. (11.4)

[TokaxkeMo, 10 MOPSIOK LLOIO PIBHSAHHSI MOYXKHA 3HU3UTH Ha
onuaUIO. /Iy MBOoro BBemeMO HOBY (DYHKINIO z 3a (DOPMYJIOI0

Yy ==z
BBAKAIOUN Y HOBOIO HE3aJIeXKHOIO 3MiHHOIO, T00TO 2 = z(y). Bu-
pazumo noxinui v, y"”, ..., y" uepes dyukuio z Ta it noxinui 3a
3MIHHOIO Y:

ey,
dv dr dy dx ’

dy" d (dz d (dz dy
m_ 4y ¢ [4z N ay _ (o 2
= o = <dy z> a <dy z> 7 ("2 4+ 2%)z,

y(n) = w(z, 2, ... ,z("fl)).

OTke, 115 3HAXOPKEHHs (PYHKIII 2 ojepzkan audepeHtiaib-
He piBHsIHHS (N — 1)-r0 HOPSIIKY

F(y,z,z'z,...,w(z,z’,...,z(”_l)» =0. (11.5)
SAKimo BracThCs 3HATH 3araiabHUil po3B’s30K piBHsAHHS (11.5):
2= (y, 01702, ce ,Cnfl),

TO 3araJbHuil iHTerpas piBHsiHHs (11.4) 3MoxkeMo 3HaiiTH, 3iHTE-
IPYBABIIN PIBHAHHSA 3 BIIOKPEMJIIOBAHUMU 3MIHHUMUI

y/ = 80(31701702: v 7Cn—1)7

a caMe:

dy
=x+C,.
/90(3/,01,02,. .. 7Cn—1)
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SayBaskKnMo, IO MPUIMAOYIN ¥y 38 HE3aJIe;KHY 3MIHHY, MOXKHA
BrpaTuTH po3B’si3ku piBHsHHs (11.4) Burusiny y = C. Besnocepe-
JIHBOIO II1/ICTaHOBKOIO y piBHsiHHs (11.4) slerko 3’sicyBaru, 4u Mae
BOHO TaKl pO3B’s3KH.

Ipuknan 2. 3inmezpysamu pisnanma yy" = y'? — y'3.
Pose’azarns. OCKibKU PIBHSHHS SIBHO HE MICTUTB X, TO 3p0o0u-
mo saminy y' = 2(y). Toni vy’ = 2'z i, mincraBisitoun B piBHAHHS,
MaeMOo:

d d
yz—Z:zQ—zS = z<y—z—z+z2>:0 =

dy dy
z=0 abo y—Z:z—ZQ.
dy
3 nepmoro piBHsiHHs BUILIMBae, mo y = 0, a omxe, y = C, a 3
JIpyTOro:
d d d
y—Z:z—z2 = / z2:/_y (z—zz#o,y#O) =
dy z—z Y

1 1
/< —i——)dz: & =
1—-2z =z Y

Injz| -ln|1 -z =hly|+C1 = L:C'ly =
z

1l =
~ Cyy
g =——"
1+ Cyy
Ockinbkn z =y, TO
Gy dy __ Cy
YT 1+cow dr 1+ Cyy
1+C
Wy~ Cide (y£0) =

1
/<§+Cl>dy:Clx+C’2 = Inly| + Cry = Crx + Cs.

dkmo z —22=0, To 2 =0 abo z = 1. Bunanok z = 0 Bxe
poBrIstHyTO, a gk 2 = 1, o 3y’ =1, y = x + C. Yci ni upswmi €
OCODTMBUME PO3B’SI3KAMI.
Bionoeidv: lnly| + C1y=Ciz+Cy, y=a+C, y=C.
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3. PiBHsIHHS, OMHOPiAHE BiJHOCHO HIyKaHOl PYyHKIIII Ta
1T moxizmuux. Jludepeniiaibie piBHIHHS

F(x,y,y',...,y(")> =0 (11.6)

HA3UBAIOTH 00HOPLOHUM BiTHOCHO TykKaHoi (yHKIil Ta i1 moxi-
JIHUX, SIKIO HOro JiBa YacTUHA JIsl JIOBLIBHOTO t # () CIpaBIzKye
YMOBY

F(J:,ty,ty/, ... ,ty(n)) =t". F(z,y,y/, . ,y(")), (11.7)

Jie 9ucjio m — BuMip ogHOpiaHocTi dyHkmil F. [Tokaxkemo, 1o 3a
JIOIIOMOT'OIO IIiJICTAHOBKH

=L = y = eJ 2@z (11.8)
Y

ne z = z(x) — HoBa HeBizoMa (byHKIIs, TOPsiIoK piBHstHHs (11.6)
MOXKH& 3HM3UTU Ha opuHuiio. Crupasii, OCKLILKA
v =yz, Y =vz+yd =y(z®+7),
Yy =y (2" +322 +23), ..., y =y 1/}(2, 2, ... ,z("_l)),

To, mijcTaBisiioun 1l Bupasu B (11.6), MaeMo criBBiHOIIEHHS

F(x“y’yz’y'<Z2+Z/)7'--ay'w<z7zl7~~~7z(nil))) :07

sike, BpaxoBytoun (11.7), MoxkeMo 3anmcaru y BUIJIsi
y™- F(ac,l,z,z2 +2,... ,w(;z’?...’z(n—l))) = 0.

[Micas ckopouennsi na y™ (y # 0), omepkyemo nudepeniiaibue
piBHsiHHS (n — 1)-r0 HOPSIKY:

F(ac, 1,z,224+4,... ,w<z, 2. .. ,z(”_1)>> = 0. (11.9)

Axmo z = p(x,C1,Cy,...,Ch_1) — 3aranbHUil PO3B’sI30K PIBHSI-
uust (11.9), To, Gepyun mo ysaru (11.8), 3HaxommmMo 3arajbHUi
PO3B’s130K OstHOPIiHOTO piBHsiHHS (11.6):

C1,C2,...,Cr—1)d:
y:Cn.epr(xv 1,025 1) -777
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ne C, Cy, ..., C) — 10BUIBHI cTaJi.

Iarerpytoun piBustans (11.6), Mmu npunyckasnu, mo y # 0. Oyn-
Kitist ¥ = 0 TexK € PO3B’I3KOM I[LOTO PIBHSIHHS, aJjie 11 MOYKHA OTPU-
MaTu 3 popMyJin 3arajibHOro po3s’s3ky upu Cp, = 0.

Ipukmnan 3. 3inmezpysamu pienanma yy" —y'? —30/zy? = 0.
Pozs’sazarnsa. Jlerko nepekoHaTuCs, IO JiBa YaCTUHA, PIBHSIHHS
€ onHOpinHOI dyHKIIE (BUMIpY 2), a TOMy 3ajilaHe DIBHSIHHS €
omropimanm. Hexait ' = yz. Toxi y” = (2 +22) y i, nigcrasnsiouan
y PIBHSIHHS, OJIEPYKYEMO:

V(2 +22) =922+ 30V = =30V (y#£0) =
/

2 =202V2+C = L=20z/2+C =
Yy
In|y| = 822V/r +Ciz+Cy = y= 0268’”2\/5+Clx.
Oyukiiist y = 0 €, 09€BUIHO, YACTHHHUM PO3B’I3KOM.
Bionoeidv: y = Coede’Vatliz,

4. PiBHAHHA 3 TOYHUMMU MOXiTHUMU. TaK HA3UBAIOTH PiB-
HAHHS BUTJISTY

F(a:,y,y’, . ,y(")> —0, (11.10)

JiBa YaCTUHA SIKOTO € TOYHOIO (IIOBHOIO) HOX1/IHOO JIeSIKOT (DYHKIIIT,
TOOTO

d

F(aj,y,y’, . ,y(”)) = %q)(a:,y,y’, . ,y(”_1)> .

ITpu npoMy OJEpKYyEMO PiBHSHHSA
q)("l:?y?y/?"'ay(nil)) = (1, (1111)

ne C1 — noBlIbHA cTasa, To6To mopsiZiok pisasiHus (11.10) Brasocs
SHUBUTHU Ha, OIUHUIIIO.

Pipnicrs (11.11) Ha3UBaIOTH NEPWUM THIMEZPAAOM DIBHSIHHSI
(11.10).

Ilpukiazn 4. 3inmezpysamu pienAHHA

:Ey” _ y/

/
—yy = 0.
> Yy
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Pozs’azannsa. JliBy yacTtuny piBHIHHS MOXKEMO 3aIIUCATH SIK

3BIJIKM 3HAXOAUMO IIEePIIuii IHTerpaJl piBHIHHSI:

/

Y L,

= ——y*=0C4. 11.12

73 2y ! ( )

Cuissignortennst (11.12) — e piBHsSIHHST 3 BIOKPEMJIIOBAHIMUI
3MIHHUMH, TOMY

dy 43
——— = —d =2 =
y2+C'1 5 x (Cl Cl / +01 4 —|—02,

HPUYIOMY 1HTErpaJsi 3ajekuThb Bij cranol C, sKa Moxke HabyBaTw
3HAYEHHS PI3HUX 3HAKIB.
Axmo Cp = 0, 10 ofiepKyeMO 0c0O0JIUBI PO3B’A3KH

1 22 4
y 4 o2 o 2+ C ( 2)
Axmo Cy > 0, 10
1 Y z2
arctg —— = —+0Cy =
vien vie 4

y = 4Cq tg(Cll‘Q + 02) C1:=/ 01/4, Cy := Oy Cl>

Axmo Cy < 0, T0

1 C <
Gl =24 Cy =
|C1] y+ ICi|| 4
y—C1
In = =4 .
C'1 ‘3/4‘01 2% 4 Oy (C1 VICil, Ca Cz)

:IE2+02,

Bidnoeidw: y = 4C tg(Cra? + Cs), & 1n ‘ 1=t

_ __ 4
Y= —zrc-
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Axmo (11.10) He € pIBHSHHSAM 3 TOYHUMH IOXUJIHUMH, TO Y
faraThoX BUIAJIKAX BIACTbCA 3HAMTH TaKy (DyHKIIIO

/J/: /J/ <‘/L‘7y7y/7"'7y(n_1))7

mic/isT MHOXKEHHsI Ha sKy JiiBa YaCTHHA I[bOTO PIBHAHHS Oyle
TOYHOIO OXiAHOK. DYHKINIO [ HAZUBAIOTL (HIME2PYBAALHUM
mHuoxrcrnurom pisusinus (11.10). Tlorpibro mam’sitarn, mo BUKO-
HYIOYU MHOYKEHHs Ha IHTerpyBaJbHUi MHOKHUK, MOKHA OTPUMAa-
T 3aiiBl po3s’si3ku (po3B’s3ku piBHsiHHS 1 = (), a TAKOXK BTpa-
TUTHU JesiKi PO3B’si3KK (PO3B’SI3KH, B3JIOBXK SIKUX (DYHKIIis f1 TI€pe-
TBOPIOETHCSI Y HECKIHUEHHICTB ).

Mu He po3IJIsSIaTUMEMO NUTAHHS PO 3HAXO/KEHHsI IHTerpy-
BAJBHOTO MHOXKHHKA Y 3arajbHOMY BHIAJKY (16 HaJI3BHYARHO
CKJIAJIHO), 8 0OMEXKUMOCsT PO3IVISIZIOM HPUKJIAJLY.

Ipuknan 5. 3inmezpysamu piensmnsa yy' —y'% =1/ .
Pozs’sazannsa. lurerpyBajbHUM MHOXKHUKOM ITHOTO PIBHAHHS €
bynxnis y~2. Crupas, moimMBIM 06H/IBI YACTUHY PIBHSHHS Ha
y? (y # 0), onepayeno:

" 2 / / /

— 1
Wyt ¥ _, o (y_+_) 0 =
Yy

2l d
Yy--a = ¢y=cy-1 = L _—
Yy Y C’ly—l

Orpumasin piBHsIHHSL 3 BIJIOKPEMJICHUMH 3MIHHUMH. SIKITIO

dx.

C1 # 0, TO MaeMO 3araJibHUil PO3B’SI30K:

= 0O 4 —.
Y 2 C
Axmo C7 = 0, To onepkyeMo ocobymBi po3e’sisku y = —x + C.
Kpim Toro, ocobsiuBum po3s’sizkom € byukiis y = 0.
Bidnogidv: y = CreC1* + C%? y=—x+C, y=0.

3a JI0IOMOTOI0 IHTErPYBaJIbHOIO MHOYKHUKA JIETKO 31HTerpyBa-
TU PIBHSHHS

y' = f), (11.13)
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sike € okpemuM BurajgkoM (11.4). Cupas/i, HoOMHOKIMO 06UIBI Ya-
crunu piBasiaas (11.13) va p = 2y'. Toui

d d
20y =2f(wly = - (y?) = = (2 / f() dy> =

y? = 2/f(y)dy+01-

Omrxke, 3arajibuuii po3s’si3ok piBHsiHHs (11.13) Moxkemo 3aru-
CaTh y BUIVISIIL

::b$+02.

dy
/\/ 2f f(y)dy + C1

Pexomendosara aimepamypa: |2, c. 114 — 135|, [4, c. 168 —
179], [5, c. 143 — 146, 151 — 161], [8, c. 107 — 113], [16, c. 227 — 287].

ITurannsa mo Jjgekiiil 11

1. 3a g01moMoror sIKoi 3aMiHM MOYKH& 3HU3UTHU MOPSIOK JudepeH-
[iaJbHOTO PIBHAHHS N-TO HOPSIKY, 10 HE MICTUTH ITYyKaHO! (DYHKIIT,
i piBHsSIHHS, O HE MICTUTH MIYKAHOI (DYHKINI Ta ITOC/IIOBHUX IEPIINX
noxinnnx? 3anumnTh 3araJbHIil BUIVISI] TAKAX PIBHIHD.

2. dxwuit 3araypbHU BUTISIT MA€ TudepeHItiabae PiBHIHHS N-TO M0~
PSIIIKY, siKe He MICTUTh He3aJIe?KHOI 3MIHHOI? 3a JOIOMOrO0 SIKOT 3aMiHM
MOXKHA, 3HU3UTH MOPSIIOK [IbOTO PIBHSIHHSI?

3. dky yMOBy Mag€ crpaB/KyBaTH JiBa d9acTuHa JudepeHIiaaIbHoro
piBusHES F' (x, Uy, y(”)) = 0, 106 BOHO OyJI0 OHOPITHUM BiTHOCHO
mrykanol yHKIHl Ta i1 noxigaux? fka 3amMiHa BUKOHYETHCH Y TaKOMY
piBHSAHHI?

4. ¢k MoyKHA 3HUBUTHU MOPSJIOK PiBHSIHHS F(g@y, Yy, ... 7y(")) =0,
SAKIIO HOTO JIiBa 9acTUHA € TOYHOIO MOXinHOI0 jesikol dyukiii? [To mazu-
BAIOTH IepIuM inrerpajgoM? AKy OyHKINO HA3UBAIOTH IHTErPyBAIbBHAM
MHOXKHUKOM TAKOTO DIBHSHHS !

Bropasu go gekirii 11

1. Buznadare Tum piBHSHD Ta 3iHTErpyiiTe iX:

a) zy’ +ay’ +y' =0; 6)y +y? =uay; B)4/gy" =1
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2. 3HalIiTh PO3B’sI30K PIBHSIHB, SIK1 33/I0BOJIBHAIOTH 3a/aHl II0YATKO-
Bl YMOBH, JIOCJIIUBIIN TIOTIEPE/THBO ITUTAHHS 1IPO ICHYBaHHS Ta €JIMHICTH
IIyKAHOT'O PO3B’A3KY:

a)y" = (1+y*)*?% y(0)=1, y(0)=0;
6) 4y’ +y"* = 4zy”, y(0)=0, ¢/ (0) = —1.

3. Bigmykaiite piBHsIHHS, OJHOPi/IHE BiTHOCHO IMTyKaHO! (PYHKIII Ta
11 moxifHuX, Ta 3iHTErpyiire Horo:

2 2 2
a) 2%y® —y"" +yy”" =0; 6) ayy” +yy' =y’ +y%
B) zyy” + 2y — /yy = 0.

4. 3HaiiiTh iHTerpasbHy KpuBy piBnsanud yy” + 1’2 = 1, gKa IpOXo-
nuthb yepe3 Touky (0, 1) 1 morukaerbea y wiii Touni g0 upamol y = 1 — x.
O6rpyHTyiiTe €1uHICTh TAKOT iHTErPaJIbHOT KPUBOI.

5. 3i"Terpyiite piBHSHHS 3 TOYHUME [TOX1THUMUA:

2
a)yy' +y =1, 6)y’ —xy =y+ 1

6. ToBeziTh, mo piBHsHHS Apyroro mopsaaky " + p(x)y’ + q(x)y =
= f(x) Gye pIBHSIHHAM 3 TOYHUMU TIOXIJTHUMU, TOJ 1 TIIBKU TOJ, KOJII
q(z) = p'(x). Biarerpyiire pipasias y’ + cosxz -y’ —sinx -y = 0.

Jlekmia 12. Jliniiiai ogHopiaHi audepeHmiajabHi
PIBHSIHHSI N-T'O MOPAAKY

Ilan

1. OcHoBHi 03HaYEHHS T TTOHSTTS.

2. BiractuBocti po3B’g3KiB JIHITHONO OJHOPIAHOTO PiBHSIHHSI.
3. JliniitHo 3ajexkui Ta JHIIHO He3a/e2KHI (DYHKIIII.

4. OcHoBHa Teopema.

5. ®opmyna Ocrporpajicbkoro — JIiyBijuis.

(v}

1. OcHoBHi o3HauYeHHH I NOHATTHA. Y OaraTbox MPUKJIA-
JAHUX 3a7adaxX PYHKII, 10 BUBIAIOTHC, Ta X IMOXiTHI HAOYBAIOTH
HACTIJIBKY MaJiuX 3HAY€Hb, M0 1X KBaJpaTaMu, KybaMu i BUITUMU
cTerneHaMu MOXKHa 3HexTyBaTu. lle m03BoJisie 3aminnTu MOBLIBHI
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3aJI€2KHOCT] MIZK BEJIMIMHAMH 3aJI€2KHOCTSAME JHHIHUME (1UB. Ta-
KOXK JieKIIito 9, 1. 1). 3acrocoByroun onepariiio jiHeapusariil 10 Jiu-
depeHIiabHIX PIBHAHD, 0 OMUCYIOTH IEeBHUI MIPOIEC 9N SIBUIIE,
OJIEPKYIOTH JubepeHIliaibil PIBHSIHHSA, B fKi IIyKaHa (QYHKIIis Ta
11 moxiaHi BXOASITh JdiHiitHO. Taki piBHSIHHS HA3WBAIOTH JIIHIHHIME.

JIinitiinum dugeperHuiasbHUM PLBHAHHAM N-20 NOPAIKY
HA3WBAIOTH PIBHSIHHS BUIJISIILY

y™ +p1(@)y™ Y + .+ pasi (@)Y + @)y = f(z). (12.1)

dxmo f(x) = 0 na inrepsani (a,b), To piBusnus (12.1) nasu-
BalOTh ATHIUHUM 00HOPIOHUM. BOHO Mae BUTIIST

y(”) + pl(x)y(”_l) + ..+ pa1(@)y + pu(z)y = 0. (12.2)

Axmo dyukuis f(x) ToTOKHO BiAMIHHA Bl HyJs Ha iHTepBaJI

(a,b), ro piBusinus (12.1) HABUBAIOTL ATHITHUM HEOOHOPIOHUM.
PosrismemMo nmTanHsg 1mpo  ICHyBaHHS PO3B’A3KY PIBHAHHS

(12.1). Posp’sa3aBuu #ioro BiJHOCHO CTApIIOl IIOXIHOI, MAEMO:

y™ = f(z) —pi(x)y™ V) — .~ pai(@)y — pa(x)y.  (12.3)

Ao byukiii p(x), p2(z), ..., po(z) (Koedpiuienmu pisasHHs )
i f(x) HenepeppHi Ha jesikomy iHTepBasi (a,b), TO paBa JacTuHa
piBasinnst (12.3) € memepepsHOO (yHKII€0 Ha iHTepsasi (a,b) i
Ma€ HellepepBHi, a orke, i oOMexkeHi Ha BiApi3Ky [ai,bi] C (a,b)
YACTUHHI TOXiAHI 3a 3MiHHUMH ¥, ¥, ..., y("_l) (numu € yHKIil
—pn (), —pn—1(x), ..., —p1(x) Biznosiguo). Orxe, 3 Teopemu Ko-
mi (ekuist 10) BummBae, mo s 6y (b-sIKUX [I0YATKOBUX yMOB

3/(350) = Yo, y/(x()) - y67 ceey y(nil) (x()) - y(()n71)7

ne xo € (a,b), piBusnusa (12.1) mae equnuii po3s’s3ok y = y(z).
Lleit po3B’si30k n pasis nudepenniiiopuuii Ha inTepsasi (a,b). Oco-
6iBuX po3B’si3kiB piBHsiHHA (12.1) He Mae.

1t CKOpOUeHHs 3aIUCIB MO3HAYUMO JIBY YACTHHY DIBHSIHHS
(12.1) wepes L[y]:

Lyl =y™ +p1(@)y™ Y 4+ .. 4 pp1(@)y 4+ pul@)y.  (12:4)
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Takum umuoM, L[y] — ne pesysbrar BUKoHaHHS HaJl (DYHKILEO Y
omepaliiii, Bkazanux y mnpasiii gactuni dopmyau (12.4), a came:
3HAXO/PKEHHS MOXIMHUX (PYHKINT ¢ 10 MOPIKY N BKJIIOTHO, MHO-
wennst y, v, y”, ..., y™ na koedimienTn piBHSHHS §i JOIABAHHS
orpuMannXx 00yTKiB. CyKyIIHICTH IUX OIepalliil MO3HATIMO depe3

L:
dr m—1

d d
L= dl‘—n +p1($)m P ooc +pn71($)% —|—pn(l‘)

1 HA3MBATUMEMO AIHIUHUM OUPEPEHUIANDHUM ONEPAMOPOM
n-20 NOPAIKY.
Bimsraunmo ocHOBHI BaacTuBocTi omeparopa L.

Buaacrusicrs 1. Cmasuti MHOJNCHUK MOXCHA BUHECTIU 34 3HAK
ATHIGH020 JueperyianvbHoz0 onepamopa, mobmo 0as 008iALHOT
cmanoi C'

L[Cy]=CL[y].

Baacrusicts 2. Jlinitinuid dupepenuiarvhut onepamop 6id
cymu PyrKUIT dopieHIoe cymi MHITHUL JuPePeHuiasbHUL onepa-
mopie 610 dodarkie, mobmo

Lly1 +y2] = L{y1 ] + Ly2].

BukopucroBytoun oneparop L, siniiine HeoqHopigHe PiBHAHHS
(12.1) i niniiine oxmopigue piBHsiHas (12.2) MOXKHA 3amucyBaTu
Binosinno sk L{y] = f(x) 1 L[y] = 0.

OueBuiH0, KOXKHE JiiHifiHEe onHOpiAHe piBHsiHHS (12.2) Mae Hy-
JIbOBUI PO3B’s130K Yy = 0, KUl HA3UBAIOTH MPUBLAALHUM.

2. BuacTuBocTi po3B’a3KiB JIiHilTHOTO OAHOPiAHOTO PiB-
Hauus. [lizuime Oye mokasaHo, 10 3HAHHS YaCTUHHUX PO3B’si3-
KiB JIHIAHOTO OJHOPIIHOrO PIBHAHHSI CIIPOILYE IIPOIEC MOOYI0BU
3araJibHOrO PO3B’S3KY, a 1HOMl J03BOJISIE€ MOBHICTIO PO3B’SA3aTH 3a-
Jady IHTerpyBaHHs IbOT0 piBHsHHA. [le € MOXKIMBUM 3aBJIsIKH TO-
My, II0 YACTUHHI PO3B’SI3KU JIHIHOIO OJIIHOPIHOrO DIBHSHHS Ma-
IOTh HU3KY I[IKABUX BJIACTUBOCTEH, AKi CHOPMYJIIOEMO y BUTJIsII
TEOpeM.

Teopema 1. fkwo y1 — wacmurrutl po3e’a30k AIHIIHO020 00HO-
pionozo pienanns (12.2), mo y = Cyy, de C' — dogiavra cmana,
MAKOIAHC € PO3E AZKOM Ub020 PIGHAHHA.
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Losederns. Ockinbku L[y ] =0, a < x < b, 10 3rijH0 3 BiacTu-
Bictio 1 oneparopa L (1.1) L[Cy, | = CL[y1] =0, a orxe, Cy; €
po3B’si3koM piBusiHHg (12.2). B
TakuMm 9MHOM, 3HAIOYW OJUH YACTUHHUI PO3B A30K PIBHAHHSI
(12.2), moxkeMo 6e3 KBajipaTyp Ojlep:KaTh Biapa3y ciM’io po3s’s3-
KiB IIbOI'O PIBHSIHHSI, 3aJIe2KHY Bij oxHoro napamerpa (crasoi C').
Teopema 2. fxwo y1 @ yo — d6a HacmMuUHHL PO36 A3KU ATHIT-
H020 00nopidHo20 pisHanna (12.2), mo ix cyma y1 + ya makoorc €
PO36 AZKOM Ub020 PIGHAMHMA.
Losederns. Ockinbku Ly ] = 0, L{y2] = 0, To 3a Biacrusi-
crio 2 oneparopa L maemo: L{y1 +y2] = Lly1 |+ L{y2] =0. »
3 reopeM 1, 2 BUIIMBaE Take TBEP/ZKEHHS.

Teopema 3. fxwo yi, Y2, ..., Yp — HYACNUNHI PO3E AZKU Al-
Hitin020 00nopidno2o pieHanna (12.2), mo

y=Ciy1 + Coy2 + ... + Cryn,

de Cq, Cy, ..., Cp — dosiavii cmani, maxoic € po3e’ a3Kom U4bo20
PIGHAHHA.

Posrisnemo, nanpukian, pisasaas y” +y = 0. Bono, gk jerko
[IEPEKOHATHCh, Ma€ PO3B’'SI3KU Y] = COS T, Yo = SIN T, & TOMY 3ri-
JTHO 3 TEOPEMOIO 3 Oro PO3B’SI3KOM € TaKOXK KOXKHA (PYHKILS CiM'T

y = Cicosxz+ Cosinz, ne C7, Cy — M0BLIBHI cTaI.
[Ipupoano BUHUKAE MUTAHHS: TKUMU [TOBUHHI OyTH 1 IaCTHH-
HUX PO3B’SI3KIB Y1, Y2, ..., Yn PiBHsHHs (12.2), mob Tx JiHiiiHa

koMmbOinarist y = Ci1y; + Coys + ... + Crypn, sika MICTUTH N JOBLIb-
HUX CTajux, Oyjia 3arajbHUM PO3B’SI3KOM IBOr0 piBHsHHA! Jls
BIJIIIOBI/II Ha IIe BayKJIMBE NHUTAHHS BBEJEMO IOHATTS JIiHIHOI 3a-
Je’kHOCTI (JHiHIAHOT He3aIesKHOCT1) DYHKII.

3. JliniiiHO 3ajie>kHi Ta JiHINHO He3a/eXkHi QYHKIIIT.
Oyukuil y1 = y1(x), y2 = yo(x), ..., Yn = yn(z), BU3HAYEH] HA
inrepBasi (a,b), HA3UBAIOTH ATHIUHO HE3AAEHCHUMU HA [IHOMY
iHTEepBaJIi, SIKIIO CIiBBITHOIEHHS

a1y1 + asyo + ... + apy, = 0, (12.5)

ze aq, g, ..., Qi — CTAJl, BUKOHYETHCs st BCIX = € (a, b) TiabKu
TOJIi, KO BCl oy = o = ... = a, = 0. dkmo y criBBijHOIIEHH]
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(12.5) xoua 6 oxHa i3 cTagux A, Q2, ..., Oy BiIAMIHHA BiJ HyJIs,
10 PYHKIIT Y1, Y2, - .., Yp HASUBAIOTH ATHITUHO 3AAEHCHUMU HA
inrepsaii (a,b).

Posrnsmemo npukiaim.

1. Oyaxii y1 =1, o =2, ..., Yyp = "~
Ha iHTepBasi (—o00,+00). Cupaui, piBHicTh -1 + ez + ... +
+ ozt = 0, B skiit He BCi (vj JIOPIBHIOIOTH HYJIIO, HE MOXKE BH-
KOHYBATHCh TOTOXKHO, 00 € ajrebpudHuM piBHstHHSM (n — 1)-ro
CTeIleHs, dKe He MOKe MaTu Oijbire n — 1 pi3HUX KOPEHiB.

2. OyHKIil Y1 = cosz, Yo = sinx JiHiiiHO He3aJeXKHI HA OY/Ib-
JKOMY 1HTepBaJii, 00 CIIBBIJHOIIEHHS v cosx + aosinz = 0, ze
Q1 1 aig OTHOYACHO HE JIOPIBHIOIOTH HYJIO, HE MOYKE BUKOHYBATHUCh
TOTOXKHO Ha 2KOJHOMY IHTepBaJI.

3. Oynxmii y; = sin? z, yp = cos? , y3 = 3 niniitao 3amexni Ha
inrepsani (—oo, +00), 60 3 -sin?z + 3 - cos’z + (—1) -3 =0.

L nimiiino mesasexkmi

Jl1st BCTaHOBJIEHHS O3HAK JIHIHHOT 3a1€2KHOCTI Ta JIHIHHOI He-
3a/1e2KHOCTI PYHKILNT Y1, Y2, - - -, Y POSIVISTHEMO BU3HATHUK, CKJIa-
JeHuil 3 X (QYHKINNR Ta 1X MOX1THUX JI0 HOPSIAKY 7 — 1 BKJIIOYHO:

Y1 Y2 Yn
/ / /

W= 2 (12.6)
TN

Busnaunnk (12.6) HasuBaorh 6udHnauwHurom Bponcvbrozo abo
8poHcKiaHoOM DYHKIUT Y1, Yo, - - -, Yn-

Teopema 4 (HeoGximHa ymoBa JiHIHOI 3aj€KHOCTI N
dyHKIiN). dxwo Gynkyii yi, Y2, ..., Yn AHIGHO 304€HCHT NG
desxomy iwmepsani (a,b), mo ix eponckiar momostcno dopieHioe
HYA0 HA UBOMY THMEPBAAL.

ZJlosederts. 3riHO 3 YMOBOIO TeopeMu ist a < & < b MaeMo

a1y1 + agys + ... + apy, = 0, (12.7)

Jie He BCi 1nciia o, o, . . . , Q, JOPIBHIOIOTE HYyJI0. {ndepenrioo-
qu criBBignomenus (12.7) n — 1 pasis, ojepKyeMo JiHiiiHy 0jHO-
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PIIHY CHCTEMY BIJIHOCHO V1, (02, ..., Qin'

o1y1 + aoyo + ...+ apy, =0,

oy + oYy + ...+ oy, =0, (12.8)

(n—1) (n—1) (n—1)
a1y, + asy, + ..+ anyn = 0.

Ockinpkn xo4a 6 o1He 9nC/I0 (v BiIMiHHE Bij Hy/Is, TO CHCTeMa,
(12.8) mae HeHysbOBHIT PO3B’s130K. OTrKe, BU3HAYHUK Ii€l cucremn,
AK€ BPOHCKiaHOM (DYHKIUH Y1, Y2, ..., Yn, JAOPIBHIOE HYJIIO B
KOXKHIil Touri inrepsaiy (a,b). »

3 Teopemu 4 BUIIMBaE BaxK/InBe TBepKeHHs: Akuo W () # 0
xoua 6 6 00niti mowyi iwmepsaay (a,b), mo Gynruii y1, ya, ...,
UYn € MHITHO HE3ANEHCHUMU HA UDOMY THMEPEANL.

Harosomntyemo, mo Toroxuicts W(z) = 0 € Tisbku HeoOXiHOIO
YMOBOIO JIIHIAHOT 3a/1e2KHOCTI (DYHKIUH Y1, Y2, - .., Ypn, TOOTO 3 TO-
ro, mo W (z) = 0, B3araji KaxKy4u, He BUILIUBAE, MO I GyHKIIT
JiHIHO 3asexkHi (quB. BupaBy 7 70 Jjekiil). OaHax, Ko GyHKIHl
Y1, Y2, - - -, Yp € JACTUHHUME PO3B’I3KaAMU JIHIFTHOTO OIHOPITHOTO
piBasiHHsL (12.2), TO CHPABIKYETHCSI TaKe TBEP/XKEHHSI.

Teopema 5 (HeobOximHa ymoBa JiHIHHOT He3aJIE€XKHOCTI
71 PO3B’sI3KiB JIIHINHOIO OAHOPIAHOrO PiBHSIHHS N-T'O MO-
PAAKY). SKwo po3e’asku yi, Yz, ..., Yn MHIGHO20 00HOPIOH020
pishanns (12.2) ainitdno nesaseschi na inmepsani (a,b), mo ix
BPOHCKIAH BIOMINHUT 610 HYAL 68 YCIT MOUKAT Ub020 THIMEPBAALY.
Hosederns. Ipuiycrumo, mo W(xzg) = 0, ne xg — geska TOUKa
3 iHrepBasy xg € (a,b). CkiaagemMo cucreMy PiBHsIHb, BBAYKAIOUM
ancia Cj 3a HeBigoMmi:

Ciy1(wo) + Caya(zo) + ... + Cpyn(z0) =

0,
Cryy(xo) + Cayy(xo) + - .. + Cry),(x0) = 0,

(12.9)
Clygnfl)(fﬁo) + CQ?/énfl) (@) + ... + Coyli" ™ (z0) = 0.

Busnaunukom cucremu (12.9) € W(xp), a OCKIIbKE 3a IPHILyIe-
ansam W(zg) = 0, To ng cucrema Mae HeHy/1b0BHit po3s’asok. [o-
3HAUMMO 1efl po3B’s30k wepes O = Cy, Co = Cy, ..., Cp, = C,, 1
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CKJIAJIEeMO JIHIIHY KOMOIHAINIO PO3B’SI3KIB Y1, Y2, - - -, Yn'
y=Ciy1+ Cayz + ... + Crn. (12.10)

Brigao 3 Teopemoro 3 dyuknis (12.10) € po3s’si3KOM piBHSHHSI
(12.2), a 3 cucremn (12.9) BuIUIMBaE, O y TOUIl T = Ty PO3B’s-
30K (12.10) 11epeTBOPIOETHCS B HyJIb PA30M 3 yciMa MOXIJIHUME 10
mopsiiky 1 — 1 BKJIOUHO. AJie 11i caMi YMOBHU 3a/I0BOJIBHSIE TAKOXK
TpuBlasibHUiT po3B’sa30K y = 0 piBusHHs (12.2), a oTxKe, 3rigHO 3
reopemoro Ko (1po exunicTs po3s’sizky) obuisa po3s’si3ku 306i-
rafoThCsl, TOOTO

Cry1 + Coya + ... 4+ Cryn = 0,

npudomy He Bei uncia C; gopisaioioTs myimo. e osnagae, mo dyn-
KIil Y1, Y2, - .., Yp JIHIAHO 3aexkHi Ha inTepBasi (a,b), mo cyme-
peunTh yMoBi Teopemu. OTxKe, Hallle IPUILYIIEHHs] XUOHE, & TOMY

W(l‘g) 75 0, zg € (a,b). >

3 TeopeM 4, 5 BUILIMBAE O3HAKA JIHIAHOI HE3aJIEXKHOCTI N Ya-
CTUHHUX PO3B’si3KiB piBHsiHHs (12.2): das mozo, wob n po3s’askie
MHITH020 00HOPIOH020 pieHanns (12.2) 6yau ATHITHO HE3aAeHCHU-
mu wa inmepsani (a,b), Heobxidno i docmammwvo, wob ix 6pon-
CKIGH He NEPEMBOPINBABCHA 68 HYAb Y HCOOHIT MOYUL Ub020 THIMED-
8a.NY.

4. OcHoBHa TeopeMa. DBy/b-gKy CYKyIHICTH N PO3B’43KiB
JiHifiHOrO O/IHOpiNHOTO piBHsHHS (12.2), BU3HAYeHUX 1 JIHIAHO He-
3ajle’KHUX Ha iHTepBasi (a,b), Ha3UBAIOTL HYHOAMEHMAABHONO
cucmemoro po3e’a3Kie nporo piBHsHHA Ha inTepsasi (a,b).

Hamnpukmas, dyHKIl y; = cosz, yo = sinx yTBOpooTh HyH-
JlaMeHTaJIbHy CUCTeMy poO3B a3KiB piBHaHHsA 3" + y = 0 Ha inTep-
Basii (—00, +00), 60 BOHU € PO3B’si3KaMU 1IbOIO PIBHSIHHS 1 JITHIAHO
He3aJsiexkHl Ha (—00, +00). Auie 1ie piBHsiHHS Mae fi inmi dyHma-
MEHTAJIbHI CUCTEMU PO3B’si3KiB, HAIIPUKJIAJI, KOXKHA rmapa (pyHKITiT
y1 = kcosx, yo = ksinz, ne k — moBiibHA cTaja, BiaMiHHA Bi
HYyJIsi, TAKOXK OyJie pyHIaAMEHTAIbHOI CHCTEMOI PO3B’S3KIB.

Moxna noBectu (juB., Hanpukaa, [8, c. 118 — 119]), mo koxHe
JliHiliHe OfHOPIIHE TudepeH iaibae PiBHSAHHS Ma€ Dy HIAMEHTA b
HY CUCTEMY PO3B’#3KiB, a sIK BUJIHO 3 HABEJEHOTO IPUKJIAJLY, TAKe
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piBHSHHS MOXKe MaTu 0e3j1iv pyHIaMeHTaJIbHIX CUCTEM PO3B 13-
KiB.

SHaHHs (QYHIAMEHTAJbHOI CHCTEMU PO3B’SI3KIB J1a€ MOXKJIU-
BicTh OOy 1y BaTH PO3B’si30K piBHsiHHs (12.2), sikuil MiCTUTB N J10-
BIIBHUX CTaIUX, IPUIOMY Ieil PO3B’I30K Oy/ie 3araibHUM.

Teopema 6 (OcHoBHa Teopema). STKwo Y1, Y2, ..., Yn —
Pyndamenmarvha cucmema Po3e’A3Kie AHIH020 0OHOPIOH020 Pi6-
Hannsa (12.2), mo saearvrutl po3s’a30k ybo2o PIBHAHHA GUSHAYUA-
emuves Gopmyaoio

y=Ciyr + Coys + ... + Criyn, (12.11)
ne Cq, Cy, ..., C, — dosinvhi wucaa.
Zlosedenns. Ilokazkemo, 1o craai Cp, Co, ..., C), 3aBXKI1 MOXKHA

BUOpaTH TaK, mob dhopmyra (12.11) Busnavasa po3s’s30K piBHSIH-
ust (12.2), sikuit 3a/10B0sbHSIE Oy (b-sIKi Hallepe]| 3a/aHi I09aTKOBI

YMOBHU:
B / o (n—1) _ (n—1)
y(zo) = yo, ¥ (%0) =¥o, ---» ¥ (wo) =9y . (12.12)
ns susHadenns Cp, Ca, ..., C, 0Iep:KyeEMO HEOJHOPIAHY CH-
1y, C @ i

cTeMy JHHIHHUX aJreOPUIHuX PIBHSIHD

Cry1(zo) + Cayz(20) + - . . + Cnyn(wo) = Yo,
C1y} (o) + Cays(zo) + . .. + Cryl,(x0) = Yo,

01y§”_”(xo) + CQ?Jén_l)(ﬂfo) +...+ Cnyén_l)(@“o) = y(()n_l),

(12.13)
BU3HATHIKOM s1KOl siKol € W (). 3rinHo 3 reopemoro 5 W(xg) # 0,
a orke, cucrema (12.13) mae equnuii po3B’s30K C~‘1, C’g, e C‘n.
®yukiis (12.11) € poss’siskom piBHsiHHS (12.2) 3rigHO 3 TEOPEMOIO
3. Bupaz (12.11), B sikomy C; = Cj, @ = 1,2,...,n, odeBuIHO,
3a/10BOJIbHSIE TTOYATKOBL ymosnu (12.12). »

Posrisgnemo, nanpukiaag, pisuanansg y” +y = 0. Panime Gyi1o
MMOKA3aHo, 10 (PYHKINI Yy = COS T, Yo = SN yTBOPIOIOTH DYHIA-
MeHTaJIbHY CHCTeMY DPO3B’sI3KiB Ha iHTepBasi (—00,400), a ToMy
3rigHO 3 Teopemoro 6 y = C cos x + Cy sinx € 3arajbHUM PO3B 13-
KOM HAaBEJIEHOI'O PiBHIHHS.
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5. ®opmymna Ocrtporpajscekoro — JliyBinaga. Hexait mae-
MO T JIHIHO He3aJeKHUX YaCTUHHUX PO3B A3KIB Y1, U2, ..., Yn
JinifiHoro oxHopinHoro pisHsiaus (12.2). Tozi e piBHsHHS MOXKHA
3alicaTu y BUTJISI

1 Y2 T Yn Y
Vi % o Y Y
=0, (12.14)
ygnq) yénq) o y;Lnfl) y(n—l)
ygn) yé") .. yg”) y(n)

60 piBusinas (12.14) mae Ti cami JiiHIHO He3aJ/IeKHI PO3B’SI3KH, 1110
it (12.2). Copasni, skmo migcrasutu B (12.14) 3amicts y oxmy 3
byHKIT Y1, Y2, - -, Yn, TO OAEPIKUMO BU3HAUHUK, STKUH MaE J1Ba
OJIHAKOBI CTOBIIII 1 TOMY TOTOXKHO DIBHUI HYyJIIO. 3BiJICH BUILIH-
Ba€, 10 3arajibHi po3s’si3ku piBHsAHb (12.2) 1 (12.14) oanakosi, a
caMmi pIBHAHHS BIIPI3HSIOTHCA JIMITe MHOXKHUKOM. Po3kiamgarodn
BusHayHuK 3 (12.14) 3a ejeMeHTaMU OCTAHHBOI'O CTOBIIIS, 3AIIM-
memo piBHsHHS (12.14) y BUrIs i

Ag(z:)y(") — Al(x)y(nfl) + Ag(z)y("ﬂ) -
A (CDFAL) TR L+ (D) A(x)y =0,  (12.15)

Je Aj(z) — BUBHAYHUK, yTBOPEHUIT BUKPECTIOBAHHSM OCTAHHBOI'O
croBuigt i (n + 1 —4)-ro pajka y BusHadHuKy 3 (12.14).

Ockinpku piBasians (12.15) 36iraerbes 3 piBasHEAM (12.2), TO
npupiBuoIn KoedimienTn 6ig OMHAKOBUX MOXITHUX 1 BPAXOBY-
1oun, 1mo Ag(x) = W(x), onepxKyemo

pe) ==, pale) = T s pale) = (-1 G
(12.16)

Baudepentioemo Tenep Bponckian (12.6), BUKOpHUCTOBYIOUH
Take MpaBUIO In(pepeHITIoBAHHS: TOXiAHA BiJ BU3HAYHUKA N-TO
MOPS/IKY JIOPIBHIOE CYMi 72 BU3HAYHUKIB, $KI OJIEPKYEMO 3 HBO-
o TIOYEProBOI0 3aMiHOIO €JIEMEHTIB TEPIIOTO, JAPYroro, ..., N-ro
pAIKa IX MOXiTHUMUA. YCi i BUBHAYHUKHI, KPIM OCTAaHHLOT'O, JTOPiB-
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HIOIOTH HYJIIO (BOHU MAlOTh JIB& OJHAKOBI PsIIKH), & TOMY

Y1 Y2 s Yn

i Y5 o Yy
Yq Ys o Un

yin) yé”) o ny")

Jlerko Gaunrnu, mo W' (x) = Aq(z), a Ko BpaxyBaTu mepiry
dbopmyay 3 (12.16), To

3BIJIKH, IHTErpyIOYHN, 3HAXOIUMO

— fpl (z)dz
W(x) = W(xg)-e *o , (12.17)
Jie T = xo — JOBLIbHA TOUYKa 3 inTepsaiy (a,b). Popmyiy (12.17)
Ha3UBaOTh hopmynaoro Ocmpoepadcvrozo — Jliysiaas. Bona
JI03BOJISI€ 3HAWTU BPOHCKiaH (DYyHIAMEHTAJIHHOI CUCTEMU PO3B’sI3-
KiB piBHsiHHs (12.2), He MAIOYM CAMOI CHCTEMHU.

3 dopmynu Ocrtporpajcbkoro — JIiyBijuisi BUILUIMBAIOTH TaKi
8AGCMUBOCTNT BPOHCKIAHA PO3B’SI3KIB JIHIHHOIO OIHOPITHOTO
PIBHAHHS:

1. Axwo sponckian n po3e’a3Ki6 Y1, Y2, - - ., Yn pieHanHA (12.2)
dopienroe nyato 6 dearit mowui xo € (a,b), mo 6in dopienioe Hya0
8 YCIT MOUKAT Ub020 THMEPEANY.

2. Hxwo eponckian n pose’saskie pisnanna (12.2) eidminnud
610 Hyas xow 6 00nil mowyi xo € (a,b), mo 6in eidminnul 6i0
HYAA 6 YCILT MOYKAT Ub020 THIMEPEANY.

Dopmyiy (12.14) MOXKHA BUKOPHCTOBYBATH JIJIsi OOYI0BU [1¥i-
depeHIiaIbHOrO PIBHSIHHS, SIKIIO BiJIOMOIO € floro byHIaMeHTaAb-
HA CHCTeMa PO3B’S3KiB.

Ilpukiazn 1. [lobydysamu dudeperiianrvre pieHAHHA, AKE MAE
pyndamermarviy cucmemy poss’saskie yi(z) = 2, yo(x) = o — 1.
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Poss’azamrns. Cropucraemocs dopmysiono (12.14):

22 -1 y
2¢ 1 y | =0.
2 0 y//

POSKH&,I[GI\IO BU3HAYHUK 3a eJIeMEeHTaMl TPETHOT'0 CTOBIIIIA:

2 2

2x p r—1 4o v x—1

Ly @ —0 =
Y2 ol Y2 o Y2 1 |7
(% —2z)y" +2(1 —2)y’ +2y=0. W

Pexomendosara aimepamypa: |4, c. 363 — 389, |5, c. 174 —
197), [7, c. 82 - 88|, [8, ¢. 113 — 121], [15, c. 91 — 102].

ITutannga go gekirii 12

1. dxwuit Burnan mae Jiniiine nudepeHiiagbae PIBHIHHS N-TO I0-
psiaky? Yum JiiHiiiHe OJHOpPI/IHE PIBHSIHHSI BiJIPI3HSIETHCS BiJI JIHIHHOIO
HEOTHOPIAHOTO?

2. o nazuBaroTh JiniinumM audepeHIiajibHIM OEePaTOPOM N-T'0 M0~
psAAKy 1 siki ftoro ocHOBHI ByacTuBOCTI? K MOXKHA 3amucaTu JiHiAHI
OIHOpiIHE 1 HEeoHOPiHe PIBHAHHS 3 BUKOPUCTAHHSM JIHITHOTO mude-
PEHIIaIbHOTO omeparopa’

3. Yu e yiniitna koMmbiHalisg 31 craauMu KoedimieHTaMu JacTHHHIX
PO3B’sI3KIB JIHIHHOTO OJHOPIIHOIO PIBHSIHHS PO3B’SI3KOM I[bOTO K PiBHSI-
HHsT?

4. {xi dyskIil Ha3UBaOTD JIHITHO HE3aJIEKHIMHA Ta JIHITHO 3a71e-
KHUMY Ha iHTepBasti?! HaBemiTh mpukaam Takux (pyHKILA.

5. [llo HasuBarOTh BPOHCKIAHOM (DYHKIWHA Y1, Y2, - - -, Yn !

6. 4K dpopmysToeTbes HEOOXiTHA YMOBA JIHIHHOT 3a/1€2KHOCTI (DyH-
KIHi Y1, Yo, ..., Yn?! AK dbopMmymioeTbes HeoOXimHA 1 MOCTATHS yMOBA
JIIHIIHOT HE3aJIe2KHOCTI 1 YACTUHHUX PO3B’SI3KiB JIHIHOTO OIHOPIMHOTO
piBHAHHSA?

7. o rake dpyH[aMeHTaIbHA CUCTEMa PO3B’I3KIB JIHIHOIO OJIHOPI-
JIHOTO piBHsHH:A? ZIK 10OYy/LyBaTH 3arajbHu PO3B 30K JIHIHHOTO OHO-
pijHOTO PiBHSAHHS, 3HAIOYHN HOr0 (DYHIAMEHTAIBHY CHCTEMY PO3B’I3KiB7

8. dxwuit Burisi mae popmysia Ocrporpajicbkoro — Jliysiuia? Hase-
JITHh BJIACTUBOCTI BPOHCKiaHa PO3B’A3KiB JIHIHOTO OHOPITHOTO PiBHS-
HHsI, SIK1 BUILJIUBAIOTH 3 i€l (DOPMYJIH.
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Brpasu go gexirii 12

1. Bnaitaite L[e®], L[e*®], L[z?], HKHLO L — ninittawit gudepentri-
aJpHU orepaTop, 3aanuit popmyson L = E =54 d — + 0.
2. 3’gcyiiTe, po3B’I3KOM SIKOTO PIBHAHHS € d)yHKLuH y = 2%e”:
a) y’”—2y”—xew' 6) ”’—3y”+3y’—y:0;
B) ¥’ — 3y + 2y = 2%e®

3. 3HaliiTh BpOHCKiaH DYHKITI:
a) Y1 = €%, yp = be¥; 6) y; = cos?x, yo = cos2x, y3 = 1.

Yu MorkHa, 3HAIOYN BPOHCKIaH (BYHKIT, 3p0OUTH BUCHOBOK IIPO iX JTi-
HIHY 3aJI€KHICTD U1 JIHITHY HE3aJI€XKHICTD !
4. HocaigiTe Ha JTiHIHY 3a/€XKHICTD (DYHKIII:

a)yr = e ya =a% 6)y1 =31+ 7, y2 = 92 + 21;
B) y1 = 2%, y2 = 37, y3 = 4.

5. HoBendiTh, 1m0 gKINO cepesi MYHKINNR Y1, Y2, - - ., Yp XOT OJHA TO-
TOXKHO JIOPIBHIOE HYJIIO, TO BOHU JIHIHO 3aJIezKHi.

6. 3anumriTs Jiiniiine ogHOpimHE MudeEpeHIliaJbHe PIBHAHHA IPYTOTO
MOPAJIKY, gKe Ma€ PyHIAMEHTAJIbHY CHCTEMY DPO3B’ S3KiB:

a) y1 = cosx, yp =sin2x; 6) y; = €%, yp = €37,

7. JloBeniTh, 110 BpOHCKiaH (pyHKITIi

0, gxmo x € [—1,0],
yl(x):{ it [—1,0]

x?, axmo r € [—1,0],
axmo z € [0, 1],

ya(z) = 0, sxupo x € [0,1]

TOTOZKHO JIOPIBHIOE HYJIIO, ajle BOHU JIHIHHO He3aJeKHI Ha BiIPI3KY

[~1,1].



Jlekuis 13. Jliniitai ogHOPiAHI piBHsIHHS 31 cTamuMu KoedilienTaMmu 151

Jlekmia 13. Jliniiini ogHopiani mudepeHnianabHi
PIBHSIHHSI T-TO MOPSJIKY 3i ctajimMu kKoedillieHTaMu

Il1an

1. OcHoBHI 0O3HaYeHHsI i TOHSITTSI.

2. Meron Eitnepa. Bumagok mpocTux XapaKTepUCTUYHUX THU-
cell.

3. Meron Eitrepa. Bumaiok KpaTHUX XapaKTEePUCTUIHUX -
cell.

4. udepenriaibai piBHsIHHS, 3BiJHI /0 PIBHAHB 31 CTAJIUMU
KoedirienTamu.

1. OcHoBHi o3Ha4YeHH#A I MOHATTHA. Jlimiiiui piBHaHHS 3i
crayiuMu KOeIIieHTaMI — BarKJIUBUN KJIac 3BUYAiHUX JTudepeH-
IiaJIBHIX PIBHSIHB. 1X PO3B’SI3KN BUPAZKAIOTHCS UePe3 eJIeMeHTaAPHi
dyuKIil abo y KBagparypax. Taki piBHSHHS dacTo € judepeHiii-
AJBHIMEI MOJIEJIAMEU O6araTbOX MPUK/IAIHUX 33/1a9, 30KpeMa 3 TeO-
PETUYHOI MEXaHIKH 1 eJIEeKTPUKH.

Posrisimemo siniitae mudpepentiiaibie PiBHAHHS N-TO MOPSIKY

Liy] = y™ + a1y +aoy™ D + ..+ an1y’ + any = f2),

e koedirieHT ai, asg, ..., G, — AIACHI YuCIa, a IpaBa YaCTH-
Ha f(x) HenepeppHa Ha inTepBaii (a,b) dyHKIis (30Kpema, BoHA
Mozke OyTH ii CTAJIo Ha ILOMY 1HTEpBaJIi).

Bupummo cnouarky mnumraHHS PO MOOYIOBY 3araibHOTO PO3-
B’SI3KY BIJIIOBIIHOIO OJHOPIHOIO PIBHAHHSI, TOOTO PIBHSIHHSI

Ly] =0. (13.1)

st 3HAXO/ZKEHHST 3arajbHOr0 Po3B’si3Ky piBHsiHHsA (13.1) morpi-
6HO 3HaTH X04Ya O OFHY (YHIAMEHTAJIbHY CHCTEMY PO3B sI3KiB
y1(x), y2(x), ..., yn(x) nporo piBusaHs. Toxi 3rigao 3 OcHOBHOIO
TeopeMoio (Teopema 6 3 JiekIil 12) 3arajgbHUM PO3B’SI3KOM I[OTO
PIBHSAHHS €

y = Cryi(x) + Coya(x) + ... + Cryn(x),

ne Cq, Cy, ..., C), — 10BiIbHI cTaJIl.
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Jlerko mepekoHaTHCS, IO JIiHIfIHE OJHOPIIHE PIBHSIHHSI IIEPIITO-
ro nopsaaky 4y’ + ay = 0, ne a — #ilicHa cTana, Ma€ JaCTHHHHI
po3B’s130K Y1 = e~ . Cupobyemo it Jijisi JIHIHHOINO OJHOPIIHOTO
piBHsiHHSI 1-10 HOPsiziKy (13.1) wacTuHHU PO3B’SI30K BimIIyKaTH y

—ax

BUTJIS T
y = ek, (13.2)

ne k — meske, MOKW IO HeBH3HAYeHe, 9uco (Jiiicre abo KOMILIe-
kcue). [ligcrasrsioan (13.2) B By wacruny piBusinus (13.1), onep-
JKYEMO:

L(e"™) = (k" + ark" ' + agk™ % + ..+ an_1k + an) - €. (13.3)

3 (13.3) Buruusae, 1mo dyukiis (13.2) 6ymue pos3s’szkoM ude-
penmiagbHOro pisasinnst (13.1) Toxi i Tiabku Toai, Ko ducio k €
KOPEHEM aJITeOPUIHOTO PiBHSHHS

Pk)=k"+aik" 4 ak™ 2+ .. . +ap_1k+a, =0. (13.4)

Muorowien P(k) Ha3uBaloTh TaPAKMEPUCTNUSHUM MHO20-
yaenom, pisusnus (13.4) — xapaxmepucmuyuHum PieHAHHAM,
sike Blanosizae piBasibo (13.1), a floro kopeHi — xapaxmepu-
cmuvnumy wucaamuy pisasaas (13.1). Jlerko 6aunTu, 1mo ckia-
JIAI0UN XapaKTepUCTUdHe PiBHsIHHs, NoTpibHO B (13.1) moximmui pi-
3HUX MOPAIKIB 3aMIHUTH BIAMOBIIHUMU CTEHEHSIMU k.

2. Meton Eiinepa. Bunagok mpocTux XapaKTepUCTHU-
gaux guces. Crpykrypa dyHIaMEHTAJIbHOI CHCTEME PO3B’S3KiB,
a OTKe, 1 3araJibHOro po3B’si3Ky piBHsiHHs (13.1) 3aexuTh Bij
XapaKTePUCTUIHUX |ucesi. [IpuiycTumo, mo Bei XapaKTepUuCTUIHi
aucya ky, ks, ..., ky aiiicai ta npocri (pizui). Toai srigmo 3 (13.2)
byHKIil

=M% oy =€y, =efn® (13.5)

€ yacTUHHUME PO3B’siskamu piBHsiHHs (13.1). Ilepekonaemocst, 1o
BOHU € JIiHilHO He3aseskHUMHU. 1 nboro oOYHCINMO BPOHCKiaH

dbyuxuii (13.5):
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eklx ekzx . 6k’nx
kix kox . knx
W(z) = ke koe kne _
k?—leklx kg—lekzx . kgfleknx
_ katkatotk)e | K1 k2 Ry
n—1 n—1 n—1
A R

BusHaunuk y mpaBiii 9acTHHI OCTAHHBOI PIBHOCTI € BU3HAYHUKOM
Bangepmonma i, gk BimomMo 3 Kypcy aaredpu, IOPIBHIOE T00YTKY
BCIX MHOXKHUKIB BUrismy kj — ki, ne 1 < 1 < j < n. 3a upu-
nymenasM kj # ki (j # i), a tomy W(z) # 0. Takum wmnoM,
dbyukuii (13.5) yTBOPoOIOTH (DYyHIAMEHTAJIBLHY CUCTEMY PO3B’si3KiB
piBasiast (13.1), a Tomy 3rigao 3 OCHOBHOIO TeopeMoro QyHKIIist

Yy = Cleklx + Cgeka + ...+ Cnek"x, (13.6)

e Cq, Cs, ..., C, — NOBUIBHI cTaJIi, € 3arajbHUM PO3B’SI3KOM PiB-
msuas (13.1).

Ipuknag 1. 3inmezpysamu pisnanns y” — 4y’ + 3y = 0.
Po3ze’azanns. XapakrepucTudanM piBusHuaM € k2 — 4k 43 = 0,
a fioro kopenstmu — uncia k; = 11 ko = 3. 3rinuo 3 dopmysiorn
(13.6) 3araspHIM po3B’s3KoM pisaaHHA € y = Cre® + Coe’®, ne
C4, Cy — nosinbui craji. B

Ipukaan 2. 3inmezpysamu picnanms y" — 5y’ — 6y = 0.
Posze’azanns. Xapakrepucruune pisusuns k° — 5k — 6k = 0
Mae npocrti kopeni k1 = 0, ko = —1, k3 = 6. OrxKe, 3arajabHUM
po3B’sizkoM € y = C + Cae™® + C3e5%, ne C1, Cy, C3 — noBinbHi
craji. B

Posrisinemo Bumamok, Koy BCi XapaKTEePUCTUIHI IUC/Ia Pi3Hi,
ajle cepell HUX € KOMILIEKCHi. Y IbOMY BHIQJIKY IJIsl BiJIIITyKa-
HHsT JiificHux po3B’si3ki (13.1) 3py4HO 3HATH HOr0 KOMILIEKCHI
PO3B’SI3K.
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Kommekeny dbynxmio y(r) = u(x) + iv(z), ge i = /—1, niii-
CHOI 3MIHHOI T HA3UBAIOTH KOMNAEKCHUM PO38’°A3KOM PIBHAH-
us (13.1) ma inrepsai (a, b), sKimio 1T nijcTaHOBKA IEPETBOPIOE II€
piBHSIHHS y ToTOXKHICTH L[y ] = 0 jy1s1 Beix x € (a, b).

Hexait a + bi — xapakrepucruune uucso pisasians (13.1). Bi-
JIOMO, IO KOJIN ajreOpudHe PiBHSHHS 3 JiiCHUMU KoedirieHTaMu
Ma€ KOMILJIEKCHUI KOPiHb, TO BOHO MA€ TAKOXK 1 CIIPSIZKEHUN 3 HUM
KopiHb. OTiKe, Xapakrepuctuyne piBHsiHHs (13.4) y BUNAIKY, KW
POBIVIAIAEMO, MAE TAKOXK CIIPSI?KEHUN KOMILJIEKCHUI KOPiHb a — bi.

Barayibuuii po3s’si30K piBHsiHHs (13.1) MoxkHa 3HaTH 32 hOp-
mysioro (13.6), asne dyukuis y(x) Gyae KomiuiekcHo3HaIHO©. [lo-
KaXKeMO, K HOOyIyBaTw [iWCHUI 3araJbHUNl PO3B’SI30K IIHOTO
PIBHAHHS.

Briguo 3 (13.2) xapakrepuctuaauM duciaam a + bi, a — bi Bix-
(atbi)z § Yo = ela—bi)z piB-
usiaHst (13.1). Buxopucrosyioun dhopwmysy Eiinepa, ni poss’sisku
MOKHA 3aIUCATU Y BUTJISIL

MOBIJIAIOTH KOMILJIEKCHI PO3B SI3KU Y1 = €

y1 = € (cosbxr +isinbz), yo = e*(cosbr — isinbx).

3 HACTYIIHOI T€OPEeMHU BUILIMBAE, IO {AKIINO KOMIUIEKCHA (DyH-
Kiist y(x) € posp’siskoMm piBasinHs (13.1), To 11 xificHa Ta ysiBHA
YaCTUHU € JINCHUMHU PO3B’SI3KAMHU IHOTO 2K PIBHAHHS.

Teopema 1. dxwo gynxuia y(x) = u(z)+iv(x) € poss’askom

pishanns (13.1), mo xoorcna 3 Pynkuyit u(x) ta v(x) makxooc e
PO36 AZKOM U020 DIGHAHHA.
Losedernns. Ockinbku 3a ymosoo Teopemu L[y] = 0, To BUKO-
PHUCTOBYIOUYM BJIacTUBOCTI oneparopa L (nekiist 12), omepKyemo:
Lly] = Llu+iv] = L[u]+iL[v] =0,ao0rxke, L[u] =0, L[v] =0,
o i orpibuo Oysio moBecTu. B

3riziHo 3 TeopemMoio 1 xapaKTepUCTHIHE YUCI0 ¢+ bi TOPOJIzKye
JBa jiiicHl poss’si3ku piBHstHHA (13.1): mificay Ta ysiBHY dacTuHN
byHKIl i1, ToOTO PyHKIIT € cos br, e** sin bx € po3B’sa3KaMu PiB-
asiuHs (13.1), npudoMy BoHU € JiiHiiiHO He3asexkHl Ha (—00, +00)
(IPOTIOHYEMO CAMOCTIHO MEePeKOHATHCH, 110 1X BPOHCKiaH BiMiH-
Huil Bijg Hy/Is).

OueBu/HO, MO0 XapaKTEPUCTHIHE YUCIO ¢ — bi HOBHX JIHIIHO
He3aJIeXKHUX JaCTHHHUX PO3B’s13KiB piBHsHHS (13.1) He 1ac.
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Takum 9uHOM, SIKIIO BCI XapaKTEPUCTUUHI Yucja Pi3Hi, aje
cepeji HUX € KOMILIEKCHI, TO KOXKHOMY JIIICHOMY KOpeHto k Bijio-

Bifa€ PO3B’s30K €F®

, & KOXKHII ITapi CIIPsizKeHNX KOMILIEKCHUX KO-
peHiB a =+ bi BiamoBimaoTh ABa AIACHI JIHIKHO He3a/IeXKHI IacTHHHI
po3B’sa3ku Bursiay e cos bx i e sin bx. Beboro matumemo n rifi-

CHHUX YaCTHHHUX p03B7H3KiB BULVIALY

b e cosbr, € sinbe, (13.7)
sIKi yTBOPIOIOTH (DYHIAMEHTAJIBHY CHCTEMY PO3B’si3KiB. 3rijHO 3
OcHoBHOIO Teopemoto (JieKriisi 12) 3araibHUil PO3B’SI30K PIBHSIHHSI
(13.1) omepxkumo y BUIJIsizl JiHifiHOT KOMOiHAIIT yCiX YaCTUHHUX
pose’sazkiB (13.7) 3 moBinbaumMu cramumu Cq, Cy, ..., C.

Ipuknanx 3. 3inmeepyeamu pienanma > — 6y + 12y" +
+ 6y — 13y = 0.
Poss’azarna. Po3p’sskamMu  XapaKTEPUCTUIHOTO — PiBHSIHHS
k* —6k3 +12k%2 +6k —13 =0 e mBa jiiicmi i JBa KOMILIEKCHO
cupsizkeHi kopeni: k1 = —1, ko =1, ks =3+ 2i, ky = 3 — 2¢, a T0-
My 3arajbHUN PO3B’SI30K 33JIAHOTO PIBHSAHHS MOXKEMO 3aIllUCATH Y
s y = Cre™® + Coe® + C3e3® cos 2z + Cue3® sin 2. M

3. Meron Eiinepa. Bunamok KpaTHUX XapaKTepUCTU-
YHUX YHUCEJI. Y I[bOMY BUIAIKY TUCIO PI3HUX XaPAKTEPUCTHITHUX
qpces1 Gyjie MEHIIE 7, & TOMY YACTHHHHUX PO3B’sI3KIiB BHIIsLLy €Fi®
piBusinns (13.1) Gyze Takox mene n. [TokaxKemo, siK MOXKHa 3Ha-
AT pernTy YacTUHHUX PO3B’sA3KiB.

Hexait ky — mificHe abo KOMILTIEKCHE XapaKTEPUCTHUIHE UNCJIO
kpatHocti s. Togi, sk BijjoMo 3 asrebpu,

P(ky)=P'(k))=...=PC D(k) =0, PO (k)#£0, (13.8)

ne P(k) — xapakTepucTuaHUil MHOTOYJIEH, BUSHAYEHUTT (DOPMYJIOI0
(13.4).

Jlnst 3Haxo/KeHHsT PO3B’sI3KiB, sKi BIJIOBIIAIOTH XapakTepu-
crugaHoMy wucity ki, 3audepenniroemo Toroxkuicts (13.3), 3anuca-
HY y BUIVISIJI

L(e*®) = P(k)-e,
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m paziB 3a 3MmiHHOIO k, BUKOpUCTOBYIO0UH (hopmysry Jleiibmima mst
m-1 MOX1JHOI BiJ JOOYTKY JBOX (DYHKIIii:

(u0)™ = 3 ¢, u@ylm=i),
j=0

Je Ci = #J'),J, — KUIBKICTb CIOJIyYeHb 3 11 eJeMEHTIB IO j.
Bynemo marn:
m
L(z™ek®) = Z Ccl. P(J)(k) ™I ek
j=0

Tenep, BpaxoBytoun (13.8), IPUXOAUMO JIO BUCHOBKY, IO

L(z™eM®) =0, m=0,1,...,5s -1
Ile oznavae, mo GyHKIil
ez gef1m gl sl (13.9)

€ poss’siskamu piBHsiHHA (13.1). BoHu, sk Jierko mokaszaru, € Jii-
HIHO He3aJeKHUME Ha iHTepBasi (—00,+00). Ko npu mpomy
ancisio ky € apificaum, To dbyskuii (13.9) rakoxk OyyTh JAIHCHUMHE.
Takum 9uHOM, KOXKHOMY JIiHICHOMY XapaKTEPUCTUIHOMY UIUCTY ki
KpPaTHOCTI § BIANOBiIa€ § AICHUX JIHIHHO He3aIe2KHUX PO3B’A3KIB
suruisiy (13.9).

K10 MAEMO KOMILIEKCHE XapPaKTEePUCTUIHE YUCI0 ¢ + bi Kpa-
THOCTI S, TO XapPaKTEPUCTUYIHUM UHUCJIOM Ti€l K KpaTHOCTi Oyie
TAKOXK ClpsizkeHe 4ucsio a — bi. 3rigno 3 (13.9) uuciy a + bi Big-
MOBi/Ia€ S KOMILIEKCHUX PO3B’sI3KiB:

a+ib)z

z2e , ..., g5 lelatib)z

e(aJr'Lb)x 7 we(a+zb)w 7

Bumisstroan y nux gificHi Ta ysiBHI 9aCTHHU, OJIEPKYEMO 28 TIHCHUX
PO3B’sI3KIB:

{e“’” cosbx, xe cosbx, ..., x5 e cos bz,

e sinbx, re®sinbzx, ..., z° 1e®®sinbz.

(13.10)

Hecknamno moBecTn, 1Mo I poO3B’sI3KM JIHIAHO He3ajeXKHI Ha
(—00, +00).
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Tak camo, gK i J/ist BUIQJIKY ITPOCTOTO KOMILJIEKCHOTO XapaKTe-
PUCTHYIHOTO YUCJIa, KPATHE XapaKTePUCTUIHE IUCI0 a— bi He Topo-
JKY€E HOBUX JINCHUX JIHINHO HE3AJIEKHUX JACTUHHUX PO3B’SI3KiB.
TakuMm YMHOM, KOXKHIM Hapi KOMILIEKCHO-CIIPSI?KEHUX XapaKTepH-
CTUYIHUX Unces a + bi KpaTHOCTI $ BiAmoBimaroTh 25 AilicHIX JTiHIH-
HO He3aJIeXKHHUX PO3B’si3KiB Burisay (13.10).

Ipuknan 4. 3inmezpysamu pieruanna y" —5y" +3y' +9y = 0.
Posze’azanms. Xapaxrepucruune pisusuns k3 — 5k +3k+9 =0
Mag€ OJIMH MPOCTHil KOpiub k| = — 1 i onue KpaTHuit KOpiub ko =
= k3 = 3. Llum KopensiM BimoBigaiors po3s’ssku e %, €37, e’ a

y = Cre " 4+ C1e3® + Cyze3® ¢ 3arampauM po3s’s3koM. B

Ipuxkaan 5. 3inmezpysamu pisnanna y'" +3y" + 3y +y = 0.
Posze’asanna. Xapakrepucruane pisasuus k> + 3k +3k+1=0
Ma€ KpaTHuil aiicnmii Kopinb ki = ko = k3 = —1. Otxke, 3amame
:1:7 1'671, 1.267:1:7
a fioro 3aragbHEM po3B’sa3KoM € y=Cre *+Coze 4+ Caz?e ™. A

IBHAHHA Ma€ TPU JIHIAHO HE3aJICXKH] PO3B A3KU €~
p P p

Ipuknazn 6. 3inmezpysamu pisnanns y”¥ —y'Y + 8y — 8y +
+ 16y’ — 16y = 0.
Pozs’azannsa. Binnosinne xapakTepucTudte PiBHAHHSI MAE OTUH
npoctuit Kopiab k; = 11 /iBa KpaTHi KOMILIEKCHO-CIIPSI2KEHI KOPeH]
ko = ks =2i, kg = ks = —2i. OTxKe, 3arajJbHUM PO3B 'SI3KOM €
y = C1e* + Cycos 2z + Cyx cos 2x + Cysin 2z + Cszrsin 2. W

4. lndepeniiiaabHi piBHsIHHS, 3BiHI /10 PiBHAHB 3i cTa-
aumMu Koedimientamu. Posrigremo jesiki jimiiiai gudepeniii-
ajbHi piBHAHHA 31 3MiHHUME KoedillieHTaMu, fdKi 3a JTOIOMOIOI0
3aMiHU HEe3aJIeXKHOI 3MiHHOT abo IIyKaHol (DYHKIHT MOYKHA 3BECTH
JIO PiBHSIHB 31 cTajumu KoedilieHTaMu.

Pisnannam Etlinepa nasuBaiors mpudepeniiaibie PIBHIHH
BUTJISLY

2"y + 12"y 4t api1my + any =0, (13.11)

ae ai, ag, ..., ap — craji giiicai 4dmcia. [lobOymyemo 3arajibHumii
po3B’s130K piBHsiHHs Eitepa mist ¢ > 0 (akmo z < 0, 10 B ycix
HACTYIIHUX BHKJIaJIKaX IIOTPIGHO 3aMIHUTH T HAa —I ). 3pOOUMO 3a-
MiHy He3aJIe2KHOI 3MiHHOI 3a (POPMYJIOI0

x:et.
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Tomi

! ! / ! ]' / —t
Yp =Yt =Y 7 =Y €,
Ly

t

Yro = (2 - e —yp-e)e T = (yip —yp)e ™,
" ( "

Yl = (y)5 — 3y +2y)) e, .,
yow = (%3’3) +o o+ (=1 (e - 1)!y£>6_"t-

1/ n
o coog yg(cn), a TaKOK

r = €', y (13.11), omep:kumMo JiiniiiHe oJHOpPi/iHE PiBHAHHSA N-TO
HMOPSIIIKY 31 crajumu KoedilieHTaMu. 3HANIIOBIIN 3arajbHU PO3-
B’SI30K I[bOI'0 PIBHSIHHS 1 IJICTABUBIIN Y HBOT'O t = In &, MaTuMeMo
3arajbHui Po3B’s130K piBHsinus Eitnepa.

[TincraBiasioun 3ualieHi Bupasu st y.,, y

Ipuknan 7. 3inmezpysamu piensmuna 2y — 3xy' + 3y = 0.

Poseg’sazarrs. 3pobuMo 3aMiHy He3aJIexKHOI 3MIHHOI 3a (opMy-

nowo z = €' (roni t = Inz). Toui y, = yje™t, v’ = (yjo — yi)e .

ITincrapisitoun i BUpa3u y BUXiTHE PIBHAHHS, JIJIs 3HAXOYKEHHS
dbyuruil y = y(t) omepxKyeMo piBHSAHHSL:
621} (y// _ y/)e—Qt _ 3ety/6—t + 3y -0 = y// _ 4y/ + 3y —0.
3BijicH, BPaXOBYIOUN PE3YJILTATH MPUKIALY 1, 3HAXOIIMO

y(t) = Clet + 0263t = y(q;) = Clelnw + 0263111:1: N
y=Crz+Cox. B

Y3aranbHeHHsIM piBHsAHHS Eiisiepa € piBHSHHS
(az +b)"y"™ + (az + b)" piy D 4+ .

oot (ax + b)pu_1y’ + pry =0, (13.12)

ae a, b, p1, p2, ..., pn — CTAJML. KO BUKOPUCTATH IIiCTAHOBKY
ar +b = ¢ i nosHauuTn ¢ = €', abo Bimpazy 3pobuTH 3aMiny He-
3as1esKHOT 3MiHHOT 3a dhopmystolo ax + b = e, To pipuanus (13.12)
3BeJeThCsl JI0 JIHIHOro piBHSIHHS 31 crajauMu Koediriearamu. Pis-
uanns (13.12) nasuBators pienanmam Jlazparorca.



Jlekuis 13. Jliniitai ogHOPiAHI piBHsIHHS 31 cTamuMu KoedilienTaMmu 159

o piBusgHHs 3i craauMu KoeilieHTaMu 3BOIUTHCA TAKOXK Pi6-
HAHHA debuwosa, TOO6TO PiBHSIHHS

(1—a22)y" —ay +n’y=0. (13.13)

Touku © = +1 € ocobimBUMU TOYKAMU IBOI'O piBHsAHHsA. Ha
KOXKHOMY 3 iHTepBasis (—oo, —1), (—1,1), (1,4+00) BUKOHYIOThCsE
ymoBu Teopemu Korri. [lobyayemo 3araibHuili po3s’si3ok piBHsH-
us Yebumosa na inrepsami (—1,1). 3pobumo 3aminy He3aIeKHOT
3MiHHOT 3a (POPMYJIOI0

t = arccosx (x = cost).

Tomi
1 1
/ / / / /
prn . t g 06— = — -
ym yt x yt l‘é yt sint )
P " 1 _,cost B 1 o 1 _,cost
Ya2 Ysz sint Yt sin? ¢ sint Yi2 sint 7 sin ¢

!
12 )
x = cost, y piBusians (13.13), nyist 3uaxopkenns GyHKil y = y(t)

MaeMo JudepeHIiagbie PiBHAHHS JPYTOTO MOPSIAKY 31 CTaJnMu

[lincrapasioun 3Hafifeni Bupasw sy, 1y a TaKOK

KoedirieHTamu:
y" +n?y =0, (13.14)

BaraspHuM poss’siskoMm piBHstHs (13.14) € y = Cicosnt +
+ (5 sinnt, a mic/ist TOBEpHEHHSI JI0 3MIHHOT & OJIEPXKYEMO

y = C cos(n arccos x) + Cy sin(n arccos z).

Moxna nokasaru [8, c¢. 158 — 159, mio siniiine oxHOpinHe piB-
HSHHS

¥y £ 1@y Y L pai (@)Y + pa(z)y =0

3BOJIUTHCS IIEPETBOPEHHAM He3aJsIezKHOI 3MIHHOI J10 JIIHIHHOrO piB-
HAHHST 31 cTaanMmu KoedirmienTaMu TiIbKI 3a JOIOMOTO0 TIiacTa-

t:a/mdx,

HOBKHN
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Jle a — JesiKa crajia. 3 Iiel popMyJIn JIErKo OJep:KaTh 3aCTOCOBaHI
BWUIIIE IIiCTAHOBKHY JJIsi piBHSIHDL Eitnepa, Jlarpam:ka ta Yebuiosa.

MareMaTHIHOI MOJEJUII0 HaraTbox IPOIECIB MaTeMaTHIHOL
disuku € pieuanns Becceast, ToOTO PIBHSIHHS

2%y +xy + (2* —v)y =0,

e v — nosiiabHe craje unciio. [lokaxkemo, mo npu v = % PIBHSTH-
Hsl Becceist 3B0IUTHCSI 0 PIBHAHHS 31 CTAJINMU KOeMIIIEHTaMI Ta
inTerpyerbcsa y kBasparypax. s mporo y piBHSHHI

1
z?y" + xy + <:c2 = Z) y=0, (13.15)

BUKOHAEMO 3aMiHy NIYKAaHOI DyHKIT

= (13.16)
y—ﬁ. :
Tomi
, 2 1 z g 2 2 3 z
e e~ Al e~
VT 2443 VT 3 45

ITincrasisioun supasu s y, y' 1y y piBuanus (13.15), micist
HECKJIAJHUX IEPETBOPEHD OJIEPYKUMO PIBHSHHS 31 CTaIuMu Koedi-
nienramu 2’ + z = 0. 3araapbHUM PO3B’A3KOM IIHOIO DIBHSIHHS €
z = C} cos x+ Cysin z, a BpaxoBytoun (13.16), ocrarouHo o/epKy-
€MO 3arajibHUil Po3B’s130K piBHsHHST Beccesst (13.15):

cos T sin x
=Ci— + Cy——.
Y 1 e + G2 iz
Pexomendosana aimepamypa: |4, c. 398 — 408, 423 — 430],
[5, c. 220 — 243], [6, c. 180 — 192], [8, c. 131 — 138, 158 — 162], [15,
c. 129 — 137].

ITutannga go gekirii 13

1. dxwit Bursian mae miniitae nudepeniiagbae PIBHAHHS N-T0 OPSII-
Ky 3i craymmu Koedirienramu?

2. ITlo nazmBalOTh XapaKTEPUCTUIHUM PIBHIHHIM, Ky Ha3BY MalOTh
KOpeHi XapaKTePUCTUIHOTO PiBHSIHHA !
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3. dxwit Bursy Mae ¢opMysia 3araJbHONO PO3B’sA3KY JIHIHHOTO
OJIHOPIJIHOTO PIBHSIHHS M-T'O HOPSIJIKY Y BUIAJIKY IIPOCTUX JIHCHUX Xa-
PaKTEPUCTUIHUX TUCEJI!

4. dxi aBa mificHi miHitHO He3aI€KHI YACTUHHI PO3B’A3KM JIIHIHOTO
OJTHOPIZTHOTO PIBHAHHS BiANOBIIAIOTH Mapi KOMIIEKCHIX XapaKTEePUCTH-
9HUX duces a + bi?

5. ki mificui JiHIAHO He3aJIeXKHI PO3B’SI3KU JITHIHOrO OIHOPIIHOIO
PIBHSIHHST BiJ[IIOBIIAI0TH JIICHOMY XapaKTePUCTUIHOMY YUCTy k KpaTHO-
cri 87

6. Axuit Bursisa mae pisasgnans Eitepa? 3a g0moMoroio skol 3aMinu
He3aJIe2KHOI 3MIHHOT MOT0 MOYKHA, 3BECTHU JIO0 PIBHAHHS 31 CTAJIUMHU KOe-
dimienramu?

7. dxuit Buris mae piBHsiHHS Jlarpamka? 3a JIOTIOMOTOO SKOT 3a-
MiHF IOr0 MOXKHA 3BECTHU JI0 PIBHSIHHS 31 cTajmMu KoedirmienramMu?

8. dxuit Burssig Mae piBHsgHHs ebumosa? 3a J0IIOMOrOI0 SIKOI 3a-
MiHE Or0 MOXKHA 3BECTHU JI0 PIBHSIHHS 31 crajmumu KoedimienraMu?

9. dkwuit 3arajapuuii Burism Mae pisasaas beccens? Ko e piBas-
HHSI MOYKHA 3BECTHU JI0 PIBHAHHA 31 cTaanMmu Koedimienramu? 3a JOTO-
MOTOIO STKOT 3aMiHU 1€ MOXKHa 3po0uTn?!

Bopasu go sexirii 13

1. Binrerpyiire siHiitHI OJHOPIIHI PIBHSIHHS JPYrOro MOPSJIKY:
a)y’ =8y +15y=0; 6)y"+2y +2y=0; B)y”" -2y =0.
2. 3imTerpyiite JiHiHI OJHOPIAHI PIBHIHH:

a)y” —2y"=0; 6)y" —6y" +12y' —8y=0; B) Yy —y=0.
3. 3uaiiaiTs po3s’a3ku 3aga4 Komri:

a)y" =2y’ +y=0, y(2) =1, ¥'(2) = =3;
6)y" =y =0, y(0)=2, y(0) =1, y'(0) = -1
4. 3iurerpyiire piBusguusa Eitrepa ta Jlarpamxka:
a) z2y" + 2zy’ — 20y = 0; 6) 2z%y" —xy' — 2y =0;
B) (3 +2)%y" + (6 +4)y’ — 4y = 0.
5. Insa sxkux 3nadens p i ¢ yci poss’asku pisasaas y' +py' +qy =0
OyayTh obOMerkeni Ha miBoci x > 07

6. CrutaiTh JiiHiiHe OJIHOPIIHE PIBHSIHHS 31 cTajuMu KoedilieHraMu
SIKOMOI'a, MEHIIIOTO MOPSIIKY, siKe Ma€ 3aJlaHl YaCTUHHI PO3B’sA3KU:

a) y1 = ze*™; 6) y1 = a%e”; B) y1 =T, Y2 = COSZ.
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Jlekmiga 14. Jliniitni HeomHOpPiaHiI JudepeHTiaabHi
PiBHSIHHS 7-TO MOPSIJIKY

Ilaan

1. Crpykrypa 3arajibHOr0 PO3B’si3KY JIHIHHOTO HEOHOPITHOTO
PIBHSIHHSI.

2. Meroj Bapialiil JOBIJIBHUX CTAJIUX.

3. Merox Kormmi.

4. Mero HeBuU3HaYEeHNX KOeiIieHTIB.

1. CtpykTypa 3arajibHOro po3B’sI3KY JIiHI/THOTO HEO/THO-
pizHoro piBHsiHHA. Posrisinemo JiHiitHe HeoiHODIIHE Jud epeH-
niaJibHe PIBHAHHS

Liy] = y™ +P1(l‘)y(n_1) +p2($)y(n_2) TP ooc
ot D1 (@)Y + pal)y = f(2) (14.1)

1 BiJIIIOBIIHE OJIHOPIJIHE PIBHSIHHS
Lly]=0. (14.2)

BusinsieTbest, 1m0 3arajbHuil po3B’s30K JHHITHOIO HEOIMHODI-
JHOrO piBHsiHHsA (14.1) 3aBKAM MOXKHA 3HAiTH, SKIIO BigoMi 3a-
raJbHUi po3B’si30K piBHsiHHs (14.2) 1 Oyab-sKuil 4aCTUHHUI PO3-
B’s130K piBHsinHst (14.1). Ile BumimBae 3 TaKOro TBEP/KEHHS.

Teopema 1. 3azasvrutl pose’sazox AHitiHO20 HEOOHOPIOH020
pisnanna (14.1) dopierioe cymi 6ydv-aKo020 1020 YacMUHHO20 PO3-
8’A3KY Ma 342a.0bH020 PO36°A3KY 00HOPIOH020 pieHanHA (14.2).
Josedenns. Hexait Y = Y (x) — BioMuil yacTUHHUI PO3B’S30K
piBusianst (14.1), ro6ro L[ Y | = f(z). Bukonaemo saminy y = z+Y,
e z = z(x) — HoBa mykaHa dyHKIis. lincrassiroun i1y (14.1)
Ta BPaXoBYIO4M JiHIHICTE oneparopa L, ogepxkyemo, mo L{y]| =

=L[z+Y|=L[z]+ L[Y|=f(z). Ockinbku L[Y ]| = f(z), To
Liz]=0, (14.3)

TOOTO z — PO3B’sI30K JIHIAHOrO OtHOPiAHOTO piBHsiHHs (14.2). Toxi
srigao 3 OcHOBHOIO TeopeMolo (JIeKiist 12) 3arajJbHIM PO3B’SI3KOM
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piBasiaas (14.3) € z = Ciy1 + Coyo + ... + Cpyn, e y1, Yo, - - -,
Yp — JedKa PyHIaMEeHTAJIbHA CUCTEMa, PO3B I3KIB ILOIO PIBHAHHS,
a (Cq,Cy,...,Cy, — poBlibHi cram. Takum gunoMm,

y=Ciy +Coys+ ...+ Cryn + Y. (14.4)

[Mokazkemo, o dopmysa (14.4) BusHauae 3araibHUl PO3B’SI30K
piBusians (14.1). 3rigHo 3 0O3HAYEHHSM 3araJbHOIO PO3B’SI3KY JIH-
depeHIiabHOrO PIBHSHHS N-T0 HOPSJKY JIJIsi I[HOIO TOTPIOHO 110~
kazaru, 1o 3 (14.4) npu Hanexxuomy subopi cranmux Cq,Cy, ..., Cy
MOXKHA OJIEPXKATU PO3B’S30K, SIKUl 3aJ/I0BOJIbHSIE JOBLIBHI 11OYa-
TKOBI yMOBU

_ =il
y(@o) = yo, ¥'(x0) =y -, ¥ V(o) = 5§ V.
[Mocainosro audepentiooun (14.4), 3HAX0IUMO

y=Ciy1 +Coya + ...+ Cryn +7,
y =Ciyy +Coyy + ... + Cryp, + Y7,

y®@ D = 0"V + Copd Y 4+ GV + YD,
[TijicraB/sitoun B II0 CUCTEMY & = X, MATUMEMO HEOJHOPIIHY CHU-
creMy n JHiHIHEX piBHsiHD 3 1 HeBijomumu Cq, Cs, ..., C,, BU-
sHagHUKOM KOl € W (xg). Ockinbku y1, Y2, .., Yn — dyHIaAMEH-
TajibHa cHcTeMa po3B’s3kiB, To W(zg) # 0. Takum unmsaoM, cradi
Cq, Cy, ..., C) 3 OTPUMAHOI CUCTEMU BU3HAYAIOTHCS OJHO3HAYHO,
a ToMy posB’sizok (14.4) cupaBji € 3arajbHUM. P

Teopema 2. Hezati npasa wacmuma AiHitiH020 HEOOHOPIOH020
pishanns (14.1) e cymoro dsox dodanxkis, mobmo

Lly] = fi(x) + fa(x). (14.5)
Sxwo y1 — wacmunnud pose’aszox piswanna L{y] = fi(x), a yo -
wacmunrutl po3s’azox pisnanns L{y] = fa(x), mo y1 + y2 € ua-

cmunrHuMm po3e’askom pienanna (14.5).
losederHs TeopeMu BUILIMBAE 3 TOrO, 110

Liy1 +y2] = Liy1] + L{y2] = fi(z) + fa(z). »
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2. Meron Bapiamnii moBiJibHHUX cTajinX. PosriasHeMo 3a-
raJIbHU MEeTOJ, 3HAXOJKEHHS YaCTUHHUX PO3B’sI3KIB HEOIHOPIJI-
Horo piBusinus (14.1) — memod eapiauii doginvbHUT cmasux
(memo0d Jlazpanoica).

Hexait Maemo 3araabHINE PO3B’SI30K JTIHINHOTO OIHOPIAHOTO piB-
Hsuus (14.2):

z=Cry1 + Coy2 + ... + Cpyn, (146)

e Y1, Y2, ---, Yn — JesdKa QyHIAMEHTAJTbHA CUCTEMa PO3B’si3KiB
uporo pisusinns, a Cq, Cy, ..., C, — 10BLILHI cTaJIi.

Yacrunauil po3s’si30k piBHsiHHs (14.1) mykaemo y Bursii
(14.6), BBazkatoun C1, Cy, ..., C), He craaumu, a HeBigoMuMu (yH-
KIgMH Bis x, TOOTO

y=Ci1(@)y1 + Ca(T)y2 + ... + Crn(2)Yn- (14.7)

Bubepemo renep dyukuii Cy(z), Co(z), ..., Cp(x) Tak, mobd
dbyuxuis (14.7) 6yna poss’siskom pisasians (14.1). dudepenmioro-
u (14.7), omepxxyemo

v =Ciyi + Covh+ ...+ Coyl, + Clyn + Coya + ... + Clyn,
Haxmagemo ymony, mo C1y1 + Chys + ... + Cly, = 0. Toni
y' = Ciyy + Coyn + ... + Cryy,.
Hudepentiioodn e oJuH Pas3, 0/IePKYEMO:
= Ciy + Coyly + ... + Cuif + Clyf + Chvh + ... + Chf,
Hexait Ciy] + Chys + ... + Cryl, = 0, Toni
= Cyi + Cayy + ... + Cuyy,

[Ipomosxkytoun judepentioBatu i pubuparwoun ¢yukiii C,
Co, ..., Cp Tak, mob C{yiniz) + C’éyéniz) +...+Clyn (n=2) _ =0,
onepyemo y—1) = C’lyin*l) + C’gyénfl) 4+ ...+ C’nygn b,
1, maperrri,

y™ = Cryt™ + Coyd™ + ..+ Cuy) +
+Ciyt" ™+ O L Oyl
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[TizcraBumo remep y piBHsinas (14.1) Bupasu st y Ta i1 HOXiIHUX:

(?1<yY”~+1n(x)yY%7U~+...4—pn41(x)yi4—pn(x) 1)~+
+ Cs (yén) + (@)Y 4+ a1 (@)t + pale
A Cu(8) + @™ + -+ e >yn<+-pn<x>yn)

+ Oy 1O 4 Oyl Y = fla).

MHOXKHUKH B JIy?KKaX TOTOYKHO JIOPIBHIOIOTH HYJIIO, 00 (DyHKIT
Y1, Y2, - - -, Yp € JACTUHHUMU PO3B’sisKamu piBHsiHHsA (14.2). Orxke,
OCTAHHE PIBHSHHS 3AIUIIETHCS TaK:

Ciy™ V4 O+ 4 ClyY = f(a).

Taxkum unnom, dyskuii C(x),Co(x),...,Cph(x) 3a10B0bHSI-
I0Th CUCTEMY

Clyr + Caya + ... + Cryn = 0,
Cryt +Caya+ ..+ Chy, =0

O + ol 4 ol =0,
Oy + Oy Y ~~-+C7’1y51 Y = f(a).

Maemo HEOTHOPIIHY CHCTEeMY N JIHIHHUX aareOpuIHuX PiBHIHDL 3
n uwesigomumu Cf(z), Ch(x), ..., Cl(x). OcKiabKE BU3HATHUKOM
i€l cucremMu € BiAMIHHUIT Bij Hy/1g BpoHCKian yHKIHMR Y1, Yo, - . . ,
Yn, TO BOHA Mae exunuii poss’sizok Cf(z), Ch(x), ..., Cl(z). Inre-
rpytoun, suaiigemo dyukuil Ci(z), Cao(z), ..., Cy(z), nicis [goro
3aJIMIIATHCS mijicTaButy ix y dopmyry (14.7).
Ipuxkaan 1. 3inmezpysamu pichanns y" +y = x.
Pose’azanms. 3araabHuM po3s’siskoM Yo = yo() BianosigHOrO

oaHopiaHoro pisHaHHA € Yo = Cp cosx + Co sin .
Hexait renep C; = Cy(x), Cy = Cy(x). 3 cucremn

Ci(x)cosx + Ch(x)sinx = 0,
—C{(x)sinz + Ch(x) cosz = x
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snaxomumo Cf(x) = —zsinz, C)(x) = zcosz, a orxe, C(x) =
=zcosz —sinz + Cq, Cy(z) = xsinx + cosx + Cy,

y = (zcosx —sinz + Ci)cosx + (zsinz + cosx + Cy)sinx =
y=Cicosz+ Cosinz+z. R

3. Metoa Kormi. PosristHemo 11e oquH crocib 3HaXOIKEHHS
YACTUHHOTO PO3B’3KY JIIHIHHOrO HeoHOpiAHOrO piBHstHHs (14.1) y
BUIIQJIKY, KO Bigoma (pyHIaMeHTaaIbHa CHCTEMa PO3B’sI3KiB Bijl-
TIOBI/THOT'O OJTHOPI/THOTO PIBHSAHHS.

Hexait y1, y2, ..., yn — PyHIaMeHTATIbHA CHCTEMa PO3B’I3KiB
JiniitHoro oxHopigHoro pisusinHg (14.2). BukopucroByouu dop-
myay (14.6), mobyyemo po3s’sisok piBHsiHHs (14.2), sikuil 3aj10-
BOJILHSE TOYATKOBI yMOBH

2(s) =0, 2/(s)=0, ..., 2" V() =1, (14.8)

Jle x = § — JoBlIbHA TOYKa 3 iHTepBasy (a,b). Ileit po3s’sa3ok mo-
3HAUUMO 4epe3 z = ¢(x,s) (BiH 3aieXuTh BiJ S K Bij Hapame-
rpa). Ockinbku z = @(x,s) gk QyHKIis 3MIHHOI & € PO3B’I3KOM
onuopinuoro pisusinus (14.2) st koxuoro s € (a,b), To

Lip]=0, a<zxz<b a<s<hb.

Kpiwm roro, 3 (14.8) Butumsae, mo dbyskuis ¢(z, s) aK OyHKIA
3MIiHHOI T 3a7I0BOJIBHSIE TaKi YMOBH:

0(s,8) =0, ¢(s,8) =0, ..., o2 (s,5) =0, p"V(s,5) =1,
(14.9)

& p(x,s) . CDyHKL[iIO 80(1':3)7 AKa
Tr=s

ne aepes ) (s, s) mosnaueno -

Ma€ BKa3aHi BJIACTHBOCTI, HA3UBAIOTh hynkuiero Kowi.
Pozrisinemo rernep QyHKITO

Y(z) = /xgo(x,s)f(s)ds (14.10)

Je xg € (a,b) — 1OBlIbHA TOUKA, 1 IIOKAZKEMO, 1110 BOHA € YACTUHHUM
po3B’si3koM piBHstHHsT (14.1), siKuil 3a/10BOJIbHSIE HYJIBOBI TOYATKO-
Bl yMOBHI

Y(z0) =0, Y'(z0) =0, ..., Y D(z0) =0. (14.11)
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Jlist uporo crnovaTky suaiizemo noxigui Y/, Y7, ..., Y™ gukopu-
cToBy104M (popMyJly JudepeHIioBaHHs BU3HAYEHOIO IHTerpaia 3a
napamerpomV:

L ([ ) = [ s 55

Bpaxosytoun, mo ¢(x, s) 3agoBosbhsie ymosu (14.9), mociiinos-
HO 3HAXOJIUMO

Y@ = [ OO ) | #a)ss)as

0 zo

Y'() = [ "o, 9) fs)ds + & (2, 2) F () = / "o, 5)f (s)ds,

0 0

YD) () = / "oV (2, 5)f(s)ds,

x
YO@) = [ (o, 9)f(5)ds + (o)
o
Tenep oueBnzno, mo dyukiis Y (z) 3agoBosbasie ymosu (14.11).
Iliscrasisioun 3naiineni supasu mia Y, Y ... Y y (14.1),
OJIEPKYEMO PIBHAHHSA

x
oyl = [ Llelf(s)ds + (@),
o
3sigcu, ockinbku L{p] = 0, To L[Y'] = f(z), a < & < b, 10610
dbyuxmis Y(z) 3 (14.10) € yacTHHHUM PO3B’SI3KOM HEOHOPIIHOIO
piBusiHHs (14.1).

@opmyny (14.10) nasuBaorh opmyaoro Kowsi. 3 i1 jgono-
MOTOIO 3araJIbHUIl PO3B’SI30K JIHIAHOTO HEOIHOPITHOTO PiBHSHHS
(14.1) mMoxKHA 3amUCATH y BHIVISI

NI / A0

0

() ()
Y Bukopucroyemo  dpopMyITy %( i f(x,s)ds) = [ %ds +

@ (x) p(x)
+ f (2, 9(x) 2L — f (z, 0(z)) %2
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e z — 3araJIbHUil po3B 30K BiAMOBIIHOIO OJHOPITHOTO PIBHSTHHSI.

Ipuknan 2. 3inmeepysamu pierarna y’' +y — 2y = x me-
modom Kowi.
Po36’a3anns. 3arajabHUM PO3B’I3KOM BiJIIIOBIIIHOIO OJHOPIIHOIO
piBuanns € yo = Cre 2* + Cqe®. Tomy dyuknio Komi o(z,s)
MIyKaE€MO Y BHUIVIS T

p(z,5) = Ci(s)e™™ + Ca(s)e?,
ne dyukuii C(s), Ca(s) sriguo 3 (14.11) 3a10BOIBHSIOTH CHCTEMY

C1(s)e™2 + Cy(s)e® =0,
—2C1(s)e™% + Cy(s)e® = 1.

3sigcu sterko 3uaxopumo C(s) = —% e?s, Cy(s) = %6_8, a OTIKe,
1 2(s—x) 1 z—5
x,8) = —=e —e*78,
plz,s) = —3 -

Toni 3a dopmysoro (14.10) 3HAXOAMMO YACTHUHHUI PO3B’SI30K 3a-
Janoro pisasius (Gepy«un xg = 0)

L[ 11 1 1
Y(x) = g/0 (_62(8790) —FemiS)SdS _ —§l‘— Z _ 5672‘% + g

a 3araJibHIM PO3B’A3KOM Y = Yo+ Y ITiC/Is IEPEIO3HAYMEHHST CTAINX

(Cl =01 — 1/12, Cy = CQ+1/3> €

1 1
Yy = 01672‘% +026x — 51’ — Z [ |

4. Metona HeBu3HadeHux koedimieHTiB. PosrisHemo Jii-
HiliHEe HEOHOPIiIHEe PIBHAHHS N-T'0 MOPAJIKY 31 cTaymmu Koedirien-
TaMI:

Liyl=y™ +ay™ Y + . +ap 1y +any = f(z), (14.12)

ze aj, ag, . . ., ay — JaiiicHi uncna, dyskiis f(z) HenepepsHa Ha je-
sikoMy inTepsaii (a,b).

fAximo npasa dactuaa piBasiHHs (14.12) Mae cuerjagbHuil Bu-
IJISLJL, TO JJIs BIANIYKAHHS YaCTHHHOI'O PO3B A3KY IIOIO PIBHSHHS



Jlekuist 14. Jliniitai HeomHOPiAHI nudpepeHIiaibHi PIBHSIHHS N-TO TOPSJIKY 169

MOXKHa BHKOPHCTOBYBATH MeMOd HEeBU3HAUEHUL KOEPHIUleH-
mie.

Posristremo okpemi BUIaIkm, OB’ sI3aHi 3 BUTJISIIOM IIPABOI Ta-
crunu piBasians (14.12).

Bunanoxk 1. Hexait dyukiis f(x) € 106yTKOM MHOrOYI€HA HA
eKCIIOHeHIaIbHy (DYHKIIII0, TOOTO

L{y] = R (z) e®*, (14.13)

e Rp(x) = rox™ + riz™ 1 + ... + rpp12 + 7y — MHOTOWIEH
3 gificaumu koedinientamu (30kpema, 1e Moxke OyTH cTasga), o —
mificHe abo KOMILIIEKCHE YHCJIO.

Hexail o me € xapakrepucTuanum duciaom, tobro P(a) # 0
(P(a) — xapakTepucTUaHUN MHOrOYJIeH, nuB. Jekiio 13). Toxi ya-
crunHuit po3p’s30K Y = Y (z) piBusanus (14.13) mykaemo y BUIIs-
his!

Y = Qm(x)e®”, (14.14)

1e Qum(z) = g™ + @™ L+ ...+ gm_1Z + ¢m — MHOTOUIIEH M-TO
CTEIleHs 3 HEBU3HAUECHUMH KOeMirieHTaMu.

Koedirientn MHorounena Q,(r) MoxkHa 3HaiiTu, mijgcrasisi-
fount (14.14) y piBustaus (14.13) i npupisHioloun koedimienTis 6i-
Jisi OJTHAKOBUX CTEIIeHIB o y 000X YaCcTUHAX OTPUMAHOI PIBHOCTI.
[Tepexonaemocn, o KoeMirmieHTn qg, q1 - - -, ¢ Y IHOMY BUIIAJIKY
3HAY ThCA onHO3HAYHO. CHpaBii, BPAXOBYIOYHN BJIACTUBOCTI OTIe-
paropa L, omepxyemo:

LlY]=L [(qoxm +qz™ gz + qm)~e°"”] =
= qoL[2™e™™ |+ qL[x™ e | + ... + qm_1L[xe®®] +

+ gmL[e*] = (rox™ + rz™ N T+ Tm) €°C.

Bukopucraemo menep Bubejeni y 1. 3 Jjekmil 13 dopmysu

L[e*] = P(a)e*™ i L[z°e™*] = ZOCgP(j)(a)xs_jeo‘x. Ckopo-
J:
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4qyio4uu Ha e, MaeMo

m m—1
qOZCfnP(j)(a)xmfj +q1 Z CfnflP(j)(a)xmflfj +...

1
ot gme1 Y CIPD()a' T + g Pa) =
j=0

-1

=rox" + 112"+ ..+ 1T + T

[IpupiBusiemo koedimienTn 61 OJIHAKOBUX CTEIEHIB X

™ |qoP(a) = 19,

2™ gomP'(a) + qlP( ) =11,
(14.15)
20 | qoP™ (a) + Q1P(m Do) +... 4+ gm1 P'(a) +

+ gmP(a) = Tm.

Ockisnbku P(a) # 0, o 3 (14.15) MOXKHa OIHO3HAYHO 3HANHTH
BCi KoedirienTu MHOTOUWIEeHa @ (), Hampukiaan gy = ro/P(a),
q1 = (r1 — gomP'(a))/P(a) i T 1.

Hexait o € xapakTepuCTHIHUM YUCIOM KpaTHOCTi k, TobTo
P(a) = P'(a) = ... = P*D(a) = 0, ate P*)(a) # 0. Y upomy
BUIIQJIKY YaCTUHHUI po3B’si30K Y y Bursy (14.12) we nobymwysa-
i, 60 P(a) = 0. Tenep nrykarumemo iioro y Bursisiji

Y = 28Q(x)e, (14.16)

Je Qp,(z) — MHOrO4YJIEH M-TO CTEleHsI 3 HEBU3HAYEHUMHI Koedirti-
enramu. Ilincrasisioan (14.16) y (14.13), omep:xyemo, 1o

L[Y] [ ka Zq AR k+m—j ax] _
m +m— m
Z Z Ck+m g (a)mk%»mfjfseax _ Z ijm j ar
j=0  s=k =0

abo Tic/IsT CKOpOoUueHHsT Ha e

Z @ Z C’]jigl g k+8)(a)$m_j_s = erxm—j.

J=0
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[Tpupisatooun KoedirieHTn OiTsT OMHAKOBUX CTEIEHIB T, OIep-
KYEMO CHCTEMY:

m

2™ qoCly 1, PM (@) = 10,

—

z'| qo(k + m)pltm= 1)( )+q1(k+m—1)P(k+m*2)(a)+...
4 gm-1(k + 1) PP (@) = 11,

2% | qo Pk+m (@) + P+ () + ... + g1 P*H ) (a) +
+QmP( )( ):Tma

3 fKOI, OCKIJIbKHI P(k)(a) # 0, MOXKHA OJIHO3HAYHO BU3HAYUTU BC
KoeiIlienTH qo, q1, - - -5 Gm-

Bunagok 2. Hexaii npasa yactuna pisasians (14.13) mae Bu-
LJISL]Y

f(z) =e* <R§,1L) (z) cos bz + R (z) sin b:c) , (14.17)

ne RY (x) Ta RY (r) — MHOrO4JIEHH CTeIeHIB He BHUIIUX BiJ m,
puaoMy xo4a 6 OMH 3 HUX Ma€ CTelliHb m (BOHU MOXKYTb OyTu ii
CTAJIIMU YUCJIAMHU, OJUMH 3 HUX MOXKe OyTU TOTOXKHO PIBHUM HYJIIO).

Ockinbkn cosbr = M, sinbr = W, To (14.17)
MOKEMO 3allUCaTH Yy BUIJIS

. 6ibx + 6—ibx 6ibx _ e—ibx
2

+RD@) et — —
_ E%) (l‘) e(a+ib):p + Eg) (l‘) e((zfib)a:7
ne RY (x), R () — MHOrOUJIEHU CcTeneHsi m, ToOTO f(T) € cymor0
JIBOX JIOJTAHKIB, sIK1 PO3IVISIIAIUCH Y BUMTAIKY 1.

Hexaii a+bi He € XapakTepuCTUIHUM IUCJIOM piBHsiHHs (14.13).
Tomi 3rigHo 3 TeopeMoio 2 9acTUHHHUN PO3B’sI30K IBOTO PiBHSIHHS
MOzkHa 3HajiTn y Burisial Y (z) = QVS) (x) e(““‘ib)w—i—@g) (z) ela=®)
ne QW (x) 1 QP (x) — MHOrOYJIEHN CTENeHsI M 3 HEBU3HAYCHIMHE
koedimienramu. I[lepeitmoBmm 10 AificHo3HAYHUX (DYHKII, omep-
JKYEMO OCTATOYHE IIPABUJIO 3HAXOJZKEHHS YACTUHHOI'O PO3B’S3KY
piBusinus (14.13) 3 mpasoro gactuHo Bursy (14.17): axwo a+bi
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HE € TAPAKMEPUCTNUNHUM YUCAOM, MO YACTMUHHUT D036 A30K NO-
mpibHo wykamu Yy eu2andi

Y(xz) =e* <Q7(711) (z) cos bz + Q) () sin bz:),

1 . (2
de Q,(n) (x) i an) (x) — MHO20UAEHU cMENENA M 3 HEBUSHAMEHUMU
KoeiuieHmamu.
[Tpunycrumo, mo a + bi € k-KparHuM XapakKTEePUCTUIHUM YU~
csioM piBasinns (14.13). Toni yacruHEU PO3B’SI30K 1BOIO PIBHSAHHS
HOTPIOHO IIyKaTH y BUIJIsI

Y(z) = «* (@%) (x)e(a+ib)w + @g) (x)e(afib)gc>

abo
Y (z) = z*e®® (Q%) (z) cos bz + QP (z) sin b:c) :

B obox Bumakax KoedilienTn MHOro4JIeHiB Q%) (x) 1 Qg) (x) Bu-
SHAYAIOTHCS Hicsst migcranoBku Y (z) y pisusuns (14.13).

BayBazKiMO, 10 CXeMa 3HAXOJKEHHsI YACTUHHOIO PO3B’SI3KY
Y (z) me 3minuTHCH, SKIIO RY (x) = 0 abo RY () = 0. A axmo
f@) = fi(@) + fo(x) + ... + fi(2), 2e fi(2), fa(2), ..., fu(z) ma-
101 Bursy (14.14) abo (14.17) 3 pisunmu «, a + bi, To 3rijgHO 3
reopemoio 2 Y =Y, + Yo + ...+ Yy, ne Y; = Y,(z) — gacTunmHumii
posp’szok pisusanusg L]y | = fi(z), 1 =1,2,... k.

Ipuknan 3. 3inmezpysamu piensmnsa " — 2y = x? — e”.
Poses’sazarns. XapaKTepUCTUIHAMEA UUCIAMA BiIIOBIIHOTO OJ-
HODiJIHOTO piBHsIHHA € k1 = ko = 0, k3 = 2, a ToMy 3arajbHMUII
PO3B’SI30K IHOT0O PiBHAHHA Mae BurIs yg = C1 + Cox 4+ C3e?®.

[IpaBy dacTuHY 3aJaHOTO PIBHSIHHSI 3allWIIEMO Y BULJISII
f(@) = fi(@) + fol@), 2 folw) = 2, folx) = —e®.

Ockinbkr @ = 0 € XapaKTepUuCTUIHUM YUCJIOM KPATHOCTI 2, a
« = 1 He € XapaKTePUCTUIHUM YUCJIOM, TO YACTUHHUIN PO3B’I30K
3aJIaHOTO PIBHSIHHS ITyKAEMO Y BUIVISIIL

Y = 2%(Az? + Bz + C) + De® = Az + B3 + Cz? + Dé®.
[Tigcrasnsioun Y y 3ajane piBHSHHS, OJEPKYEMO TOTOXKHICTH

—24Az% + (24A — 12B)z + (6B — 4C) — De® = 2% — €7,
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3 siKoI, mpupiBHIOOYHN KoedimieHTn OilsT OTHAKOBUX CTEIEHIB I,
3HAXOMMO HeBuU3HAaYeHi Koedirientn A, B, C, D:

% —24A4 =1,
1
r|24A - 12B =0 1 1 1
’ A=—— B=——,0=—-,D=1.
2% 6B — 4C =0, 24’ 12’ 8’
el —-D =-1
Orxke, Yz—%—%—%—i—ex, a 3araJbHIM PO3B’sI3KOM €
4 3 2
x x x
=C1+ Coz + C3e™® — == — = — ~— +e m
A TR T R

Pexomerndosara aimepamypa: |3, c. 97 — 100, 107 — 110], |4,
c. 389 - 397, 408 — 417], [5, c. 243 — 261|, [8, c. 125 — 130, 138 —
144], [15, c. 103 — 108, 138 — 148].

IIutannga mo gekirii 14

1. dxky cTpykTypy Mae 3arajbHUil po3B 30K JIHITHOTO HEOTHOPI-
JTHOTO PIBHAHHS N-TO THOPSIKY !

2. dxwuit BUrsIsa Mae YaCTUHHMI PO3B’ 30K JIHIHHONO HEOHOPITHOTO
PIBHSHHS, SIKITIO HOr0 IIpaBa JYaCTUHA € CYyMOIO JEKITbKOX JTOMAHKIB?

3. Y doMmy moJsisirae MeTO/T Bapiallil JOBITbHUX CTAJNX iHTErPYBaHHSI
JIHITHOTO HEOTHOPIIHOTO PIBHSTHHS 1-I'0 TOPSIIKY 7

4. Y gomy moJisirae MeTo 1 Kot BiiIyKaHHST YaCTUHHUX PO3B’SI3KiB
JIHIHOIO HEOIHOPIAHOro PIBHSHHA N-I0 HOPSAKY! fKuil BUrjsn mae
dopmysia Komri?

5. Y oMy moJisirae MeTO/1, HeBU3HAUEHUX KOeDIIIEHTIB 3HAXOIZKEHHSI
YaCTUHHUX PO3B’sI3KiB JIHIHHOTO HEOHOPITHOTO PIBHSIHHSI 71-T'0 TIOPSIIKY
31 crasmmu KoedirieaTamMu? KOTO BUIIsy Ma€ OyTH IIpaBa JacTHHA
piBHSIHHST, IIO0 MOXKHA OyJI0 BUKOPUCTATHU el MeTo?

Bopasu go gekiii 14

1. Binrerpyiire JaiHiiini HeOMHOPIMHI PIBHAHHS METOIOM Bapiarii 10-
BITbHUX CTAJIIX:

_tgfar+1

a) y//+3y/+2y: 6) y//+4y7

er +1’ 2tgx

2. BinTerpyiiTe JiiHiliHI HEOJHOPIIHI PIBHSHHS METOJIOM HeBU3HAUE-
HUX KOeIIieHTiB:
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a)y’' —y=x%+x; 6)y"”"+y =sinz+ 3zcosz.
3. BuaiiaiTh po3s’a3ku 3amaa Korri:

a) y" +y=e" y(0) =1, y(0) = -2
6) y" —2y — 3y =ze™", y(0) =0, y'(0) = 0.

4. 3inrerpyiire piBHsiHHsI MeTogoMm Korri:

a)y’ +y=

5. Jljig KOXKHOTO DIBHSHHS 3aIUIMTh YaCTUHHUN PO3B’SI30K 3 HEBU-
3HaYEeHNMN KoeilieHTamMu, He MyKaovIn 1X:

a) ¥y’ — 2y’ + 2y = 4x%e® + 3cosz; 6) Yy’ + Ty + 10y = xe” 2 sin bz.

Jlekuisa 15. JliniiiHi o/HOPiIHI PiBHAHHSA APYTrOTO
MOPAAKY

Il1an

1. Kanoniuna gopma JIHITHONO 0JIHOPITHOIO PiBHSIHHS JAPYTO-
T'0 TIOPSJIKY.

2. ITobymoBa 3arajibHOTO PO3B’SI3KY y BUIAJKY, SKIIO BiITOMUIT
OJINH JACTHHHUN PO3B’A30K.

3. InrerpyBanus JIHITHIX PIBHIHDL 3a JOIMOMOIOIO CTEIIEHEBUX

PsAJIIB.

1. Kanoniyna ¢popma JIiHIfTHOTO OTHOPiAHOTO PiBHSIHHSI
Apyroro nopsaaky. JIiuiitai gudepenniaibhi piBHAHHS JIPYTOro
MOPSAIKY IACTO BUKOPUCTOBYIOTHCS K JpepeHItiaabai MOge i pi-
3HOMAHITHUX MMPUKJIAJHUX 33089 MeXaHiku, (pizuku, 6iosoril Ta iH-
X HAYK.

Posrisimemo siniitie ofgHOpiIHe PIBHAHHS APYTOrO MOPSIKY

a(z)y” + b(z)y' + c(x)y =0, (15.1)

ne a(x), b(x), c(x) — nenepepsui byHKIil Ha JesKoMy iHTEpBaJ
(a,b).
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Axmo a(z) # 0 Ha inrepsani (a,b), To piBasHHs (15.1) MoxKHA

3allucaTin y BI/IFJIH,Z[i
Y+ p(x)y +q(z)y =0, (15.2)

ne p(z) = b(x)/a(x), q(z) = c(x)/a(x). [lokaxkemo, MO PiBHSHHSI
(15.2) MoyKHa& 3BeCTH JI0 DIBHsIHHSI, sIK€é HE MICTUTH HepINol MoXi-
juol. g 1poro 3anpoBainMo 3aMiny

y = ax) z, (15.3)
ne z = z(x) — HoBa IykaHa GyHKIs, o) — MOKH 0 HEBiIoMa
dbyukuis. Iincrassoun (15.3) B (15.2), ogepxKyemo:

o’ (x)z + 2d/ (x)2' + ax)2” +
+p(2) (¢/(2)z + a(2)?) + ¢(z)a(z)z =0 =

2+ (23255) +p(a:)) 2+ (O;:((;)) +p($)z/((§)) + q(a:)) 2 =0.
(15.4)

BubGepemo Tenep dynkiio «(r) rak, mob koedimnient 6iasa 2’
2a/ (z)
o(z)

[IEPETBOPUBCS Y HYJIb, TOOTO +p(x) = 0. 3Bigcu, iHTerpyoyn,

3HAXOUMO YHKILIO ax):
alx) = ez /p(@)dz, (15.5)

Bpaxosytoun, mo

o' (z) = <_@ + @)e—éfp(x)dx

HasaMo piBHsiHHIO (15.4) BUDJIs LY

7+ (—]@ — @ + q(w))z =0.

Takum unnomM, 3 (15.3) 1 (15.5) BummBae, 1mo 3aMiHa IIyKaHO!
dyHKIIT 38 GOPMYIIO0

y = 6—%fp(x)dx >
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3BOJUTD piBHsiHHS (15.2) 10 piBHSIHHS

2"+ 1I(x)z =0, (15.6)
Jle TIO3HAYEHO
p(r)  p(x
1@ = - T8 P o)

Pisusinnst (15.6) HazuBaoTh KGHOHINHOIO HOPMOIO DIBHSIHHS
(15.2), a dyukmio I(x) — ineapianwmom pisusnus (15.2). Oue-
BUJIHO, IO Kosin piBHsiHHs (15.6) iHTErpyeThcsi y KBaJparypax,
TO IHTErpyeThes y KBaJparypax TakoxK piBusinas (15.2). Tak, na-
upukJiai, 6yzue, skmo [(z) = C, I(z) = 5—2 abo I(x) = ﬁ. N
nepiioMy BUNaIKy piBasinast (15.6) Oyue sinifiHum piBHSHHSM 3i
crajumu Koedirienramu, y apyromy — pisagaaam Eitaepa, y Tpe-
ThOMY — piBHsIHHsM Jlarpanzka (muB. jekunio 13). 3ayBaxKumo, 110
JIsT JTIHIRHOTO PIBHSIHHS JIPYTOro MOPSIKY 3i cTajnMu KoedirieH-
TaMU iHBapiaHTOM € B3ATHUN 3 TPOTUJIEKHUM 3HAKOM TUCKPUMi-

HaHT BIJIIIOBITHOTO XapaKTEPUCTUIHOTO PIBHSIHHS.

Ilpukiazn 1. 3inmezpysamu pierAHHA
" /
zy" + 2y + 2y =0.

Pose’sazamrms. IcayBanns Ta €IUHICTD PO3B’sI3KY rapaHTOBaHI Ha
inrepBasiax (—00,0) 1 (0,00); x = 0 — ocobiMBa TOYKA 3a/aHOTO
piBasinnst. Ockinbku p(z) = 2/x, q(x) = 1, To iHBapianTOM piB-
HsIHHSI, sIK JIerKo nepesipurtn, € ¢yukuis [(x) = 1. Bpaxosytoun
rerniep (15.6), st Biamykanust GyHKIET 2 = z(2) MaeMO PiBHSHHSI
2" 4+ z = 0, 3araabHUM PO3B’IBKOM SIKOTO €

z=Cqsinx + Cycosz.

. _ L 2de 5
Ockinbkn y = €~ 2J = 2 = Z, TO 0CTATOYHO OJIEPIKYEMO:

sin x coS T

y=0C1 + Cy u
98

T
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2. IlobynoBa 3arajibHOTO PO3B’A3KY y BUMIAAKY, AKIIO
BigoMuii oauH vacTUHHUN Po3B’saA30K. Hexail Bimomunii omgumH
HETPUBIAIBHUN YaCTHHHU pO3B’s130K ¥ = Y1 () piBusuus (15.2).
[TokazkeMo, 110 3aIPOBAIMBIIN 3aMIHY

Y= yl/u dz, (15.7)

e w = u(x) — HoBa HeBizmoma dyHKIis, piBHsAHHS (15.2) MoKHaA
3BeCTU PIBHSHHS 3 BijokpemsoBanuMu 3minaumu. Crpasii, -
crasisioun (15.7) y (15.2), oxepxkyemo:

! / wde + 20w + yro'+
+p() (y’l/u dr + yw) + q(m)yl/u dr=0 =

(y! + p(x)y) + q(@)y1) /u dz + (2y) + p(@)y1) u+ y1u’ = 0.

Ockisbkn Y1 — po3B’si30K piBHsiHHS (15.7), TO

Yl + p(@)yy + q(@)y1 =0,

a ToMy
/

yiv’ + (20 +p@)y)u=0 = o'+ (2% +p($)>u = 0.
1

3arajbHUM PO3B’SI3KOM OTPUMAHOI'O PIBHSIHHSI, sIK JIETKO TIepe-
konarucd, € u = Cry; 2= [p(z)dz [Migcrasisitoun Terep QyHKIHO
uwy (15.7), onepxkyemo 3aranbHuii po3s’szok (15.2)

effp(ac)d:r
y=1mn Cl/de-i-CQ . (15.8)
1

Dopmyay (15.8) HasuBaoTh opmynaoro Abeas.

IlpukJiazng 2. 3inmezpysamu pieHAHHA

(22 +1)y" — 22/ +2y = 0.
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Pose’aszanns. Jlerko nepesipuru, 1o yi(x) = T € 4aCTUHHUM
pO3B’sI3KOM 3a1aH0ro piBHsaHH. Ockinpku p(z) = — —2%

—-Eyii, TO, BU-
KOpHCTOBquH(bOpMyﬂy A6eﬂH,QﬂqﬁKyeMO:

2zxdx

x2+1
y==x C’l/ 5 dx + Cy =
g8

eln(x2+1)
y=x (j{/r——jgg———d$‘+'6b =

241
yzac(C’l/x;Q_ d$+Cg> = y:Cl($2—1)+Cgac.l

Axmo Bijomuil HeTpUBiAJbHUI YACTHUHHUN DO3B'si30K Y1 ()
piBasinast (15.2), To 1 pIBHSIHHS MOXKHA 3IHTErPYBATH TaKOXK,
Bukopucrosyoun dopmyiny Ocrporpajcekoro — Jliysiwis (Je-
Kiiist 12).

Brigao 3 rTeopemoro 6 (sexiis 12) juist Toro, mob 3HaHTH
3arajJbHUil po3B’s30K piBHsHHs (15.2), moTpibHO 3HATH dYyHIA-
MEHTAJIbHY CHUCTeMY DO3B’si3KiB 11boro piBHsiHHs. Hexait yo(x) —
Takuii po3s’si3oKk piBHaHHA (15.2), mo yi(z), y2(x) yrBOpOOTH
dynamenTanbay cucreMy po3B’s3kiB. Bukopucroyioun dbopmy-
ay Ocrporpagcbkoro — Jliysiwist y surisini W(z) = Cy e~ [p(@)dz
(bopmyita (12.17) 3 nekuil 12)), omepxKyemo:

/ / i d ylyé - y/1y2 C1 —f d
Y1yh — Yhys = Cre IP@dr o 2222 192 o= [p@)dr

o7 y?

s —[p(z)dz
1 Yq Y1

Takum unHOM, 3HOBY oziepKasu dhopmysny Abess (15.8).

3. InTterpyBaHHs JIiHITHUX PiBHSIHb 3a JIOIIOMOTOIO CTe-
neHeBuX psiAiB. Bimomo, 1o po3s’sa3ku JiHiitHOTO JndepeHiiaib-
HOTO PIBHAHHS JIPYTrOro MOPsIKY 31 3MiHHUME KoedillieHTaMu He
3aBXK/I1 BUPAXKAIOTHCSA Uepe3 eJleMeHTapHi (DYHKINT, a iHTerpyBaH-
Hsl TAKUX PIBHAHDL PIKO 3BOAUTHCS 0 KBAJIPATyP.
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[Ile omuu MeTOJ IHTErpyBaHHsS 3a3HAYEHUX DIBHAHB IIOJIATAE
y 300pazkeHHi HIYKAHOrO PO3B’SI3KY y BUIVIAl CTEIIEHEBOIO PSJLY.
Haramaemo gesiki monaTTs i ¢pakT, MO CTOCYIOTHCS CTEIIEHEBUX
psiB.

Dyukuio f(z), sika BusHauena Ha iHTepBasi (a,b), HA3UBAIOTH
aHnaaimuuHoro B Touri xg € (a,b), Ko i1 MOXKHA PO3BUHYTH
B CTeNeHeBUil psijl, 301KHUil y IeaKoMy OKOJI TOYKHM xg. KaxKyTs,
mo dyukiisg f(x) anasimuyunae va inrepsaii (a,b), KO BOHA B
KOXKHIii Touni zg € (a,b) Moxke 6yTu po3BUHEHA B CTENEHEBUil Psil,
110 30Ira€Thcs B JIEIKOMY OKOJII TOYKH T(o. 30KpeMa, SKIIO PsiJL

fl@)=>en(z — o)

k=0

Mae pajiyc 36izkuocTi r > 0, To dyukiia f(z) ananituuna Ha iH-
repBaJii (zg — r, g+ 7).

Posrsinemo nudepennianbhe pisasians (15.2), B sikomy byH-
kil p(z) 1 ¢(z) anamitnani Ha inrepsani (g — a,xo + a), T06TO TX
MOYKHA DO3BUHYTH Yy CTEIIEHEBI Psijin

p@) = pe-(@—x0)*, @)= gk (z—m0)",
k=0 k=0

siKi 36iratoTbest Ha iHTepBasi (xg — a,xg + a).

Teopema 1. dxwo y pienanni (15.2) dynxuii p(x) i q(z) ana-
aMmusng ma inmepsani (xo — a,xo + a), mo 6ydv-aKul pose’a3ox
UB020 PIBHANHA € AHANMUNHON GyrKyieto npu x € (Tg—a, xo+a),
mobmo mooice bymu pozsumnenut Yy cmenenesuts pad

y(x) = Z ck(x — xo)k, (15.9)

k=0
wo 36izacmuvea das (rg — a, o + a).

HoBesiennsi 1i€l TeopeMu MOKHa 3HaiiTH, Hanpukiaia, B |6,
c. 284 — 286].

Touky = = x( Ha3UBAIOTDL MOYKON AHAALMUYHOCTME PiB-
usuas (15.2). B okosl Touky aHaiTHYIHOCTI PO3B’SI30K DPIBHSHHS
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(15.2) mykators y Burysiai psgy (15.9), ge gucna cg, 1, o, ...
H1/IAral0Th BU3HAYCHHIO.

Ilpukiazn 3. 3a donomozoro cmeneresur padie 3inmezpysamu
pisnanna Yy’ + xy = 0.
Poss’azarna. Binguaanmo, 1o 3ajaHe piBHIHHS HE IHTErPYEThCS
y KBajparypax. 1loro poss’si30k MIyKaeMo y BUIVISIIL PSILY

)= cxa®, (15.10)
k=0

BBazkatoun cp, k = 0,1, ... HeBusHaueHnMu Koedimieatamu. Ilo-
KazKeMo, IO Il KoediIlieHTH MOYKHA OJHO3HAYHO BU3HAYUTHU 1 IIPU
npoMy psaj (15.10) 36iraTumMerbes B Jeskomy okouii Touku = 0.

Hpiui 3mudepentioemo psi (15.10) i migcraBumo iforo pazom
3 pagoM g iy’ y 3agane pipaaas. Oep:KUMO TOTOXKHICTD

o0 o0
Z k(k —1)epzt2 + Z grftl=0 =
k=2

k=0
Z (k4 2)(k + 1)cppoa® = — Z cp_12”.
k=0 k=1

[IpupiBHiotoun koedirieHTn Oiisi OJIHAKOBUX CTEIICHIB T, 3HA-
XOJINMO, ITTO

1
co=0, Cpro=—-——"——cp 1, k=1
Orxe,
(=1)™co
C =
T 3mBm —1)B3m —3)3m —4)-...-3-2’
(=1)"c1 .
@ == C =
LT Bm 4+ 1)3m(B3m —2)(3m —3) ... 4.3 omtr T
e m = 1,2,..., a KoedilieHTN ¢y 1 €] 3aIUIMIAIOTHCS HEBU3HATE-
HUMHE (JIOBIIBHUMN).
[Toknamaroun ¢y = 1, ¢ = 0, M0 PIBHOCMJIBHO TOYATKOBUM
ymosam y(0) = 1, ¢/(0) = 0, 3aaxomqumo psij
(_1)m 3m

(15.11)

n(@) _1+Z3m3m—1)(3m 3)Bm—4)-...-3.2°
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[Mokragaroun ¢y = 0, ¢; = 1, 1110 PIBHOCUJIBHO TTOYATKOBUM YMO-
sam y(0) = 0, ¥/(0) = 1, onepkyemo psif,

( 1)m 3m—+1
ya() _”Z GBm+ 1)3mBm —2)3m —3)-... 4.3

(15.12)

Bukopucropyroun osnaky /[I’Asrambepa, JIerko mokasaTwu, IO
psiam (15.11), (15.12) 36iratorbest 1yist Beix & € (—o00, +00), a ToMy
ix MokHa judepentioBaru Ha (—o0, +00). [Tixcrasisioun (15.11),
(15.12) y piBugnus (15.2), mepekonyemoch, mo yi(z), ya(x) —
po3B’si3ku piBHsiHHA (15.2). Binbmn Toro, ni po3s’ssku JiHiiiHO He-
3ajiexkHi Ha (—00,+00), 60 TX BpOHCKiaH BiAMIHHUI Bij Hysst y
Touri x = 0:

Omke, 3arajJbHUM PO3B’SI3KOM 3a/IaHOI0 PIBHAHHS €

y = Cry1(z) + Caya (),

ne y1(x), y2(z) Busnaueni dopmymamu (15.11), (15.12), a Cq, Cy —
noBlibHI cTassi.

3a3naunMo, 10 METOJ, CTEIIEHEBUX PSIIB MOYKHA BUKOPUCTOBY-

BaTU TAKOXK JIJIsi PO3B’SI3yBaHHsI JIHINHUX HEOIHODPIIHUX PiBHSHD

1" / _ .

apyroro opanxy y” + p(x)y’ + q(x)y = f(z), axmo p(z), q(x) i
f(x) — amamitnani YHKIGT B JIESIKOMY OKOJII TOYKH T = Iy.

Posrsiremo rtenep Bunasiok, xkoiu p(z) i ¢(x) — xoedinientu

piBusiaHs (15.2) — He € AHAJITUYIHIME B OKOJIl TOYKA & = Z(. TOUKY

T = xp, ;g kol lim p(x) = oo abo lim ¢(x) = oo, HA3UBAIOTH
T—T0 T—T0

0c004u6010 TOUKOO piBHsHHS (15.2).
Hexaii koedinientu pisusinas (15.2) moxHa mogaru hopmy-

namu p(r) = gl(ig, q(x) = (;“g;o))% ne p1(z), q1(x) — anamituani

dbyukuii Ha invepBai (g — a, g + a), T06TO

o0 oo
= ple—20)", @) =) qulz— )"
k=0 k=0
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Toxi piBusinast (15.2) 3pydHO 3amucaTH y BULVIsLI

(& —20)%y" + (¢ — zo)p1(2)y + q1(2)y =0, @ # wo.
Ao ¢ = xg — ocobiuBa Touka piBHsinHg (15.2) (e Gyze, AKIIO
xo4a 6 OjiHe 3 4HCel Pig, q10, ¢11 BiaMiHHE Bin Hysisi), To 11 Ha3u-
BalOTh PE2YAAPHOI 0C00AUB0M10 TOWK0M. B 0KOI peryssipHol
0co6JIMBOT TOUKKM T = ¢ PO3B’si3KM piBHsAHHs (15.2), B3arasi ka-
JKYUU, MOXKYTh HEe 300parKaTUCh Y BUIVIS/I CTEIIEHEBOIO Psijly BU-
rsiiy (15.9). Hanpukitan, obusa po3s’ssku 3y = /24 Yo = 2
pisnsnna Eittepa 222y” + 5xy’ — 2y = 0 He MOKHA PO3BHHYTH Y
crenenesi psiu Burisiy (15.9), To6To y psian 3a HiMMU JI0JATHE-
MW CTENeHAMHA .

Y 1pOMY BHIIAJIKY PO3B 30K PiBHsIHHSI TIOTPIOHO IITYKATH y BU-
ST Y3a2aAbHEH020 CMENneHe8o20 pady

y(@) = (x —z0)" Y erlx — o),
k=0

Jie Yucaa r, cg, Ci, ... HJJISTAIOTH BU3HAYEHHIO.
Posp’sizkemo Termep MeToI0M CTEIEeHEBUX PSIIiB PIBHAHHS 3 TIPHU-
Kty 1.

Ilpukaazn 4. Bnatimu 3azasvrutl po3e’a30% PiEHANHA

zy” + 2y + zy = 0. (15.13)

Posze’szanna. Touka xg = 0 € ocobimsoro, 60 p(z) = 2 — oo upu
x — 0. Tomy po3B’s130K IIyKaeMO y BUIVIAJ] y3araJbHEHOIO CTele-

HEBOT'O DsiJLy
oo
y(x) =a" Z cpah.
k=0

Toui
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I[Tigcrasasioun 3uaiineni supasu s y, y', y” y (15.13), onepxky-
€MO, 1110

(k+r)k+r— l)ckmk”*l +

(98 11

[o.¢]
k4 r)epahtrt + Z cprFtTtl =0

+ 2
k=0 k=0
abo Tic/IsT CKOpOUeHHST Ha ' :
[o.¢]
Z (k+r) k+r—1)ck1:k 1—|—22 (k+r ckmk 1—|—ch1: =0.
k=0 k=0 k=0

Ockisibku 3012KHI cTeleHeBl psifin € abCOIOTHO 3012KHI Beepe-
JHl iHTEepBasLy 3012KHOCTI, TO TONEPe HI PIBHOCTI MOXKHA HAJIATH
TaKOr'O BUTJISIITY:

(r? + r)coz™t + (r? + 3r + 2)c12® + (co+ (r® + 57 +6)ca) = +

+ (e1+ (P +7r+12)c3) 2® + (2 + (r? +9r +20)cs) 2® + ... =0
(15.14)

3Bijcu BUTLIMBAE, IO yCi KOeIIieHTH y3araJbHEeHOIO CTereHe-
Boro psy (15.14) nopiBHIOIOTH HyJIIO, TOOTO

(r? +7)co = 0,

(r? +3r+2)c; =0,

co+ (r2 +5r 4+ 6)cz = 0,
c1+ (r?2 +7r +12)c3 = 0,
c2 + (r2 + 97 4+ 20)cy = 0,

(15.15)

Hexaii ¢y # 0, Tozi 3 nepiroro pisasinust cucremu (15.15) ozep-
xKyemo, mo r = 0 abo r = —1. dkmo r = 0 i, manpukiaam, cg = 1,
To 3 (15.15) 3HAXOAMMO

1 1
c; =0, 02:—5, c3 =0, 04:5,...,
1k’
cok—1 =0, CQk—(2k+)1)
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Takum auaOM, DyHKITIS

2 4

T T 1 3 b sinx

€ po3B’si3koM piBHsiHHs (15.13).
Hexait Terep r = —1. Tomi, BBaxkaroun, 1mo cg = 1, ¢ = 0, 3
(15.15) 3HaxoauMO

1 _ 1 (—=1)*

TaKOXK € po3B’st3koM piBHsiHHs (15.13). Ockinbku 3uaigeni dyn-
kil y1 (z) 1 yo(z) niniiino HezasexkHi (IPOMOHYEMO Yy IILOMY II€PEKO-
HATHCsI CAMOCTIHHO), TO 3rizHO 3 OCHOBHOIO TeopeMolo (Jiekiist 12)
3araJibHUM PO3B’si3KoM piBHsAHHS (15.13) €

sin x coS T

y=0C + Cs u
x

X

Pexomendosana aimepamypa: (3, c. 95, 172 — 185], |6,
c. 269 — 273, 283 — 294], [8, c. 120 — 122, 150 — 158], [15, c. 202 —
219], [16, c. 363 — 404, 412 — 435).

ITurannsa mo Jjgekii 15

1. 3a momomororo sKol MiJACTAHOBKHU JIHIAHE OIHOpPIIHE PIBHSIHHS
JPYTOro MOPSIKY MOYKHA 3BECTHU JI0 PIBHAHHS, sIK€ He MICTUTH ITE€PIIOl
noxigmoi? Ik HasmBaioTh Taky HOpMy PIBHAHHS!

2. Illo wa3uBarOTH iHBapiaHTOM JHHITHOTO OJIHOPIIHOTO PiBHAHHS
apyroro nopsiiky? fkoro Burjsiy mae OyTu iHBapiaHT, 1100 BiIIIOBIIHE
Jriniiine OJHOPIIHE PIBHSAHHA APYTOTO MOPSIKY MOXKHA OyJI0 3iHTEerpyBa-
TH y KBaJparypax?’

3. dk, mMaoun onuH YacTUHHUN PO3B’I30K JHHIHOIO OIHOPIIHOIO
PIBHSIHHSI JPYTOT'O MOPSIJIKY, 3IHTErpyBaTH 1€ PIBHSHHS Y KBaJIpaTypax?!
dxuit Bursisy mae opmysia Abess?
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4. Ak moxxna Bukopucratu (opmyiny Ocrporpajcbkoro — JIiyBimis
JIJIst IHTerpyBaHHs JIIHIHHOTO OJ{HOPI/IHOTO PIBHSIHHSI JIPYT'OrO MOPSIIKY 7

5. ¢k 3HalTH 3araabHII PO3B’I30K JIHIHHOTO OJTHOPITHOTO PIBHSAHHS
APYTOTO MOPSIKY 3a JOIOMOTOIO CTEIEHEBUX PsAiB? Y SKOMY BUITAIKY
PO3B’SI30K IBOr0 PIBHAHHS MOTPIOHO IMIyKATH y BUIVIAJL y3arajbHEHOTO
CTEEeHEBOTO Py !

IMuranus mo jgekmoii 15
1. 3BesiTh piBHsIHHS 10 KAHOHIYHOI (hbopMH Ta 3iHTErpyiiTe IX:
a)y" + 2y +y=0; 6)z%y +22% + (2> —2)y=0.
2. Binrerpyiite piBHSIHHs, 3HAIOUHN 1X YACTUHHI PO3B’a3KH Y1 ():

2z,
)

a) 2z +1)y" +4ay’ —4y =0, yi(z) = e~
6) z(x — 1)y —zy +y =0, yi(x) ==

3. 3inTerpyiite piBHIHHS METOJIOM CTEIIEHEBUX PSIIIiB:
1 / — . "o x
a)y" +ay +y=0; 6)y" =ye".
4. 3iaTerpyiiTe PiBHAHHS METOIOM y3araJbHEHUX CTEICHEBUX Dsi/IiB:

a) zy” — (x+ 1)y +y=0; 6)92%y" — (2% —2)y = 0.
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Jlekriig 16. IudepeniiiajabHi Moaesi KOJTUBAJIbHUX
MpoIieciB

Ilan

1. BacrocyBanHs JIHIKHUX OJHOPIIHUX Ju(EPEHIaJIbHIX PiB-
HAHB JIPYTOrO TOPSIKY JI0 KOJMBAJBHAX PYXiB.

2. 3acrocyBaHHs JIHIMHUX HEOIHOPITHUX JTudEpPEHIaIbHIX
PIBHAHD JIDYTOTO MOPSAJIKY /10 KOJUBAJLHUX PYXiB.

3. HudepenriiaabHa MOIEIb MATEMATITHOTO MAATHHIKA.

1. BacTocyBaHHs JIiHITHUX OJHOPIAHUX AudepeHIliaib-
HUX PIBHSIHb JIPYTrOro MOPsiZIKYy A0 KOJIMBAJBHUX PYXIiB.
[Tpunyctumo, 1o marepiajgbHa TOYKA MaCH M IPIMOJIHIAHO py-
XA€ThCsT B3JI0BK oci Ox 1ij| BILIMBOM TPbOX CHIL:

1) cum Fy, 1m0 OpuTsirye TOYKY JI0 1OYATKY KOODJIMHAT; IO
CIJIY BBarkKaTUMEMO IIPOIOPIINHHOI0 Bi/Ial & TOYKU BiJ IMOYaTKY
KoOopauHaT, ToOTO F1 = —ax, me a > 0;

2) cuin Fy onopy cepejioBuIna, siKy MPHUILYCKATUMEMO IIPOIOP-
IIAHOIO MIBUJIKOCTI PyXy TOYKHU (1€ NPUILYIIEeHHs] OJIn3bKe 10 JIiii-
CHOCTI JIIs HE3HAYHUX IIBHUIKOCTEN ), ToOTO Fh = —br', ne b > 0;

3) 30y proBaJILHOI (30BHINIHBOT) CHJIM, IO CIIPSIMOBAHA B3JIOBXK
oci Ox i nopisuioe F3(t) y Moment gacy t.

Tomni 3rinno 3 apyrom 3axkonom Hbiorona

F = ma,

ne F'=Fy+ Fy+ F3, a = 2" (t), maemo qudpepentiianbie piBHSHHs
PyXy MaTepiajbHOl TOUKU:

mz” = —ax — bx' + F3(t)
abo
o’ +2pa’ + ¢?x = f(t), (16.1)
Je
b / F3(t
p=5-20, ¢= £>07 f(t):ﬂ
2m m m

Yucsio p HazuBaoTh Koe@diuteHmom onopy, a aucyio q — xoegpi-
ULEHTNOM 810TUNEHHS.



Jlekuisi 16. JIudepeniiaabhai Mo/1ei KOJIUBAJIBHUX MIPOIECIB 187

Hudbepennianbue pisasinns (16.1) — sinifine HeopHODiHE DiB-
HSIHHSI JIPYTOr'0O MOPsiIKY 31 crajuMu Koedirienramu. 3iHTerpyBaB-
K fl0r0, 3HANWIEMO 3aKOH PyXy MaTepia/ibHOI TOUKH.

OckijibKu HaHOUIBINMIT IHTEPEC CTAHOBJISITH BUIAJKH, KOJIH
pyX, skuil BusHaveHuil pisHsiHHAM (16.1), € KOJIMBAHHSIM TOYKH
6ist nostozkennsi * = 0, To piBHstHHs (16.1) HA3UBAIOTH PIEHAH-
HAM KOAUBAHDG. [Ipu 11boMy, AKINO 30yproBa/ibHA CHJIA BiICyTHS,
10010 f(t) = 0, TO 16 PIBHAHHS HASUBAIOTH PIBHAHHAM SLALHUL
KOAUBAHD; BOHO MaE€ BUTJISLT

" +2p2’ + ¢z =0. (16.2)

Hudepennianbue piBasiasg (16.1), y sikoMy npasa 4acTHHA TOTO-
JKHO BiJIMIHHA BiJ[ HYyJIsI, HA3UBAIOTb PIBHAHHAM SUMYUEHUT
KOAUBAHD.

Posriisinemo piBusinnst (16.2) 1 3’sicyemo, sik koedinienru p, q
BILIMBAIOTH HA XapakTep pyxy MarepiajabHol Touku. [Ipoanastizy-
€MO OKpeMi BumaJku piBasiHHs (16.2).

Bunamok 1. Pyz esidoysacmuves 1y cepedosuuyi 6e3 onopy
(p =0). Toxi piBHSHHS PYXy Ma€ BHUIVISL

" + ¢’z = 0. (16.3)

Pisusinns (16.3) onmcye BepTUKaJbHI PyXu Tija, MiJBiIEHOrO Ha
NPY2KUHI, I/ BIVIMBOM CHUJIA TPYXKHOCTI TMPYXKUHU 1 CUJIU Barw,
MaJll KOJIMBAHHSI MasTHUKA, KOJMUBaHHS IOBITPSI B aKyCTUYHOMY
pesoHaTOpi Ta iHI gBuIna KoauBHOI npupou. lle piBHsHHS HA3M-
BalOTh 1€ PLBHAHHAM 2APMOHIUYHO20 OCUUAAMOPA.
Pipusnus (16.3) — siniitne oxHOpiHe PIBHAHHS 31 CTAINMK KO-

edimientamu. Voro xapakrepucruune piBusinns k2 + ¢ = 0, a
XapaKTEePUCTUIHI YUCIa — KOMILIEKCHO-CIIpsizkKeHa, mapa ki = qi,
ko = — qi, a TOMY 3araJlbHIM PO3B’SI3KOM IIHOI'0 PIBHAHHS €

x = Cqcos gt + Cysingt.

st 3’sicyBanHst DI3UIHOTO 3MICTY OTPUMAHOTO PO3B’S3KY 3PY-
YHO 3BECTHU HOTO0 JI0 iHIIOT (hOpMU, BBIBIIH 3aMiCTh JIOBIJIBHIX CTa-
mux Cp, Co HOBI crasi Ai ¢ (A > 0) 3a dopmynamu Cp = Asin g,
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Cy = Acos . Toni

A=,/C?+C3, gozarctg% (Cy #0),
2

x = Asinpcosqt + Acospsingt =
z(t) = Asin(gt + ). (16.4)

Pyx, sikuit onucyerbest opmyiioro (16.4), HasupaooTh 2apmo-
HIYHUM KOAUBAHHAM. BiH € mepionuaHuM pyxoM 3 nepiodom
T = 27w /q i wacmomoro q. Yuciio A Ha3UBaOTH AMNAIMYI0I0
Koausarns (16.4) (e MakcumasibHe BIXWJIEHHS] TOYKHU BiJ[ CTa-
Hy piBHOBaru). Beqmuuny gt + ¢ HasuBaoTh has3oro KoAUBAHHA.
Suadvenns a3 Kommpanusg npu t = 0, TOOTO KyT (¢ HA3WBAIOTD
nowamxosor @Pasoro xkonmsanus (16.4).

3 dopmynu (16.4) Buruiusae, 1m0 BCl pyxu, BU3HAYEH] PiBHsI-
uusim (16.3), obmexeni, 60 upu t — +oo |z(t)] < A. I'padik
KOYKHOI'O KOHKPETHOTO PYXY MOYKHA OJ[EPKATH 3a JOIMOMOIOI0 eJie-
MeHTapHUX IepeTBopeHb rpadika GyHkuil = sint (puc. 16.1).

T
A

r=A
ANAN
O t
\/ v = Asin(qt + ¢)

Puc. 16.1

Bynp-skuM 1M0YaTKOBUM yMOBAM
/ /
z(0) = zg, 2'(0) =z
3riJIHO 3 TEOPEMOIO PO ICHYBAHHS Ta €IWHICTD PO3B’SI3KY 3ajati
Komi syist siinifiHoro piBHsiHHSL n-r0 nopsiaky (sexigist 10) Bignosi-
nae exauanit pyx 3 dopmynu (16.4). Buaiinemo neit pyx. Ockiabku

x' = Aqcos(qt + ¢), To BimnoBiaHi 3HaveHHs amIutiTy A i moua-
TKOBOI (ha3u ¢ OJIEPIKYEMO 3 CHCTEMU

Asin g = xg, L 2 . qxo
{chosga::z:f) = A—q qxy + 1", @ = arctg _

0



Jlekuisi 16. JIudepeniiaabhai Mo/1ei KOJIUBAJIBHUX MIPOIECIB 189

Bunanok 2. Pyx sidoysaemuvcs y cepedosuwyi 3 onopom p > 0.
XapaxTepucruannm pisnanuam s (16.2) € k2 +2pk +¢2 =0, a
XapaKTePUCTUIHIMHI THUCIaAMA —

ki=-p+vp2—¢® i ka=—-p—+p?>—¢%

dkmo p? — ¢* < 0, To, no3uaunsmu p> — ¢> = —h?

pO3B’s130K piBHsHHA (16.2) MOKEMO 3amucaTi sk

, 3araJbHuil

x = e P!(C cos ht + Cy sin ht),

e h = \/q? — p2, abo, BpaxoBylO4M HO3HAYCHHS, SIKi BUKOPUCTO-
ByBaJIuCh pu BuBejeHHI (opmyiu (16.4), v Burisii

z(t) = Ae P sin(ht + o). (16.5)

Pyx Toukn, sikuii onucyerbesi dopmysioro (16.5), HazuBaoTh
32aCa0UYUM 2GPMOHIYHUM KOAUBAHHAM 3 11epiojgoMm T = 2%,
gacroToro h, amitityoro Ae P! noyarkosoro dazoro ¢ (puc. 16.2).
Ha Bipminy Big rapmoniunoro xosmsansst (16.4) remnep aMiuiTya
€ BeJIMIIHOI0 3MinHO0. AJte Bona obMexkena, 60 Ae P! < A, i nps-
Mye J0 HyJst npu t — +00. Yucsio A HasuBalOTh NOYAMKOBOI0
amnaimydoro, a p — Koediuienmom 3zacarns. Muoxnux e Pt
XapaKTepu3ye MIBUKICTH 3racaHHs KOJUBAHHS.

T

Puc. 16.2

2

dxmo p? — ¢> > 0, To, mo3nauusIm P> — ¢> = h?, 3araibHMil

pO3B’s130K piBHsiHHs (16.2) 3anminemMo y BUrIsi

z(t) = Creh Pt 4 Che=(htP)E, (16.6)
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Ockisbku h < p, 1o x(t) - 0 upu t— 4oo. Hapemri, skio
p2 - q2 =0, To k1 = ko = — p, a 3araJIbHUM PO3B’SI3KOM €

z(t) = e PO + Coat), (16.7)

nupudomy 3HOBY Z(t) — 0 upu ¢ — 400.

Pyxu, siki onucyorbest popmysamu (16.6) 1 (16.7), HasuBaoTh
anepioduHUMU 32aCaA0UUMU PYTamu. 13 3pocranaam ¢ Bij-
xuseHHst z(t) aCUMITOTUYHO HABJIMMKAETHCS JI0 HyJisl 1 KOJIMBAHb
HABKOJIO moJioxkenns = 0 Hemae. YCi pO3IVIAHYTI pyXu Ha3uBa-
I0Th BIABHUMU A0 BAACHUMU KOAUBAHHAMU.

TakuM 9UHOM, HasIBHICTH onopy cepenosuiia (p > 0) Bug03Mi-
HIOE XapakTep KOJMBAaHDb, IPUYOMY, SIKIIO OIIp p MOPIBHSHO HEeBe-
mukuit (p < ¢), TO PyXH 3aJUIMIAIOTHCS IEPIOAUIHUMU, 3racaioyun
npu t — 400, & IPU BEJMKOMY OIOpi cepejpoBuina (p = q) pyxu
CTAIOTh AIePIOIUIHIMU.

2. 3acTocyBaHHs JIHINHUX HeOTHOPimHUX audepeHIi-
aNbHUX PIiBHAHBb JIPYTrOro HOPSJKY /10 KOJIMBAJIbLHUX PY-
xiB. Posrisinemo mpudepeHniiajibie pPiBHSAHHS BUMYIICHUX KOJIU-
Banb (16.1) (f(¢) # 0). 3rigHO 3 TEOPEMOIO PO CTPYKTYPY 3araJib-
HOIO PO3B’$I3Ky JIHIHOrO HeoJHOpiAHOrO piBHsAHHs (1eKkiis 14)
ycl pyxu, siKi BU3HAUYAIOTHCs piBHsiHHAM (16.1), yTBOpIOIOTBHCS 3
CYKYIIHOCTI yCiX PyXiB, BUSHAUYEHUX BIJIIIOBIIHUM OJHOPITHUM PiB-
HeAHHSM (DIBHSHHSIM GIABHUL KOAUBAHD MOYKU), 1 Oy/Ib-sIKOro
OJIHOTO PYyXY, BU3HAUEHOIO HeOoJHOpiHNM piBHsiHHIM (16.1).

Posrisinemo Bunasiok, koiu 30yproBainbaa cuia f(t) nepiogu-
9yHa 1 Ma€e cuHycoinaIbHuil xapakrep (y 3aCTOCYBAHHSIX 11€ TPAIL/Isi-
€ThCs1 JIOCUTD YaCTO).

Bunanok 1. Pyx esidoysacmuvea y cepedosuwii 6e3 onopy
(p = 0). Toxi piBHSIHHSI DyXy Ma€ BUIJIsL]I

" + ¢*z = M sinwt. (16.8)

Bracui konuBanHsl Zo(t), $KI BU3HAYAIOTHCS BIJIIOBITHUM
oauopiauM piBuanuaM 7 + ¢?z = 0, € rapMoHiYHIME (muB. dop-
myity (16.4)):

zo(t) = Asin(qt + @). (16.9)
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BasmimaeTbes 3HAWTH YaCTUHHUN pPO3B’si30K piBHsHHs (16.8).
Buriis ms0ro po3s’si3Ky 3a/1€3KUTh BiJl TOTO, YU € YUCI0 a+1b = iw
KOpeHeM xapakTepucrudHoro pisusaHS k2 + ¢ = 0. Ockinbku
k12 = % 1q, TO BCe 3as1eKUTH Bij| TOTO, 1M 36iraeThcd JacTora 30y-
PIOBAJIBHOI CHJIM 3 YACTOTON BJIACHUX KOJIMBAHb (pPE30HAHCHUU
6unador), Y MaeMO He306Il IUX 4acToT (Hepe3oHaHCHUT Su-
nadox).

Posristremo criouaTky Hepe3OHAHCHUN BUIAIOK, TOOTO KOJIU
w # q. Yacrunuuit poss’si3ok piBusuns (16.8) X (¢) mykaemo y
BUTJISIT1

X(t) = Ay coswt + By sinwt,

ne Ai i By — jedki crasi, siki BUBHaYMMO 3rofoM. Toi
X'(t) = —Aywsinwt + Byw cos wt,
X"(t) = —Ajw? coswt — Biw? sinwt
i, mizcrassitoun B (16.8), o/epKyeMo piBHSIHHS
— Ayw? cos wt — Byw? sinwt + q2(A1 coswt + By sinwt) = M sinwt.

3 HBOTO, ITpUPIBHIOIOYN KoedilieHTn 61isi cos wt, sin wt BiJIIIOBIIHO,
MAa€EMO:
—Ajw? +A41¢° =0 M
1w+ A1g” =0, -

A1 =0, Bi=———.
~Buw?+Bif=M T T T g —w?

Takum duHOM,

X(t) = m sinwt,

a 3arajbHUN Po3B’s130K piBHsiHHs (16.8) Mae BUIIIsi

M
z(t) = p R sinwt + Asin(qt + ).

Bumyeni kosmmBamHsi, BUBHAYEH] 1M 3ara/IbHAM PO3B’SI3KOM, Ha-
3UBAIOTH HAKAAIEHUMUY 2GPMOHIYHUMUY KOAUBAHHAMU.
Posrisinemo piBHSIHHSI BUMYIIIEHUX KOJUBAHD

2" + ¢*x = M singt, (16.10)
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sIKe € OKPeMUM BuIaJkoM piBHsiHHs (16.8), Koim w = ¢, T06TO
KOJTH 1acToTa 30yPIOBAILHOI CUJIH 30ira€ThbCsl 3 YaCTOTOIO BJIACHUX
KOJIMBaHb (pe30oHamc). Y IbOMY BHIQJKY YaCTHHHUN PO3B’S30K
Ma€ BUTJISL

X (t) = t(Ay cosqt + By singt),

00 iq € TPOCTUM XaPAKTEPUCTUIHUM TUCTOM. TOmi
X'(t) = Ay cos gt + By sin gt + tq(—Aj sin gt + By cos gt),
X"(t) = —2A1qsin gt + 2By q cos gt — tq*(A; cos gt + By sin gt)
i, migcrasisitoun B (16.10), omepKyeMo piBHSIHHS
—2A,qsin gt + 2B;qcos gt — q*t(A; cos gt + By sinqt) +
+¢*t(Aj cosqt + By singt) = Msingt =
—2Aqsingt + 2By cos qt = M sin gt.

3Bijcu, npupiBHioun KoedirienTu 6iisi cos qt, sin gt BijmosigHO,

3HAXOAUMO, 110 A1 = —2—]\5, Bi = 0. Takum amHOM,
M
X(t) = —Q—tcos qt. (16.11)
q

Hacrunuuit po3s’si30k (16.11) € BUMyIIeHIM KOJIMBAHHAM 1 Ma€
HeoOMexkeHy aMILtiTyay mpu t — 4 o0o. ['padik mporo KosmBamHs
po3TaloBaHuil MiXK IPAMUMU T = Q—Agt il 93 = —QMqt (puc. 16.3).

X

Puc. 16.5

VY peabaux PIZUIHUX CHCTEMaX KOJIUBAHHs HIKOJIN HE MOXKYTh
3pOCTaTu HEOOMEXKEHO, 0O KOJMBAHHS 3 HEOOMEXKEHOIO aMILIITY-
11010 ab0 CTPUMYIOTLCSI OIIOPOM, 400 IIPU3BOIALTL 0 PyilHyBaHHs
CUCTEMU.
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BaranbHuM po3B’sizkoM piBHsiHHs (16.10) €
M
z(t) = Asin(gt + ¢) — 2—t cos qt.
q

Bumyiieni KojuBaHHsI, BI3HAYEH] MM PO3B’SI3KOM, YTBOPIOIOTHCSI
HaKJ/Ia/IaHHAM rapMoHifiHnX kosuBanb (16.9) i konmBanb 3 HeoOMe-
JKeHor amiutiTyoo (16.11).

Bunagok 2. Pyx sidéysacmuovcsa 6 cepedosuwyi 3 Maisum ono-
pom (p < q). Hpuycrumo, 1o 30yproBajbHA CHJIA MAE CHHYCOI-
JlasbHuil xapakTep. 1ol piBHAHHSAM PyXy €

" 4+ 2px’ 4+ ¢*x = M sinwit. (16.12)

Briguo 3 (16.5) Bracui KosmBanHsS T((t) MaOTh BUIISAL
xo(t) = Ae Psin (x/q2 —p2t+ gp).

YHacrunuuit po3s’sizok X (t) piBusanus (16.12) mykaemo y Bu-
LIS Tl

X(t) = Aj coswt + By sinwt, (16.13)

ne crasi Ap, By snaitnemo, mincrasisiroun (16.13) B (16.12):

— Ayw? cos wt — Byw? sin wt + 2p(—Ajwsinwt + Biw coswt) +
+ ¢*(Aj coswt + By sinwt) = Msinwt =
(—A1w2 + 2pBiw + A1q2) cos wt +
+ (—B1w2 —2pAjw + qul) sinwt = M sinwt =
A1(? — w?) + 2pwB; = 0,
{—QpAlw +(®-w?)B1=M
—2pwM M(q? — w?)

=

A = , = .
1 (W? — )2 + 4p2w? 1 (W2 — )2 + 4p2w?
Orxe,
—2pwM M(g? — w?) .
X(t) = =) T ApPa? cos wt + (@7 = 2P 1 AP sin wt,

(16.14)
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a 3arajbHUi Po3B’si30K piBHsiHHs (16.12) Mae Bursy

—2pwM m M(q? — w?)
COS w
(W2 — ¢2)2 + 4p2w? (w2 — ¢2)2 + 4p2w?
+ Ae Ptsin <\/q2 —p2t+ 90).

OckiyibKy TIpu ¢ — 400 OCTaHHIi JOJAHOK IPSIMYE 10 HYJIsI, TO
I TOCTATHBO BEJIMKUX T MOYKHA BBayKaTH, IO

z(t) = sinwt +

—2pwM M(q? — w?)
2 _ 2\ 5 5 COSWt + 525 2 2
(w? = ¢?)? + p?w (W2 — ¢%)? + 4pw

z(t) =

sin wt,

TOOTO BJIACHUMU (3racalouuMu) KOJTMBAHHSIMU MOXKHA 3HEXTYBATH.
Ammmityna A BumyineHoro konusanHsi (16.14) BupazkaeTbcst

dopmyitoio
M

\/(w2 — )2 + 4p2w?’

a SIKITO OIp P JIyKe MaJjuil, To A &~

—~—. 3BiJICH BUILINBAE, IO
22| A » 1L
npu HAOJIMZKEHHI W 70 ¢ aMIutiTyaa A € JIOBOJ 3HAYHOIO HaBIThH

1t MaJjioro M.

3. undepeHmiagbHa MoAeJb MaT€MAaTUYHOTO MasiTHU-
kKa. MamemamuiyHum MasmHUKOM HAZUBAIOTH MaTepiaJbHy
TouKy M macu m, sKa il MI€10 CUIN TIKIHHS PYXAETHCS 110 KOJIY
L pajiiyca r, po3TaIloBaHOMY Y BepTUKAJbHIN iomuHi. Bemuanny
7 Ha3WUBAIOTH JOBXKUHOIO MASITHUKA.

[Ipurnyctumo, 10 KOJIMBaHHST MasiTHHKA BiJIOYBAETHCA Y cepe-
qoBuini 6e3 onopy. Ha kouii L BBesieMO KyTOBY KOODJIMHATY, B3siB-
IIIK 32 TI0YATOK KOOpAMHAT HajiHmk4dy Touky O kosa L (puc. 16.4).
Bminny koopaunary Touku M mosnadmmo depes ¢ = 1 (t). Ha ro-
uky M jnie cuita Tskinag P = mg, e g — IPUCKOPEHHs BlJIbLHOTO
Ha IiHHSI.
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Tomi MasiTHUK KOJMBAETHCS ITiT, ITi-
etio cim F) gKa Jiie y OIK 3MEeHIIeHHS

KyTa 1,
F = —mgsin.

ko 3a gac t gpoBiibHa TOoYKa M
MPOMIIIAa B3IOBXK JAyru Koja L mursax
S, To S = 1. 3BiAgcH MBUAKICTH ¥
PYXy TOUKH, SIK& CIPSIMOBAaHA B30BXK
JOTHYHOI 0 JyT'U KOJI&, BUBHATAETHCS
3a HopMyJI0I0

ds dvy

U T Tar

(16.15)

Tomy piBHAHHSM PyXy MasiTHUKA €

d
md—: = —mgsiny
abo, 3 ypaxysanusam (16.15),
d2
r—s +gsiny = 0. (16.16)

dt?

Piusinus (16.16) Hesiniiine, o/{HAK SKIIO BeJIMYNHA KyTa 1) J10-
CUTH MaJia, TO Sin Y & 1, 1 3aMiCTh HEJIHITHOTO MOXKHA PO3IJISIATH
JIiHITHE OJTHOPI/IHEe PIBHAHHSA

V' +* =0,

ne ¢> = %, T00TO MaeMo piBHsiHHsE Bursy (16.3).

Takum YuHOM, MATEMATUIHUI MAdTHUK IPH MAJIOMY BiJIXU-
JIEHHI BIJI IIOJIO?KEHH¢ PIBHOBaru 3ificHIOBaTHME T'apMOHIYHI KO-
JIMBAHHSI 38 328KOHOM

Y(t) = Asin(qt + @),

qz\/g, T=27r\/z
r g

e
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zPr 77
A= 1:(2)—|——0 , = arctg —? J
g xy V7

Pexomendosana aimepamypa: (8, c. 144 — 150], [14, c. 88 —
96], [15, c. 387 — 391], [16, c. 288 — 362], [18, c. 163 — 182].

ITutannga go gekirii 16

1. dx iHTerpyerbcs piBHSAHHS BULIBHUX KOJUBAHBL y CEPEIOBUII Oe3
onopy? kuit BUrJIsI Ma€ 3arajbHUN PO3B 30K 1bOro piBHsiHHs? 1110
HA3UBAIOTH TAPMOHIYHUM KOJIMBAHHIM, HOT0 aMILTITYI0I0, TIePioJIoM, Ta-
cTOTOI0 1 1MoYaTKoBOK (razorw? K 3ajexkarb aMILUITYIa 1 I0YaTKOBA
daza Bij m0YATKOBUX 3HAYEHDb MIYKaHOI MPYHKIHT Ta T moxigHoi?

2. dx imTerpyernbcs piBHAHHS BiIbHAX KOJIMBAHb y CEPEIOBUIIN 3
onopom? Illo HA3WMBAIOTH 3racarodnM TAPMOHIYHUM KOJUBAHHIM, HOrO
epio/ioM, YaCTOTOK, AMILITY/IOK 1 MOYAaTKOBOI (a3ot0? fAka mosein-
Ka amiuiTyau mpu ¢t — +00? JK BIUInBae HASBHICTH OMOPY CepeIOBUIIA
Ha XapakTep KOJIUBAHB

3. dxuit BurIs Mae PiBHAHHA BUMYIIEHUX KOJUBAHDb Y CEPEIOBUII
6e3 OTIoOpY ¥ BUIIAIKY MEPIOINTHOT 30y PIOBAILHOI CHIN CHHYCOITATHHOTO
xapakTepy? fK iHTerpyerbes 1e piBHsIHHS ! JKuil BUTJIsT Ma€ 3araibHU
PO3B’SI30K ¥ HEPE3OHAHCHOMY 1 PE30HAHCHOMY BUITAIKAX !

4. ¢k iaTerpyeTbcsa PiBHIHHA BUMYIIEHUX KOJUBAHbL Y CEPEIOBUIIIL
3 MAJIUM OIIOPOM Y BHUITQJKY MEePioanTHOl 30ypPIOBAIBHOI CHJIA CHHYCOI-
JaJibHOro Xapakrepy? Akuil Burssig Mae rpadik 9acTUHHOIO PO3B’SI3KY
IBOI'O PiBHSIHHSI?

5. Ilo ma3mBarOTh MAaTEMATHUIHUM MAasSTHUKOM?! ZIKMit BUTJISI Ma€
nuepeHIiagibHa MOJIEb Horo pyxy? fxkuMmu € mepiojr, YacTora, aMILTi-
Ty/a Ta MoYaTKoBa (ha3a KOJTMBAHHS MATEMATHIHOTO MAsITHUKA?
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Jlekmiga 17. KpaiioBi 3aga4i qasa nudepeHIiaIbHIX
PIBHSIHb JIPYyTOr0 MOPSIJIKY

Il1an

1. OcHoBHi 03HaYEHHS T TIOHSITTS.

2. IcnyBanns Ta €JMHICTD PO3B’A3KY KpailoBOl 3aJiadi.
3. Oyuxiisa fpiHa KpaiioBol 3ajadi.

4. KpaiioBi 3a1a1i Ha BJIACHI 3HAYEHHSI.

1. OcHoBHi o3HavYeHHsI i TOHATTs. Y 3aja4di Ko ymoBn,
38, JIOIIOMOT'OI0 STKMX MOYKHA, BUILJINTH TIEBHUN JACTUHHUN PO3B’si-
30K JiepeHIiaIbHOrO PIBHSHHS, 3a/aI0ThCsl B OJHIN (IIOYATKO-
Biif) Toumni. IIpore y 6araThox NpUK/IAIHUX 33/1a9aX YMOBU Ha He-
BioMmy dyHKIIO Ta T OXi/IHI 9acTO 38JaI0THCs Y IBOX TOUKAX, Ha-
NPUKJIAIL, Ha KIHIAX BiApi3Ka, Jie IMyKaeThCd PO3B 30K 3agadi. Ta-
Ki yMOBHU Ha3WBAIOTH KPAUOBUMUY. 3aJ1aTy BIIITYKAHHS PO3B’si3-
Ky JaudepeHIiaabHOro piBHSIHHS, 110 3aI0BOJIbHIE KPAloBl yMOBH,
Ha3WBaIOTh KPatiosoro.

KpaiioBi 3a1a9i BUHUKAIOTH sIK JdudepeHIiaibii Moaeni bara-
THOX TIPUKJIQJIHUX 33J1a9 (KOJMBAHHS CTPYHU, KOJIMBAHHS BAJIB,
HOIIUPEHHs TelljIa y PoBiHuKy Toimo). Hanpukias, y 3agaqi mpo
PyX MaTepiaJbHOI TOYKH MACH M I Ji€io 3aganol cum F' y Oa-
raTboX BHIAJIKAX HOTPIOHO 3HaliTH 3aKOH PyXy S(t), SKIIO y TO-
JaTKOBUI MOMEHT 4acy ¢ = t( BOHA 3HAXOAWIach y Todri M, a B
MOMEHT 4acy t = t] moBUHHA moTpanutu y TouKy Ms. Bukopucro-
Bytoun 3akoH Hbiorona F' = ma, ne a = 372‘3 — IPUCKOPEHHS, Iisi
3ajada 3BOAUTHCS 10 BiIIYKAHHS PO3B’I3KY AU(EPEHIaIHLHOTO
PIBHSAHHS JIDYTOT'O TOPSIKY

ms"” = F(t,s,s),

SIKUI 33/I0BOJIbHsIE KpaitoBl ymosu s(tp) = so, s(t1) = s1.
Haznani 06MezKUMOCh PO3IVISIOM KPaloBUX 3a/1ad TLIBKH st
JudepeHnialbHIX PIBHAHD APYroro mopsiaxy. st piBHsiHHS

y' +p@)y +q(x)y = f(2), (17.1)
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ne p(x), q(x), f(x) — nenepepsHi Ha BiApI3KYy [a,b] dyHKIHil, Kpa~
f1OBi yMOBH O3HAYMMO HACTYIIHUM YHHOM:

ary'(a) + Bry(a) = yo,
{‘123/(1?) + Bay(b) = y1, (17.2)

e aq, aig, 517 527 Yo, Y1 — 3aﬂaHi qucijia, IpuIoMy «f, 517 a TaKOZK
g, P2 OMHOYACHO He JOPIBHIOTE HyJf0. AKIo yo = y; = 0, To6T0

ary'(a) + Pry(a) =0,
{a;y’(b) + 521y(b) =0, (17.3)

TO TakKi KpailoBl yMOBU HAa3UBAIOTH 0OHOPLOHUMU.

Axmo f(x) ToroxkHO He jopiBHIOE HysO, TO 3amady (17.1),
(17.2) HasuBalOTh HEOOHOPIOHOM KPATLOB010 30,0a4€10, & SIKIIO
f(x) =01y =y1 =0, 0dnopidroto Kpatiosoro 3adauero.

Po3se’szkom kpaiiosoi 3amadi (17.1), (17.2) nasusaiors dyn-
Kiiiio y(x), sika aBiui HenepepsHO judepenniiiosra Ha (a, b), Here-
peperO judepeHIiiioBHa Ha [a,b] 1 3am0BosbHsIe piBHsHHA (17.1)
Ha (a,b) Ta Kpaiiosi ymosu (17.2).

2. IcuyBaHHs Ta €AUHICTH PO3B’A3KY KPalloBOIl 33Jiadi.
Ak Bimomo, poss’sizok 3azaqi Komi st piBastabs (17.1) 3 noga-
TKOBHUMU yMOBaMU

y(zo) =yo, ¥'(z0) =y1, w0 € [a,b],

ne p(x), q(x) — venepepsHi Ha [a, b], 3rixHo 3 Teopemoro Ko (s1e-
kiist 10) icHye Ta €quHUil Ha BCbOMY BIAPI3KY [a, b]. st kpaitoBol
sajadi (17.1), (17.2) e 30BciM He 060B’13K0BO, TOOTO 11 pO3B’SI30K
MOKe He icuyBaru abo me OyTu eamuum. [l merajbHIIoro pos-
DJIsILy [[BOTO MUTAHHSI MO3HAYMMO 4epe3 1(x), wo(x) dyHmamen-
TajbHY CHCTEMY DPO3B’SI3KIB BIiJIIIOBIIHOIO OJIHOPIHOIO PIBHAHHS

y"' + p(x)y’ + q(z)y =0, (17.4)

a 4epe3 Y (z) — yactunHuil po3B’si30K pisHsiaHs (17.1). BrixHo 3
TEOPEMOIO PO CTPYKTYPY 3arajbHOTO PO3B’SI3KYy JIHIHHOTO HEO-
JIHOPiIHOTO piBHsIHHSA (J1ekifist 14, 1. 1) 3araJbHUM PO3B’SI3KOM piB-
uanns (17.1) €

y = Crp1(x) + Capa(x) + Y (2), (17.5)
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e C1, Cy — noBisbHI crast. st oTpuMaHHsT po3B’si3Ky KpailoBol
sagadi (17.1), (17.2) crami C1, Co HeOOXifHO BU3HAUUTH 3 Kpaiio-
Bux ymoB (17.2). Ilixcransmoun (17.5) B (17.2), omepxyemo cu-
cTeMy JHHIHHUX aareOpUIHUX PiBHSHb:

(a1 (a) + Brp1(a))C1 + (aph(a) + Bipz(a))Co =
= —a1Y'(a) — 1Y (a) + yo,

(20 (b) + B2p1 (b)) C1 + (a2ph(b) + Bapa(b))Ca =
= —aY'(b) — B2Y (b) + 1.

Hosnaunmo depes U i U MaTpuifio Ta po3IIMpPEHy MATPUILO
miel cucremu, a depe3 A — BusHaunuk marpuri U. Bukopucrosy-
o49n BizloMy 3 Kypcey ajirebpu teopemy Kponekepa — Karnesuti mpo
PO3B’sI3HICTD JIHITHOI CUCTEME aJreOpUIHUX PIBHAHD, OAEPXKYEMO
BaKJIMBUI PE3yJILTAT.

Teopema 1. Poss’sasox kpatiosoi sadawi (17.1), (17.2):

— dcnye ma edunut, axuo A # 0;

— e ichye, akuo A =0 1 pane mampuui U He dopisHioe parey
DOSUWUDEHOT MAMPULL U;

— icnye, ane ne edunut, axuwo A =0 1 pane mampuyi U dopis-
e panzy mampuyi U.

Panr marpuni U nasusaiorh parzom kpatiosoi 3adaui (17.1),
(17.2). Onuopinma kpaitosa 3amada (17.4), (17.3) mae sumte Tpusi-
AJIHUI PO3B’A30K, SKIO paHr Marputli U JopiBHIOE 1BOM, 1 Ge3/1id
PO3B’s13KiB, BU3HAYEHUX 3 TOIHICTIO 0 CTAJION0 MHOXKHUKA, SKIIO
paur matputii U 10piBHIOE OJIUHUAIII.

Ilpukaan 1. Jocaidumu na poss’sasnicms kpatiosy 3adawy
y" +y =0, y(0) =0, y(a) = yo, a # 0.
Pose’azarns. 3araabHuM po3B’si3KOoM piBHsAHHA € y = (' cos x +
+Cysinz. 3 kpaitosol ymosu y(0) = 0 3naxomumo C = 0, a3 ymo-
Bu y(a) = yo omepxkyemo piBusiais Cosina = yo. Ao sina # 0,

106710 @ # km, k € Z, to Cy = X i maemo enunmii po3s’s30K
Yo

sina
dAxro sina = 0, Tob6T0 @ = k7, k € Z, TO MOXKINBI IBa BUIAI-

ku. fdximo yo # 0, To piBusguusa Cysina = g, & 3HAYATH, 1 3a/1aHA
KpaiioBa 3asada po3B’a3kiB Hemae. Aximo yg = 0, TO piBHSHHS

3aj1a49i Yy = - sin x.
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(5 8in a = Yo MEPEeTBOPIOETHCST ¥ TOTOXKHICTD 1 3a/1aHa KpaiioBa 3a-
Hada Mae 6e3s1iv po3B’sa3kiB urany y = Cy sin x, ge Co — 10BlIbHA
crasia. l

3ayBaykuMo, M0 KPaoBi YMOBU MOXKYTb MATH TAKOXK I'DaHU-
YHUM BUTJISII, a ducia a abo b MoKy Th OyTu HeBacuumu. Moxna,
HaIPUKJIAJ, PO3IVISIATA TaKi KpailoBi yMoBU:

{al lim o/ (z) + f1 lim y(z) =0,

. / . .
Qs xh_)rgoy (x) + B2 xll}ngo y(xz) =0.

Ipuknanx 2. 3uatimu poss’sasox piensmuns Etsepa x2y" +
+3xy’ —8y = 0, axuii 3adososvhae ymosu y(1) = 1, xh_)rgo y'(z) = 0.
Pose’sazanna. 3pobuno saminy z = e'. Toni ), = yie™!, y’y =
= (y)s —y;)e™? (nmexuis 13). Iligcrasnsmoun i Bupasu y pisHsH-
Hel, JJIsl 3HAXO/KeHHst QyHKIT y = y(t) omepKyeMo JiiHiiiHe 0JHO-
pinne piBHaAHHA 31 cTajumu Koedinientamu y” + 2y’ — 8y = 0, 3a-
raJIbHUM PO3B’SI3KOM SIKOT'O €

y = 016_4t + CQth = y = 016—4111:1: + 02621111; =
Ch

—a + 021'2.
T

y =

Bubepemo reniep crasi Cq, Co Tax, mobd crpaBizKyBaaIuch Kpa-

iiosi ymosu. 3 ymosu y(1) = 1 sumusae, mo C+Cy = 1. 3 ymoBu

ILm y'(z) = 0, Bpaxosytoun, mo y' = —4C /z° + 205z, snaxonu-

316100002 =0, a orke, (1 = 1. TakuMm 9MHOM, PO3B’SI3KOM 3aaHOI
KpaiioBol 3ajati € dyukisa y = 1 / G |

3. DyuKIris fpiHa KpaitoBol 3aja4i. Hamasmi posrisgaTn-
MEMO TIJIbKU OJIHOPITHI KpailoBi ymMoBH, OO JIJIst HEOIHOPIIHUX KPa-
fioBux ymMoB po3B’si3ok y(z) 3amadi (17.1), (17.2) moxkHa IIyKaTH
y Burisi y(x) = y(z) + z(x), ne y(x) — noBiibHA JBidl Henepeps-
HO JudepeHIiiioBHa Ha BIAPI3KY [a,b] dyHKIs, sika 3a/10BOsIbHSIE
HeosHOPIHI Kpaitosi ymosu. Toai jyist dbyHKIGT z(x) omepKyeMo
KpalioBy 3aJa4dy 3 OJHOPIIHUMU KpalOBUMH yMOBAMHU i MPABOIO
gacrunowo f(x) — L(y).
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Hanpukia, seogropinni kpaiiosi ymosu y(a) = yo, y(b) = 1
3a JIOIIOMOTOIO 3aMiHU
e=y- L= —a) -y
b—a
3BOJIMMO JI0 OJHOPiHUX KpaitoBux ymoB z(a) = 0, z(b) = 0.

[Tokazkemo, 110 po3B’s130K piBHsiHHs (17.1), sikuii 3a/10B0JIbHSIE
oznHopiaHi Kpaifiosl ymoBu (17.3), Ipy meBHUX yMOBax OJHO3HAYHO
BUPAYKAEThCsl Y€pe3 TaK 3BaHy (PyHKIIO fpiHa KpaiioBol 3ajadi.

Dynwyiero I'pina xpaiiosoi zamadi (17.1), (17.3) nazusaiors
dyuxio G(z, s), sika BU3HaYeHa JJIs JOBLIBHUX T, s € [a, b] 1 3a-
JIOBOJILHSIE TAaKl TPU yMOBH:

1) mias koxkuoro ikcosanoro s € [a,b] G(z,s) ax dyHKIis
3MIHHOI = Ha KOXKHOMY 3 IIPOMIXKKIB [a,s) 1 (s,b] € po3s’szkom
JiHIHOTO OjiHOPiAHOrO piBHsiHHS (17.4);

2) G(z, s) 3a 3MIHHOIO & 3a10BOJIBHSIE OJIHOPL/IHI KpailoBi yMOBI
(17.3);

3) G(z,s) — menepepBHa QyHKIs s BCIX x,s € [a,b], a 1T
YaCTHHHA IOXiJHa %~ Mae IPH T = S PO3PHUB NEPIIOro poy 3i
CcTpUOKOM

0G(s+0,s) 0G(s—0,s)

oz Oz =1L

Teopema 2. fkwo odnopiona xpatiosa 3adava (17.4), (17.3)
MAE AUULE MPUBIANGHUT PO3E A30K, MO HYHKUIA Iy PiHaG HeoOHOPi-
onoi kpatiosoi 3adawi (17.1), (17.3) icnye ma eduna.
osederns. Hexait ¢1(r) — po3s’si3ok piBHsHHsA (17.4) 3 moua-
TkoBEMHU yMoBamu y(a) = aq, y'(a) = —f1, a @a(x) — po3s’s30K
piBusians (17.4) 3 nouarkosumu ymosamu y(b) = ag, y'(b) = — fa.
Ouesnino, mo dbyskuil ¢;(x), p2(2) TOTOXKHO He TOPIBHIOIOTDH Hy-
JIto Ha [a, b], mpudomy 1 () 3a/10BOJIbHSIE TIEPIITY KPAHOBY YMOBY, &
p2(z) — npyry kpaiioBy ymoBy 3 (17.3). Kpim roro, dyukuii ¢1(z)
i @a(z) minifino HezasmexHi Ha [a,b], 60 inakme p2(x) = Cpi(x),
C # 0, i Toxi pa(z) 3amoBosbHsIa 6 06K1B]I Kpaitosi ymosu (17.3),
0 CYLEPeunTh HPUILYIIEHHIO PO Te, M0 KpaioBa 3axada (17.4),
(17.3) mae e rpuBiaabHuii po3s’s3ok. Takum unHOM, byHKIHT
p1(x) 1 po(x) yTBOPIOIOTH DYHIAMEHTAJIBLHY CHCTEMY PO3B’si3KiB
piBusinus (17.4).
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Oymnkmio I pina G(z, s) xpaitopoi 3ayaqi (17.1), (17.3) urykae-
MO y BUIVISIJIL

_ Ja®)pi(z), a<z <s,
Gla,s) = {02(8)<p2(x), s <z <b.

3a nobyroBoto dyHKI ¢1(x) 1 p2(x) dyukiis G(x,s) 3a10B0/Ib-
Hste TyHKTH 1, 2 o3nadenns dynkuil I pina. s Toro, mob Bo-
Ha 3a/I0BOJIbHSJIA IIYHKT 3 IIbOI0 O3HAYEHHS, 3a/IUIIIAETHCS 3HANTH
c1(s), ca(s) 3 cucremn

{CQ(S)Q@ (s) —ci(s)pi(s)

0
’ 17.6
N (17.6)

2 1
ca(s)¢h(s) — cr(s)#i(s)

Ils cucrema o1HO3HAYHO PO3B’si3HA BiIHOCHO ¢ (s), c2(s), 60 i1 BU-
SHAYHUK BiJMIHHAI BiJ Hysist Ha [a, b] (HuM € BpoHckian W (s) dbyn-
Kiiit ¢1(s), ¢2(s)). Ocrarodno oxepxKyeMo:

2088 i<e<s,
G(x,s) = {@1(53203(@ I > (17.7)

3 dbopmymu (17.7) Bummusae, mo dbynxmis I pina € cumerpu-
9HOIO (DYHKIHEI CBOIX apryMmenTis, Tobro G(x,s) = G(s,x).

Oyuxiiio I pima kpaitosoi 3amaai (17.1), (17.3) moxkua Gy1yBa-
TH METOJIOM, SIKHUii BUKOPHCTOBYBABCS IIPU JIOBEJCHHI TEOpeMH 2.

Hpuknax 3. Hobydysamu ¢ynxyito I pina kpatiosoi 3adawi
y' =y = f(z), y(0) =0, y(1) =y'(1).
Po36’a3anns. 3arajabHUM PO3B’I3KOM BiJIIIOBIIIHOIO OJHOPIAHOIO
pieasansg ¥’ —y = 0 e y = Cp + Coe®. YacTunnuii po3s’s30K
v1(z) = 1 — e” 3a/10BoJIbHSIE LIEPIILy KPailoBy yMOBY, a PO3B’30K
po(x) = €® — npyry. Tomy dynkiito fpiHa MIYKAEMO y BUIJIS]

c(s)(1—e€*), 0<z <s,

co(s)e”, s<zx <1l )

G(z.s) = {

Cucrema (17.6) st 3Haxo/KeHHst DYHKIGH ¢1(S), ca(s) Mae
BUILJIS

ca(s)e® —ci(s)(1 —e®) =0,
ca(s)e® +ci(s)e’ = 1.
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[i posp’askom € ¢1(s) =1, ca(s) = e™* — 1.
ITiycrasisioan 3uaiieni ¢ (s), ca(s) y (17.8), omepxyemo dys-
KITiIO fpiHa 3a/1aHOI KPaiioBol 3a/1a4i:

1—e* 0
G('Tvs):{ 6_7

)

<S8
[ ]
r < 1.

NN
NN

ele® —1), s

Teopema 3. ‘Ikwo odnopiona xpatiosa zadaua (17.4), (17.3)
MAE AUWE MPUBIAALHUT PO3E A30K, MO PO3E A30K HEOIHOPIOHOT
kpatiosot sadawi (17.1), (17.3) icuye, edunudi i 3adaemuvces Gopmy-
010

b
y(x) = /G(:t:,s) - f(s)ds, (17.9)

de G(x,8) — dynwuia I pina xpatiosoi sadawi (17.1), (17.3).
Losedenns. Sanumemo dhopmyiy (17.9) y Burmsi

x b
y(x) = /G(a:,s) - f(s)ds + /G(m,s) - f(s)ds.

Ha xoxxHOMY 3 mpOMiXKKiB [a,z) 1 (z,b] dyukil G(z,s) i %

HEIIEPEePBHi, a TOMY KOXKHWIT 3 iHTerpaJiiB MOKHa 3/ 1udepPEHIHI0OBa~
i 32 3MinHO©O T V. Tomi

T

v@) = [2E2 f(5)ds+ Glara - 011 (a) +
b
+/% f(3)ds — G(z, 2 +0) f(x).

x

() ()
D Bukopucroyemo  dpopMyJTy %( i f(x,s)ds) = [ %ds +

@ (x) (x)
+ f (2, 9(2)) % — f (2, 0(x)) 5.
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Ockinbku dyukiis G(x,s) HellepepBHa NHpU § = X, TO HeiHTe-
rpasibHi JOJAHKE B3a€MO3HUIIYIOTHCS, & TOMY
[0G(z, ) [9G(x, 5)
, z,8 x, 8
= | —— d —_— ds. 17.10
v = [228 gsyas - [FADD fsyas arao)

a T

Pipnicrs (17.10) mme oxun pas 3audepeHIioeMo 3a 3MIHHO T:

1 xaQG ) 8G 9 —0
v = [TOE) paas 290220 gy g
b
0%G(z, s) 0G(xz,z +0) B
+ W'f()d— O f(z)
b
_ [9%G(z, )

_ o - F(s)ds + <8G(xaz 0,z) 5‘G(a:a; 0’$))f($).

a

Bukopucrosyroun nyHkT 3 3 oznadennsi yukiii G(x, s), OCTAaHHIO
dopMyITy MOXKEMO 3aIIUCATHA Y BUTJISII

b
2
v = [ZO0) pastf@). ara
a

3 dopmya (17.9) — (17.11), BpaxoByroun BaacTUBOCTI DyHKIIT
G(z, s), omepxyemo, 1o (17.9) — po3s’si30k Kpaiiosoi 3aza4i (17.1),
(17.3). Leit po3B’s130K €uHMii, 6O SKINO PUILYCTUTH ICHYBAHHS 1H-
moro po3s’si3ky §(x), ro dyukuis z(z) = y(r) — y(x) 6yne nerpu-
BlaJIbHUM PO3B’SI3KOM OIHOPIIHOT KpailoBol 3a/1ati, 110 CylepevInTh

YMOBi Teopemu. »

4. KpaiioBi 3amadi Ha BJacHi 3HaYeHHs. JacTo BUHUKAE
HEOOXIIHICTh 3HANTH PO3B’A3KM KPailoBOl 3a1a4i

y' +p()y +ql@)y =Xy, z¢€(a,b), (17.12)

a1y (a) + Bry(a) = 0,
{azy’(b) + Bay(b) = 0, (17.13)
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Jie A — JiificHuii abo KomiiekcHuii mapamerp, dyHkii p(z), ¢(x) —
HemepepBHi Ha BinpisKy [a,b], af + A7 # 0, a2 + B2 # 0.

Bajiaty 3HAXO/KEHHsT 3HAYEHDb apamMerpa A, JJis sIKUX Kpaiio-
Ba 3ajada (17.12), (17.13) mae HeTpuBiaJbHI PO3B’SI3KH, HA3UBa-
I0Th KPatiosoto 3a0a4ero Ha 8AACHT 3HAYEHHS.

BHaueHnHst mapamerpa A, [UIs sKUX KpaiioBa 3amada (17.12),
(17.13) mae nerpuBiasbHi PO3B’SI3KH, HABUBAIOTH BAACHUMY 3HA-
YeHHAMU, & BIIIOBIIHI IM HeTpUBiabHI PO3B’'A3KU — 8A4ACHUMU
dyrruiamu KpailoBol 3aa4i Ha BJIACHI 3HAUEHHSI.

KisibkicTs JTiHIHO He3a/eKHUX PO3B’sA3KiB KpailoBol 3ajadi
(17.12), (17.13) mast 3aJjaHOrO BJIACHOIO 3HAYEHHSI \ HA3MBAIOTH
KPAMHICINIO TIHOTO BJIACHOTO 3HAYEHHSI.

Moxna mosecru, 1mo st 3ana4i (17.12), (17.13) cupasmkye-
ThCS TIIBKU OJIHE 3 TAKUX TBEDJIZKEHb:

1. Kpaitosa 3ajmaua (17.12), (17.13) me mae BiacHUX 3HAYEHb.

2. Kpaiiosa 3amaua (17.12), (17.13) mae ne Gliblne 39nciieH-
HOI MHOXKUHM BJIACHUX 3HAYEHb, Kl IIPU I[LOMY HE MOXKYThb MaTh
CKIHYEHHOI 'PAHUYHOI TOYKH.

3. Koxkne umciio A € BilacHUM 3HAYEHHSIM KpPaoBOl 3ajadi
(17.12), (17.13).

Ilpukiang 4. 3natimu eaacHi 3HAUEHHA M BAACHT PYHKUIT
zadawi y" = Ny, y(0) =0, y(b) =0, b #0.
Pozs’sazannsa. Hexait A >0 abo A — xomiutekcue. Tozi 3agatia
HE Ma€ HETPUBIAJIBHUX PO3B’si3KiB, 00, MMiACTABJISIOUN 3arajbHUI
posB’asoK pisusnus Yy’ — Ay =0

y= C’le\/xx + C’ge_\/xx
V KpalioBl YMOBH, OJIEPKYEMO

Ch+Cy =0,

CreVAb 4 Che—VAb — g = C1=0,=0 = y(z)=0.

Hexait A = 0. Toxui, migcraBisgiodn 3arajbHUil PO3B’SA30K Y =
= C1z + C y KpaiioBi yMOBH, OJIEPKYEMO

Cy =0, e _
{Clb+02:0 = 01—02—0 = y(z:):(),
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TOOTO 1 y IIbOMY BUIIQJIKY 3a/1a9a Ma€ TiIbKH TPUBIAIbLHUN PO3B -
30K.

Hexait teep A < 0. Tomi 3arayjibHuM pPO3B’'SI3KOM PiBHSIHHS
Yy ' —dy=0¢

y = C1 cos(zv/—N) + Cysin(zv/—N),
a, BPaxoBYIOUM KPaiioBl yMOBH, OJIEPIKYEMO:
Cy =0,
{Cl cos(by/ =) + Cosin(by/—)) = 0 =
C1 =0, Cysin(bv/—-X)=0.
dkmo y TorokHO He HopiBHIOE Hyst0, To Co % 0 i, oTxke,

sin(by/—\) = 0.

3Bijgcu MaeMo GOpMYJTY JJIsI BCIX BJIACHUX 3HAUYEHB 3a/1adi:

k 2
Ak:—<%>, k=12, ...

Im BignoBimaoTh BiracHi GyHKIIT

. 7wkx
yk:cksmT, B=02 coor

e ck — JMOBLIbHI cTasi, BiaMinal Big mysrd. B

BaxkjiuBuM OKpeMHuM BHITAJIKOM 3a/adi Ha BJIACHI 3HAYCHHS €
3adawa IImypma — Jliysians:

(p@)y) = q(@)y + Ap(z)y =0
{awww+5WM)
azy'(b) + B2y(b)

ne dbyukuii p(z), p'(z), q(x), p(z) - HenepepsHi Ha BiApI3KY [a, b],
p(@) >0, p(z) > 0, x € [a,b], af + B} # 0, of + B3 # 0. Herans-
mime 3 3anadero [Htypma — JliyBijuis, BaacTuBocTsIME 11 BJIACHUX

z € (a,b),

:0,
=0,

3HaYeHb 1 BIaCHUX (DYHKINH MOXKHA O3HANOMUTHUCH, HAIIPUKIAI, Y

[15, c. 189 — 201].

Pexomendosara aimepamypa: |1, c. 283 — 302, [3, c. 189 —
197], [5, c. 303 — 319], [7, c. 116 — 140], [15, c. 166 — 201].
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IIurtanaga go gekii 17

1. Illo Take KpaiioBi yMOBH, KpaifioBa 3ajada JJis 3BUIANHOTO M-
depenmiagbaoro piBHsAHHA? KWt BUIIS MAOTh KPaloBl yMOBU Jjist
JIHIHOTO repeHIiaibHOrO PiBHSAHHS JPYTOrO MOPSIKY !

2. YuM BiAPI3HAIOTHCSI HEOAHOPIIHI KpailoBl yMOBH BiJl OJIHOPITHIX !
Yomy, po3riisiaiogn KpaifoBy 3a/1ady, MOYKHA OOMEKUTHUCH OJTHOPITHIMEI
KpaifoBUMHU yMOBaMU?

3. dky dyukIio Ha3wBAIOTH PO3B’I3KOM KPATOBOI 3a/1at1 JJ1st JIiHiii-
HOT'O JTrhepeHIialbHOrO PiBHSIHHSI JAPYTOTO MOPSIKY !

4. Ko po3B’s130K KpaifoBol 3ajadi sl JIHIAHOTO audepeHIiaTb-
HOT'O PIBHSHHS JIPYTOTO MOPSIIKY iCHY€ Ta €IMHUI, He iCHYE, iCHYE, aje
Hee Uit ?

5. ITTo Take dbyukiis [ pina kpaiiosoi 3a1a4i? dIka ii possb y mo6yosi
PO3B’sI3Ky HEOHOPIIHOI KpaiioBol 3ajadi? Koswm icaye enuua dyHKILis
I pina kpaiioBoi 3a1a4i? Sk MoykHA M0GyIyBaTH dyHKIiO I pina?

6. [Tlo masmBaioTh KpaiioBoio 3amadeio Ha BiaacHi 3Hadenns! [1lo Ta-
Ke BJIaCHI 3Ha4YeHHsI, BJacHl (QyHKIII Takol 3aga4i? Ak (opmyioerbes
sagava [lrypma — Jliysimus?

Bopasu go aekiii 17

1. BHaiifiTh Po3B’sI3KKM KpailoBUX 3a/1ad:

a)y’ +y=f(x),
6) zy" —y' = f(x), ¥'(1)=0, y(2)=0.

3. SHaiiaiTh BiIacHI 3HAYCHHS it BjaacHI QYHKITI 3a1a:

a)y" =Xy, y'(0)=0, y'(b)=0, b#0;
6) %y + 5 =Xy, y(1) =0, y(b) =0, b#1.
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Homarok 2.

3acTocyBaHHA MaTeMaTH4YHOro nakera Maple
JJI iHTerpyBaHHA 3BUYAHUX JudepeHniaaTbHuX
PiBHSIHb BUIIUX MOPSJIKiB

Ipuxkian 1. Bnaiitn poss’szok samadi Komi y” +y = 0,
y(0) =1, 3/(0) = 0 (upukiaz 1 sexnii 10, crop. 119):
> dsolve ({(D0@2) (y) (x)+y(x)=0,y(0)=1,D(y) (0)=0},y(x));

y(z) = cos(x).

Ilpuksiag 2. 3inmrerpyBatu gudepeHIiajgbHe DPiBHSIHHS
y" = 2¢/y (npuknan 2 nekuii 10, crop. 122):
> dsolve ((DOG2) (y) (x)=2*sqrt(D(y) (x)),y(x));

y(x) = %x?’ + Ciz*+ C1%z+ _C2.
Cim’to ocobuBux pose’si3kie y = C' 3a jgomoMoror mnakera Maple
3HANTH HE BIAJIOCh.
IIpukian 3. 3interpysaru pisaannsa y” = sin
nekuii 10, crop. 123):
> dsolve ((D@@3) (y) (x)=sin(x)"2,y(x));

22 (upukaz 3

1 . r C1 z2
y(z) = —sm(2x)—|———|—ﬁ+_T

G < + C2z+ _C3.

[eit po3B’g30K mEPEO3HAYEHHIM CTAJMX 3BOIUTLCS 10 PO3-
B'SI3KY, OTPUMAHOIO Ha cTOp. 124.

Ipuxaas 4. Buaiitn poss’siox pisusmna y” = e*, saxuit
3a/I0BOJIbHsIE HYJIbOBI movaTkoBi ymoBu (npukiaya 4 jekrii 10,
crop. 125):
> dsolve ({(D@@3) (y) (x)=exp(x~2),y(0)=0,D(y) (0)=0,

(DEE2) (y) (0)=0},y(x) ,uselnt);

r p_21 p_ =zl
y(x) :/ / / e—ZJZd_zl d_z1d_ zI.
0o Jo 0

Ormmist useInt BUKOpUCTaHA JIJisi TOTO, MO0 PO3B’SI30K 3a/IaHOI 3a-
sadai Kot 6yB nipejictaBiennii y KBaJparypax, a He 3a JIOIOMOIO0
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crierjasibHux QyHKIii (Taki iHTerpanu yepes ejaeMenTapHi GyHKIET
He BUPAXKAIOTHC).
IlpukJiaz 5. 3inTerpyBaTu HElOBHE JudepeHIliaJbHe PiBHSIH-
st x4/ 1+ 4" = y” (upuknan 5 seknii 10, crop. 126):
> dsolve(x*sqrt (1+(DEO2) (y) (x)~2)=(D0A2) (y) (x),y(x))
assuming x>-1 and x<1;

1 1
y(x) = ~5 arcsin(x) — 5:1: —22+1+ Clz+ C2.

Tyt xoHcTpyKIieo assuming x>-1 and x<1 HakJajeHO OOMEKe-
uos —1 < x < 1, 60, 9K BUJIHO 3 CAMOTO PiBHIHHS, JIACHUN PO3B’si-
30K iCHYE€ JIIlIe Ha oMY iHTepBaJi. be3 1iporo oomexkeHHsi OyB Ou
BUOpaHuil GlIbIHil MpoMizKOK || > 1 1 3HaiieHnii KOMIJIEKCHII
PO3B’SI30K.

Ax Gayumo, y IBHOMY BHIQJIKY BUKOPUCTAHO IHIMNNH METO.,
aHIK TOM, KMl 3alIPOIIOHOBaHMI Ha cTOp. 126: crioyaTKy piBHSIH-
Hsl PO3B’A3aHO BimHOCHO ¥, a noTiM oTpuMane piBHSHHS (BUTIIsIILY
y" = f(x)) ngivi siurerposano. Ile no3BoMI0 3HANTH PO3B’A30K
y SIBHOMY BUIJIsIJIi, a He y HapaMeTpudHiii popmi.

Ilpukiazn 6. Po3s’sizaru 3a/1atdy npo pyx MaTepiajbHOl TOYKI
(zamaua 1 nekuii 10). Ha crop. 127 orpumanu gudepeniiaibHe
piBHsIHHSI PyXy Marepianbaoi Touku x”(t) = %e’pt. 3inTerpyemo
e piBHsiHHS, BpaxoByoun nodarkosi ymosu z(0) = 0, 2/(0) = 0:
> dsolve ({(D@A2) (x) (t)=k/m*exp (-p*t),x(0)=0,D(x) (0)=0},

x(t));

ke—Pt kt k
x(t) = +
Ipuxkiagn 7. 3inrerpysaru nenosne pisusunga ry” =y’ —xy”
(mpuksag 1 srexrii 11, crop. 130):
> dsolve (x*(DQ@3) (y) (x)=(DQQ2) (y) (x) -x*(DQO2) (y) (x),
y(x));

p>m  pm  pPm’

ylx)=(2+z) Cle*+ C2z+ C3.

Ilpukman 8. Posp’asaru 3amady mpo pyx MarTepiajgbHOl TO-
YKU [OPU HASIBHOCTI onopy cepejosuina (3agada 1 sexnii 11). Ha
crop. 131 orpumasn audepeHIiaabue PiBHAHHS PyXy MaTepiajib-
noi roukn max” + kx' = Asinwt. 3inTerpyeMo 1e piBHAHHH, Bpa-
xoBytoun noyarkosi ymosu x(0) = 0, 2/(0) = 0:



210 Poszin 2. JUO®EPEHIIIAJIBHI PIBHAHHS BUIIUX ITOPSIKIB

> simplify(dsolve ({m*(DQ@2) (x) (t)+k*D(x) (t)=
Axsin(omega*t) ,x(0)=0,D(x) (0)=0},x(t)));

kt

(kz2 cos(wt) — k% +msin(wt)kw + w?m?e”m — w2m2> A
(k%2 + w?m?) kw

x(t) = —

Komanmy simplify() BUKOpHCTAHO JijIsi CHPOIIEHHS DPO3B’HA3KY,
iHakmie BiAnoBiae Oysia 6 y jyxke rpomisjkiit dopmi (y Burisii
«6araToroBepXoBOro» JApoby).
Ipuknazn 9. 3inTerpysaru HenopHe pisnsinnsa yy” = y'? — y’°
(upuksiaz 2 seknii 11, crop. 133):
> dsolve (y(x)*(D0Q2) (y) (x)=D(y) (x)~2-D(y) (x)~3,y(x),
implicit);

y(z)=_C1, y(z)+ Clln(y(z))—z— C2=0.

[Tepenosuadenusim cranol Ch := 1/C) Binnosias npukmiamy 2
3BOJIUTHLCS JI0 BIIIOBIII, 3HANIEHOI IPOrPaMOIO. 3ayBarKeHHsI 00
BIJICYTHOCTI MOJIyJIsi B apryMeHTY Jiorapudma JiuB. y npukia 12
Ha crop. 112. Bes omnmnii implicit nporpama 3uaifimia 6 po3s’a30K
y IBHOMY BUIVIsi/Ii, aJie dYepe3 cleliaibHi PYyHKIIT, BUBUEHHS SAKUX
He mepedadeHe y Kypci «andepeniiaabai PiBHAHHI».

Ipuknazn 10. 3inrerpysaru ogHopiane pisusuns yy” — y'? —
— 30y/xy? = 0 (npukaz 3 mexmii 11, crop. 135):
> dsolve(y(x)*(DA2) (y) (x)-D(y) (x) ~2-30*sqrt (x)*y (x) ~2=

0,y(x));
N
(e“’j/) _C2
y(x) =0, y(z)= o Ciz

Hporo pazy Maple HaBiB TakoxK po3s’sizok y = (), KMii, OUE€BUJIHO,
€ JYACTUHHUM.
Ilpuksazm 11. 3inrerpyBaTu piBHSHHS JIPYTOTO HOPSIKY B TO-
YHUX ITOX1JTHIX
1 /
Ty —Y
w0
(upukiag 4 seknii 11, crop. 135):
> dsolve ((x*(D@O2) (y) (x)-D(y) (x))/x~2-y(x)*D(y) (x)=0,
y(x));
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1 1
y(z) = — tanh(Z_Cl Var®+ o _C1v2_ 02> _C1V2.

[IporonyemMo unragaM CaMOCTIHHO HEPEKOHATUCH, IO 3HAMIeHIi
nporpaMoro po3B’sizok € mernoBuuM. DyHKIis tanh mosnadae ri-
1epOoJIiTHII TaHTeHC, TOOTO

shx e —e %
tha = = .
chx er f e %

Ipuknazm 12. 3inTerpysaru nenosue pipuanus yy” —y'? = o/

(mpuksas 5 siexii 11, crop. 137):
> dsolve (y(x)*(D0@2) (y) (x)-D(y) (x)~2=D(y) (x),y(x));

e_Clog_C2_C1 4 q
Posp’sisku y = —x + C' 1 y = 0 3a jgonomoror nakera Maple

He 3HaiijgeHi. 3HaiigeMo TakoXK IHTErpyBaJbHUI MHOMXKHHUK I[HOTO
PIBHAHHS:
> DEtools[intfactor] (y(x)*(D@A2) (y) (x)-D(y) (x)~2=
D(y) (x));
1
y(@)?" (=) +1)y(e)

Ilpukman 13. [lobymyBaru mgudepeniiajibie piBHSHHS, sKe
Mae byHIaAMeHTAIbHY cHcTeMy po3B’askiB yy(x) = x2, yo(z) =
= z—1 (npuknag 1 sekuii 12, crop. 148). Jjisi 1bOro BUKOPUCTAEMO
koMaH 1 wronskian() i det() makera linalg:
> linalg[wronskian] ([x~2,x-1,y(x)],x);

z—1  y(z)
2z 1 %y(x)

2
2 0 j?y(x)

)

> linalgldet] (%)=0;

2 2
—xQ%y(x)+2x%y(x)+2(% (CU))l‘—Q% (z) —2y(z) =0.
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Ilpuksazm 14. 3inrerpyBaTu JiHiiiHe OJHOPiAHE DPIBHSHHS 31
crammu koedimienramu y” — 4y’ 4+ 3y = 0 (upukiaz 1 ekl 13,
crop. 153):
> dsolve ((D@@2) (y) (x)-4*D(y) (x)+3*y (x)=0,y(x));

y(r) = Cle®+ (C2e3%,

Ipuxkaazn 15. Binrerpysaru pisusuusa y” — 5y” — 6y’ = 0
(upukiaz 2 sieknii 13, crop. 153):
> dsolve ((DO@3) (y) (x)-5*(DOG2) (y) (x)-6*D(y) (x)=0,y(x));

y(x)= Cl1+ C2e %4+ (C3e07,

Ipuknanx 16. 3iarerpysaru pismsuns y'Y — 6y + 12y +
+ 6y — 13y = 0 (npukman 3 nekmii 13, crop. 155):
> dsolve((D@@4) (y) (x)-6%(DE@3) (y) (x)+12*(DEE2) (y) (x)+
6*D (y) (x)-13*y(x)=0,y(x));

ylx)= Cle®+ C2e %+ (3e3%sin(2z) + _C4 3% cos(2x).

Ipukiazn 17. Binrerpysaru pisusauns y” —5y” + 3y’ +9y = 0
(mpuksas 4 siexii 13, crop. 157):
> dsolve ((DE@3) (y) (x)-5%(DOG2) (y) (x)+3*D(y) (x)+9*y(x)=
0,y(x));

ylx)= Cle ™+ 23+ (36372,

IIpuknan 18. 3inrerpysarn pisastansg y” +3y” +3y +y =0
(mpukiaz 5 siekdi 13, crop. 157):
> dsolve ((D@@3) (y) (x)+3*(DEG2) (y) (x)+3*D(y) (x)+y(x)=0,
y(x));

yx)= Cle ™+ C2e "z + C3e %z

Ipuknazn 19. 3inrerpysaru pisuanus y¥ —y!Y + 8y — 8y +
+ 16y’ — 16y = 0 (upukmaz 6 nekmii 13, crop. 157):
> dsolve ((D@@5) (y) (x) - (D@@4) (y) (x)+8+*(DE@3) (y) (x) -
8% (DEG2) (y) (x)+164D(y) (x)-16xy(x)=0,y(x));

yle) = C1e"+ (C2sin(2z)+ C3cos(2x) +
+ C4sin(2x)x + _CHcos(2z) .
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IIpukmazn 20. 3interpysaru pisusuus Eitnepa x2y” — 3zy’ +
+ 3y = 0 (npukiay 7 jgekuii 13, crop. 158):
> dsolve(x~2x*(DQ02) (y) (x) -3*x*D(y) (x)+3*y(x)=0,y(x));

y(x)= Clz+ C2a3.

IMpukiazn 21. 3inrerpysaru pisasinas Yeburmosa (1 —:1}2)3/// —
— xy’ + n%y = 0 (nexuis 13, crop. 159):
> dsolve ((1-x72)*(D0O2) (y) (x) -x*D(y) (x)+n~2*y(x)=0,
y(x));

y(z) = _C1sin (narcsin(z)) + _ C2 cos (narcsin(z)).

Ilpukmnan 22. 3inrerpysaru pisusuns Beccenst x2y” + xy’ +
+ (2% — 1/4)y = 0 (nexuiz 13, crop. 160):
> dsolve (x~2*(D@02) (y) (x)+x*D(y) (x)+(x~2-1/4) *y(x)=0,
y(x));

_C1sin(x)  C2cos(x)
y(z) = + :
NZ3 NZ3
IlpukJsazna 23. 3iaTerpyBaru JiHiiiHe HEOIHOPIIHE PIBHSIHHSI
31 crasmmu koedinientavu y’ + y = x (mpuksan 1 ekl 14,
crop. 165):
> dsolve ((DO2) (y) (x)+y(x)=x,y(x));

y(x) =sin(z) _C2 + cos(z)_C1 + x.
IIpuknan 24. 3inrerpysaru pisusinnsg y” +y' — 2y = x (upu-

ka1 2 jekuii 14, crop. 168):
> dsolve ((D@@2) (y) (x)+D(y) (x)-2%y(x)=x,y(x));

1
y(x)=e® C24+e2% C1—=— L
- - 4 2
IMpuknan 25. 3inrerpysarn pipmsmna y” — 2y" = 22 — e*

(upukiaz 3 seknii 14, crop. 172):
> dsolve ((DE@3) (y) (x)-2%(DEG2) (y) (x)=x"2-exp(x),y(x));

4 3 1 22
y(r) = - — =+ e+ - (1 — §+_02x+_C3.
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Ilpukaazm 26. 3uaiiti 3arajbHnii PO3B’I30K JHHIAHOTO OIHO-
PiIHOrO PIBHSIHHSI JAPYroro MOPsIAKY 31 3MIHHUMHU KoedilieHTaMu
zy" + 2y + 2y = 0 (upukmayan 1 i 4 mexuii 15, crop. 176, 182):
> dsolve (x*(D@2) (y) (x)+2*D(y) (x)+x*y(x) ,y(x));

() = _ C1sin(x) N _C2 COS(l’).

T T

Ilpuksazm 27. 3inrerpyBartu JjiHiiiHe OIHODiAHE DIBHSHHS 31
sminanME Koedimientamu (22 + 1)y” — 22y’ + 2y = 0 (npuxmaz 2
nekuii 15, crop. 177):
> dsolve ((x~2+1)*(DQ02) (y) (x)-2*x*D(y) (x)+2*y (x)=0,

y(x));
ylx)= Clz+ C2(z?-1).

Ilpuksazm 28. 3inTerpyBaTu 3a JOMOMOIOI0 CTEIEHEBUX PSI/IiB
niniine piBasiaag y” + ry = 0 (npukmian 3 geknii 15, crop. 180):
> dsolve ((DEO2) (y) (x)+x*y(x)=0,y(x),type=series);

y(z) = y(0) + D(y)(0)x — ~y(0)z® — —=D(y)(0)z* + O(2®).

Bupasu y(0) i D(y)(0) osnauators 3navennst dyHxiii y(x) ta it
moximaol B Touri = 0, TOOTO BHKOHYIOTH POJIb JIOBUILHUX CTa-
JIUX, & caM PO3B’s30K 3aJ[aHUil JIHIIe KiJIbKOMA TEePIIUMU YJIeHAME
crenienresoro psay (no z°). Bmaitnemo me poss’asku 3agad Kori
y' +2y=0,y0)=1,9(0)=0iy" +zy=0,y(0) =0,y(0) =1
3a JIONIOMOTOIO CTeNeHeBHX PHAJIiB, aje 3 TouHicTio 10 x'4:
> Order:=15:dsolve ({(DQ02) (y) (x)+x*y(x)=0,y(0)=1,
D(y) (0)=0},y(x) ,type=series);
1 1 1 1
z)=1— 234+ —2% — zd +
y(=) 6 180 12960 1710720
> dsolve ({(D002) (y) (x)+x*y(x)=0,y(0)=0,
D(y) (0)=1},y(x) ,type=series);
La, U 7 1 10 1 13 15
— Y G O . (2
v@) = o= 5 5~ T3e0” trorereo” O ) )
Tyr cnouarky cucremuiit 3minniit Order IPUCBOEHO YUCJIIO, SKE BU-
3HAYAE TOUHICTH HAOJIMKEHHsT PO3B’sA3Ky. Jlerko 6auuru, 1o orpu-
MAaHO 110 II'SITh nepiux wieiB psais (15.11) 1 (15.12) BignosigHo.

x12—|—0(x15), (1)
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3posymiso, mo dopmyan (1) i (2) naw0Th KOpeKTHE HAOJIMIKEHHSI
pPO3B’s13Ky Jiuiiie B okoJii Touku & = 0.

JomarkoBo mobymyemo rpadik po3s’sa3ky mnepiroi 3agadi Korri.
Ile moxkua 3pobutn, mobymyBasiu rpadik dyskmii (1), axe as
3Ha4YEHb X, SIKi CYTTEBO BiJipi3HAOTHCA Bif 0, HOro moBejliHKa He
BioBiiaTnMe crpaBkHiii (crop. 324):
> plot(1-1/6%x"3+1/180%x~6-1/12960%x~9+1/1710720%x~12,

x=-2.3..4.2,scaling=constrained) ;

Puc. 1

Tomy kparie nmobyayBaru rpadik, 3HANIIOBIIN CIOYATKY Ha-
OszKeHUil Po3B’si30K 3aJianol 3ajadi Ko auciioBumMu Merojia-
MU (JIJIs 1IbOIO BUKOPUCTOBYEMO OIIIiI0 type=numeric KOMaHu
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dsolve(). /g nmobymoBu camoro rpadika mpu3HadeHa KOMAHIa

odeplot () makera plots (crop. 325):

> F:=dsolve({(D0@2) (y) (x)+x*y(x)=0,y(0)=1,D(y) (0)=0},
y(x) ,type=numeric) ;

F :=proc(z_rkf45) ... end proc

> plots[odeplot] (F,x=-2.3..15,numpoints=200,scaling=
constrained) ;

] /"
P NN Y e
Puc. 2

Ilpuknan 29. Posp’ssatm  kpaiioBy samaay y” +y =0,
y(0) =0, y(a) = yo, a # 0 (mpuksmaz 1 sexnii 17, crop. 199):
> dsolve ({(D0@2) (y) (x)+y(x)=0,y(0)=0,y(a)=y0},y(x));
_ y0sin(x)

y(z) .
sin(a)
Bunamok, xomm sina = 0, 3ammmBes mo3a yBaroio maxkera Maple.
Ilpukiazm 30. 3HaiiTu po3B’si30K KpaitoBol 3a/1a4i

2%y’ + 3wy —8y =0, y(1) =1, lim 3/(2) =0

(mpukstas 2 siexii 17, crop. 200):
> dsolve ({x~2*(D@@2) (y) (x)+3*x*D(y) (x)-8*y(x)=0,y(1)=1,
D(y) (infinity)=0},y(x));

[IporronyemMo 4nTadgamM caMOCTIHHO 3iHTerpyBaTu JudepeHii-
aJbHI PIBHAHHS, HaBeEH] MiC/Ig KOYKHOI JIEKITIT po3uty 2.
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Po3zmin 3.
CUCTEMU 3BUYATTHUX
JANPEPEHIIIA/JIbHNX PIBHAHD

Jleknig 18. CucreMmu 3BUYaHIX
audepeHIiaTbHUX PiBHAHB (3arajbHa Teopist)

Ilan

1. OcHoBHI O3HaYeHHSs i TOHSITTSI.

2. Mexaniute TiiyMadeHHsI HOPMaJbHOI CUCTEMHU Ta 11 PO3B’si3-
KiB.

3. 3BejieHHs UQEPEHITAIBHOIO DPIBHIHHS N1-I'0 TOPSJIKY JI0
HOPMAJILHOI CUCTEeMH I 0DepHeHa 3a1a4a.

4. JliHiitHi OJIHOPITHI cucTEMH.

1. OcuoBHi o3HaveHHs1 I MOHATTS. Po3B’sasyrounm Gararo
MPUKJIAJIHIX 3aJa4, JOBOJIUTHCA BU3HAYATU BIIPa3y JeKLIbKa He-
BigoMux (byHKIH 3 BiAMOBIAHOI KiABKOCTI aucpepeHIiaabHIX PiB-
HsIHb, TOOTO MATH CIPABY 3 CUCTEMOIO TU(EPEHINATHHUX PiBHAHD.
CyKyIIHICTH CIIIBBIIHONIEHb BUIJISIITY

Fl (xaylay%"'ayna yivyévay%)
F2 (33,y17y27~~~7yn7 yllayéaay;m)

0,
0 (18.1)

Fn(xaylay%'--aynv yllvyévvy;z) _0’

J€ Y1, Y2, .-, Yn — HIyKaHi PyHKINT HE3aeKHOT 3MIHHOT =, HA3U-
BAaIOThb CUCMEMOM0 38UMAGTUHUL OUPEPEHULAALHUL PIBHAHD
nePpUL020 NOPAIKY.

Axmio (18.1) MoxKHa PO3B’sI3aTH BIJIHOCHO HOXiIHUX YCiX dyH-
KIIiif, TO OJIEP?KUMO CHCTEMY

yi = fl(xaylay% 800 ayn)a
yé = fz(l., y17y27 e 7yn)7 (18.2)

y7/1 = fn(x7y1,y2, R 7yn)7

AKY Ha3uBalOTb HOPMAABHONO.



218  Posain 3. CUCTEMU 3BUYANHUX JUPEPEHIIAJILHIX PIBHSIHD

Pose’askom cucmemu (18.2) na nesikomy inrepsaui (a,b)
HA3MBAIOTH BIODPSIKOBAHY CyKYIHICTH (yHKILH

i =v1(z), y2=1y2(x), ..., yn = yn(x), (18.3)

BU3HAYEHUX 1 HEIIEPEPBHO MMEPEHIIHOBHIX HA IILOMY iHTepBaJIi,
SIKINO BOHA KOKHE DiBHsIHHsI cucremu (18.2) mepeTBopioe y TOTO-
JKHICTD, sIKa CHPABIRKYEThC Jyisi BCiX 3HadeHb x € (a,b). Kpusy

B (n+ 1)-Bumipromy upocropi (z,y1,Y2,...,Yn), K& BlaloBigae
po3B’sizky (18.3), HABUBAIOTH THME2PAABLHON KPUBOIO CUCTEMU
(18.2).

3adauwa Kowsi nis cucremu (18.2) dbopMmysioeTbest Tak: ce-
peJ| ycix po3B’si3KiB miei cucremu 3HaliTh po3B’si3ok (18.3), skuit
3aJI0BOJIbHSIE YMOBH

y1(z0) = y10, Y2(Z0) = Y20, -~ Yn(T0) = Yno- (18.4)

Jle & =x( — Jesika To4uKa 3 inrepsaiy (a,b), a Y10, Y20, - - -y Yno — 1O~
BlIbHI 3a71aH1 aificHi yucsia (IX HA3MBAIOTH NOYAMKOBUMU OAHU-
MU po3e’a3ry). CyKylnHICTb YuCeN T(, Y10, Y20 - - - » Yno HABUBA-
I0Tb NOYAMKOSUMY darumu cucmemu (18.2), a ymosu (18.4) —
nowamrosuMu ymosamu cucremu (18.2).

3 reomMeTpuIHOT TOYKY 30py 3aaax1a Kot mossarae y Bignmykan-
Hi cepeJl ycix iHTerpajibHuX KpuBux cucremu (18.2) takol KpuBOI,
sIKa, [IPOXOJIUTH Yepe3 3aJaHy TOUKY (Lo, Y10, Y205 - - -5 Yno)-

BusiByisieTbest, 1m0 i1 iCHYBaHHsI HETIEpEePBHO JrbepeHIiiioB-
HOro posp’si3ky 3azadi Komi (18.2), (18.4) mocuTh mpHIyCcTHTH,
o6 npasi wacmuny cucmemu (18.2) 6yau nenepepsrumu 6 deaxo-
MYy okoni novamkosux danux (meopema Ileano). Hacrynua teo-
peMa rapaHTye ICHyBaHHs €JIMHOIO po3B’s3Ky 3ajadi Ko (18.2),
(18.4) (moBesenHs i€l TeopeMu MOXKHA 3HAiITH, HAIPUKJIAL, B 8,

c. 93 - 99)).

Teopema (Komi). Hezati npasi wacmunu cucmemu (18.2) su-
anaueni 6 (n + 1)-eumiprnomy napaseseninedi

G={(z,y1, 42, yn) : [x =m0l <@, [yj —yjo[ <b, j=1,2,...,n}

1 300080ADHAIOMY Y HLOMY MAKT YMOBU:
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1) dymwyii fi(x,y1,y2, ..., Yn) HENepepeni, a, omorce, 4 obme-
orcens, moomo | fi(x,y1,y2, ... yn)| < M, j=1,2,...,n, M >0;

2) wacmunni norions 6%, 1, k=1,2,...,n, ichyromsv ma obme-
orceni. Todi sadava Kowi (18.2), (18.4) Mae edunuﬂ P036°A30% Npu-
Hatmmi na 6i0pisky | — xo| < h, de h = min (a, b/M) .

Hexait G — me 061acTh IPOCTOPY 3MIHU 3MIHHEUX Z,Y1, .. ., Yn,
y KozkHiit Tourni sikol 3agada Komi (18.2), (18.4) mae eauuuii pos-
B’s130K. CyKymHiCTb QyHKITIH

yj:goj(x,Cl,Cg,...,Cn), j:1,2,...,n, (185)

fK1 BU3Ha4YeHl B geqkiit odnacri sminu x, Cq, Csy, ..., C) 1 MaloTh
HelepepBHI YacTUHHI MOXIAHI 3a 3MIHHOIO X, HA3WBAIOThH 3A2aA.4b-
HuUM po3e’adkom cucremu (18.2) B obsacti G, sKIo:

1) cucremy (18.5) moxkHa poss’st3arn B obsacti G BiHOCHO
noButbHEX cramux Cp, Csy, ..., Cp, T0OTO

C':wj(xvylvy%"'?yn)v j:1727"'7n; (186)

2) auist BCiX 3HauYeHb (T,Y1,...,Yn) € G dopmymu (18.6) Bu-
3HavdaroTh Taki sHadenHst Cp, Cy, ..., Cp, UIsT IKUX CYKYIHICTH
dbyuxmiit (18.5) € pos3s’sa3kom cucremu (18.2).

Posp’s30k cucremu (18.2), y KOXKHIN TOUII SIKOTO BUHKOHYE-
ThC yMOBa €JIMHOCTI pO3B’s3Ky 3ajadi Ko, HazmBaioTh “a-
CMUHHUM. 3 O3HAYUEHHSI 3araJIbHOIO PO3B’sI3Ky BUILIMBAE, 110 BCI
PO3B’SI3KH, SIKi YTBOPIOIOTHCSI 3 HBOI'O JIJIsT KOHKPETHUX 3HAUEHb
noBinbaux craymux Cp, Co, ..., C), € yactunauMu. Po3B’s130K cu-
CTeMU, Y KOXKHII TOUI SIKOT'O HOPYIIYETbCSI YMOBa €IMHOCTI PO3-
B's13Ky 3aga4i Kol j1st i€l cucreMu, HA3UBAIOTh 0COOAUBUM.

Henepepero jnudepenriiiosuy ¥(x,y1, Y2, ..., Yn) # const Ha-
3UBAIOTH tHMeE2pasom cucremn (18.2), sIKIO BOHA TOTOXKHO Iie-
PETBOPIOETHCST Y CTAJy B3JI0BXK JOBIJIBHOTO YaCTUHHOIO PO3B’SI3KY
i€l cucremu. Toxi dip = 0 Bracsinok cucremu (18.2), To6TO

9 o
dip = wd T 2
oy Oyn
0 o
% 4 +—¢fld P

8:U 6—yn
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Piguicte ¢(z,y1,Y2,...,yn) = C, ne C — nosinbHa crana, Ha-
3UBaIOTh Nepwum ithmezpaaom cucremu (18.2). Hanpukiaz, Ko-
’kHa 3 piBHocTeil (18.6) € nepmmm inTerpasgom cucremu (18.2).

Cyxkymunicrb n nepummx inrerpaJjis cucremu (18.2)

wj(‘raylayQa"'ayn):Cj j:1,2,...,n,

HA3UBAIOTh 3A2GALHUM THME2PAAOM i€ CUCTEMU, SKINO iHTe-

rpajid Y1, Yo, ..., V¥, € HE3AAEHCHUMU, TOOTO MiXK Y1, Vo, .. .,
Yy, He icuye cuiBBigHomenHst BUrsiLy F (1,19, ...,1¢,) = 0 s
KoHOT yHKINT F. 3 MareMaTHIHOTO aHAJI3y BiJIOMO, IO JJIst
He3aJIeXKHOCTI B o0stacti G DyHKIH 11, Vs, . ., 1y, sIKi MAIOTH Ya-
CTUHHI TOX1JTHI 6—;5;, 7,k =1,2,...,n, HeoOXiaHO i TOCTATHRO, 1100
B obnacti G

oy1 Oyn

R )

On . On

oy1 OYn

Mozkna mokaszaTu, 0 HOPMAaJILHA CUCTeMa 1 PIBHAHD He MOYKE
MaTu Gliblle, HIXK N He3aJIeXKHUX iHTerpasis cucremu (18.2).

DBynp-gki n nepmux iHTerpaiiB Ha3WBalOTh HE3AAEHCHUMU,
SIKIIO BiAITOBIIHI TM iHTerpasu Hesastexxkai. OTxKe, 3a1a1a 100y 1081
3araJibHOrO IHTEerpaJja cucTeMu Oy/ie pO3B’sI3aH00, SIKINO 3HAIEHO
N He3aJIEKHUX TEPITNX IHTEerpaJIiB.

3arajgbHOTO CrOCO0Y 3HAXO/KEHHS WEPIIUX IHTErpaJiB He
icaye. OiHak y 6araThbOX BHITAJKAX BIIAETHCS 3HANTH Iepriuil iH-
TerpaJl MUISAXOM JIEdKUX [TePeTBOPEHD CUCTEMU, Y PE3YJIbTaTi Y0ro
OTPUMYETBHCS JIndEpeHIliaIbHe PIBHIHHS, STKE JIETKO IHTEIPYEThCS.
Koxkme Take piBHSHHS HA3WBAIOTH THME2POBHONO KOMOIHAUL-
er0. Koxxna inrerpoBHa KOMOIHAIlS TOPOJRKYE MEPITHI iHTErpaJl.
OpHak cepell HUX MOXKYTb BUSIBUTHCDH 1 3aJI€XKHI IHTErpaJju, a To-
My, OJIEP2KYIOUM HOBWIl IEpIIuil iHTerpaJi, moTpibHO HnepeBipuTH,
qn OyJie Bi/l HE3AIEKHUM 3 PAHIIIe OTPUMAHIMU.

Ilpukiazn 1. 3inmezpysamu cucmemyl)

-2
7 =yly—=2)"2

) dkmo y cucreMi 7Bl HeBigoMi dyHKIIT, TO MO3HAYIATHMEMO iX Yepe3 Y, 2.
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Pozs’azannsa. [logiueimm nepiie piBHIHHS CHCTEMH HA JPYyTe,
0JIEP’KYEMO IHTEIPOBHY KOMOIHAIIIIO g—g = i, 3BLJIKM, BIJIOKPEMJIIO-
1091 3MiHHI, 3HAXOIUMO

d z
Y _Z = ydy—zdz=0 =
dz vy
2 2

Yy — 2z =Cy. (18.7)
Bignimatoun Bijg apyroro piBHSHHSI 3aJaHOI CUCTEMU IIepIIle,
OJIEP’KUMO II€ OJHY IHTErPOBHY KOMOIHAIIIIO % = %, 3BIJIKT
(z—y)? =22+ C,. (18.8)

Kozkne i3 cniBeignomens (18.7), (18.8) € mepmmm inTerpasom,
a OCKIJIbKU BOHU € HE3aJIe’KHUMU (y IIbOMY IHPOIOHYEMO II€PEKO-
HATHCS CAMOCTIIHO), TO iX CYKYIHICTb € 3arajbHUM IHTErpaJoM
CUCTEMU.
Bionoeidwv: y> — 2> = Oy, (2 — y)? = =2z + Cs.

2. MexaniyHe TJiyMadyeHHsI HOPMaJIbHOI cucTeMHu Ta i1
po3B’sa3kiB. Hopmaubhiii cucremi (18.2) ta i1 po3s’siskam MoxKHa,
HaJIaTH MeXaHiuHe TJiyMadeHHs1. PO3IyistHeMO cucremy

x’l = fl(t,xl,xg, 000 ,xn),
:I:/Q = f2(t7$17$27 800 7$n)7
(18.9)
:E;L = fn(t,l'l,l'Q, cee 7xn)7
net — uac, T, X9, ..., Ty — KOOPAUHATH TOUKH N-BUMIPHOIO IIPO-

cropy. Leit mpocrip nasusaiors gazosum. s n = 1 dazosum
IIPOCTOPOM € Bich ¢ (pazosa npsama), nis n = 2 — wiomuna (¢, x),
JKy Ha3WBaIOTh (Pa306010.

Koxxuuii po3s’sizok (iHTerpajibHa Kpusa)

x1 =x1(t), m2=1m2(t), ..., xp=2axy(t) (18.10)

cucremu (18.9) Bupazxkae 3aKoH pYxy TOUKN y HA30BOMY IIPOCTO-
pi. Tomy poss’sizok (18.10) HABHBATUMEMO PYTOM Y N-BUMIDHOMY
npocropi R", Busnauenum cucremoro (18.9), a kpuBy, siKy onucye
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pyxoMa TO4YKa y (ha30BOMY IIPOCTOPi, — MPAEKMOPIEIO PYLY abO
Paszoso10 mpaekmopiero.

JliBi wactunn cucremnu (18.9) € ckiagoBuMu (3a OCSIMU KOOD/IH-
HAT) IIBUJIKOCTI PyXy TOUYKH, TOMY KazKyTh, IO I8 CHCTEMa 3a/1a€
110JIe TIBUJIKOCTEN PyXiB, TOOTO TOUKA MOYKE IPOXOIUTH Y MOMEHT
qacy t depes MOJIOKeHHS (T1, X2, . .., Ty) TUIBKH 3 33/IAHOIO IIBUJI-
KICTIO.

ZIKIO MBUIKICTH, 3 SIKOIO TOYKA IIPOXOJUTH YePe3 MOJIOKEH-
usl (21,29, ...,Ty), HE 3aJI€2KUTH B/l MOMEHTY 4Yacy [POXO/ZKEHHS,
To6TO cucrema (18.9) mae BuIIsAL

xll = fl(x17x2, o ,m’l’b)7
h = fo(x1, T2, ..., Tn), (18.11)
:L‘;L = fn(xlax27 T ’x”)’

T0 11 HABUBAIOTH GBMOHOMHOMN (CMAUIOHAPHOI0), a PYX, IO
OIUCYIOTHCS TAKOIO CHCTEMOIO, — YCMAAEHUM.

Axmo y gpesikiit Touni (19,20, .-, Tpo) UPaBl YaCTUHU CH-
cremu (18.11) 1OpPIBHIOIOTH HYJIIO JJIsl BCIX 3HAUY€Hb vacy t, TOO-
to fj(t,x10,%20,-..,%n0) =0, 7 =1,2,...,n, TOo g cucreMa Mae
PO3B’ 130K

T1 = T10, T2 = T2, --., Tp = Tno, (18.12)

ajpke, mijcrasisoun iforo B (18.9), ogepkumo roroxkHocTi. Pyx
(18.12) HasuBaOTh CMAHOM CNOKO0. TPAEKTOPIEIO IIBOTO PYXY €
TOYKA (10,20, - - -, Tno), AKY HABUBATHMEMO MOYKON CNOKOIO.

3adawa Kowsi nisa cucremu (18.9) mossirae y 3HaXO/KEHHI
pyxy (18.10), sikuii 3a/10BOJIbHSIE IOYATKOBI yMOBU

z1(to) = z10, x2(to) = 20, ..., Tn(to) = Tno,

ne to, T10, T20, ..., Tpo — 3ajaHl uncia (Nowamrosi dami),
T06TO 1IyKaeThest Takuii pyx (18.10), npu sikomy pyXoma TOYKa
BHAXOJUTHCS Y 3aJauiii Touri (x19,x20,-..,Tno) HA30BOrO MpoO-
cropy y 3aganuii Mmoment 4acy t. IIpu mpomy (210,220, -, Tno)
HA3UBAIOTH NOYAMK08010 moukoro pyxy (18.10). Baysaxkumo,
O SIKIIO IOYATKOBOIO TOUYKOW pyxy (18.10) € Touka CIOKOIO
(10,205 - - - , Tno), TO OJHUM 3 PO3B’si3kiB 3amaui Komi Gyme cran
criokoio (18.12).
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Cucremu judepeHiaabHUX PIBHSHL € MOJIEIsIMU PI3HOMAaHI-
THUAX [TPUKJIAQJIHUX 3a/a4. PO3ryisiHeMO OJIHY 3 HHX.

3amaga 1. Busnavumu mpaekmopito pyry 2apmammo2o CHa-
PAJY, AKUL SUAIMAE 3 MOYAMKOBON WEUIKICMI Vg Nid KYmom «
do zopuszonmy. Onip nosimpa nponopuiinut wWweudkocms pyy.
Pose’sazarnsn. Criajemo gudepeHIiaJbHy MOIeb Iiel 3aa-
qgi. 3a MOYATOK KOODJMHAT Bi3bMEMO TOYKY BUJIBOTY CHAapsia
(puc. 18.1). Ha cHapsiy jie cuia Baru P = mg, CKIaJ0Ba sIKOI Ha
oci  JOPiBHIOE HYJITO, OO CUJIa MEPHEHUKY/ISpHa 110 1€l oci. To-
mi mudpepeHIiaJ bHIMI PIBHAHHIMU PYXY B3JI0BXK KOODINHATHIX

oceil €
d?x kdm d?y kdy
m—s = —mk— m—s = —mgqg — mk—.
at2 d’ de J dt
YA
o
mg
«
0 e
Puc. 18.1

AKIo 3HEXTYBaTH OIMMOPOM MOBITPs, TO IIi PIBHAHHS IiCJIsI CKO-
pOYeHHS Ha 1M MATUMYTh BUTJIS:

d’x B d?y

Omxke, 3ajada 3Bejacs JO IHTerpyBaHHSI CHCTEMH JIBOX JIU-
dbepenrianbuux piBHAHL. IHTErpyIoun KOXKHE DIBHSIHHS CHCTEMH
(18.13), omepxkyemo:

dy
Vs = — Ci, vy o gt + Co, (18.14)

JI€ Uy, Vy — CKIIQJIOBI MBHAKOCTI v = v(, y) Ha OCsAX. Y IOYATKOBHIA
MoMeHT 4Yacy tg = 0 KOMIIOHEeHTaMW IIBUJIKOCTI € v, = v( COS &,
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vy = vpsina, a orxe, C1 = vg cosa, Cy = vgsin . Bpaxosytoun
i dhopmysn, 3 (18.14) 3Haxomumo

x = vot cos a + Cf3, y:—gt2/2—|—votsina—|—04,
aste ockinbku z(0) = y(0) = 0, ro C3 = Cy = 0. OcTarouHo MaeMo
T =wptcosa, y=—gt?/2+ votsina.

Bukimrogaroau 3Bincu ¢, 01epKyeMO TPAEKTOPII0 PyXy — mapabosry

gz?

——— +trtga.
203 cos?a &

y:

JlapHicTh X1 MOJBLOTY CHApsiIa 3HaiiaeMo 3 piBusanag y = 0:

2

o =0 = =

v% sin 2«
20 cos?a g

rtgo —

MaxkcrMaJIbHOIO JaJIbHICTE TOJILOTY OyJie Tol, Koau sin 2a = 1,
3BIIKM 3HAXOMMO BiIHOBimHUIT KyT BuaboTy o = /4. B
3. 3Benenns AudepeHIiajJIbHOro PiBHIHHS N-T0 IIOPs/I-

Ky JI0 HOpMAaJIbHOI cucTeMu i obepHeHa 3agada. ludepen-
HiaJibHE PIBHAHHS 1-T'O HOPSJIKY

y™ = f (myy’ . ,y("_1)> (18.15)

3aBXKIM MOXKHA 3BECTHU JI0 HOPMAJBHOI CHCTEMU N AUdepeHIialb-
HUX piBHAHB. 1 nporo nosnaunmo y = y1, ¥ = y2, v = ys, ...,
y(nil) = Y. Tom

=y =y vh=v"=us -, Uho=9""" =um,

y7/1 = y(n) = f(x7y17y27 000 7yn)7

T06TO DYHKIUT Y1, Y2, - - - , Yn 33TOBOJIBHSIIOTH HOPMAJIbHY CUCTEMY
udepeHIiajIbHuX PiBHIHD

YL = Yo,
Yo = Y3,

(18.16)
y;;,—l = yn7

y;z = f(1:7y17y27~~'7yn)~
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Cucrema (18.16) piBHOCHIIbHA JAudepeHIaTbHOMY — PIBHSIHHIO
(18.15). 3Besennst oJHOrO AUMEPEHIIAIBHOIO PIBHSIHHS N-I'0 0~
PSIIKY, PO3B’SI3aHOTO BiTHOCHO CTAPIIOl MOXiTHOI, 10 PIBHOCHIBLHOL
HOPMAJILHOI CHCTEMU PIBHSIHL y OararboX BHUIIAIKAX CIIPOILYE 3a-
Jlady 3HaXOJIKEHHsI 3arajbHOI0 pPO3B’d3Ky abo PO3B’#A3Ky 3ajiadqi
Korrri.

Posrisinemo obepHeny 3ajady, TOOTO 3ajady PO 3BEJICHHS
HOpMasbHOI cucremu (18.2), y sikiit f; — (n — 1) pasis mudepen-
nitoBHi yHKIHI, g0 omHOro judepeniajabHoro piBHsHHS. Jls
IIBOTO TIOC/II0BHO 31udepenIioemo (n — 1) pasis ojHe 3 piBHSIHb
cucremu (18.2) (Hanpukiaj, Iepiie), 3aMiHIOIOYN IC/IsS KOXKHO-
ro JudepeHnitoBatts TOXIAHI Y], Yh, . .., Yl BUpA3aMu JJIsl HUX 3
cucremu (18.2), 1 BUKJIIOUMMO 3 HEPUIOTrO PIBHSAHHS II€T cucTeMH i
orpumanux (n—1)-ro piBasiHHS QYHKIIT Y2, Y3, - - . , Ypn. [IpH 1IBOMY
JJIsT 3HAXOJZKEHHsT (DYHKITI ¢ OJIEPKUMO PIBHSIHHS N-TO MOPSIKY
BUIVISILY

y™ = f(m,yhy’p - ,y§"_1)>,

1 SIKIIO BJIACTBHCA 3HANTH HOro 3araJibHUN PO3B’s30K, TO (DYHKIIT
Y2, Y3, - - -, Yn HARTYTHCH O€3 KBaJIPATyP.

Mero po3B’si3yBaHHsl HOPMAaJbHOI CHCTEMU DPIiBHAHDL 3BeICH-
HeAM 11 10 OJHOTO AudepeHIiaJIbHOr0 PiBHSIHHS, PO3B’SI3aHOTO Bil-
HOCHO CTapIOl [IOXIIHOI, HA3UBAIOTH MEMOJOM BUKAIOUEHHS.

V IedaKux BUIQIKAX 3BEJIEHHsT HOPMAaJIbHOI CHCTEMHI IO OTHOTO
PIBHAHHS MOYKHa 3JIICHIOBATH 3 BIJIXWUJIEHHSIM BiJl ONUCAHOl 3a-
rajJbHOI CXEMM.

Ilpukiazn 2. 3inmezpysamu cucmemy

Yy =y+z,
2 =3z—y.

Poseg’sazarrs. 3 1epiioro piBHSIHHS BUPA3UMO z Uepe3 ¥y 1 Iij-
CTABUMO y JPYre PIBHSIHHS CHCTEMU:

2=y -y = (-9 =30W-y)-y =
y//_4y/+4y:0 - y20162x+021‘621.
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Tenep, BpaxoBytoun, mo z =y — y, 3Hax0AuMO (PYHKILIO 2:
7= (0162’” + C’ga:e%)/ — (0162"’“" + Cga:e%) =
= (Cl -+ 02)62:8 + ng€2x.
Bidnoeidv: y = C1e*® + Coze®®, 2 = (C1+ 02)62‘” + Cyze?®.

Ilpukiazn 3. 3inmezpysamu cucmemy

Y = Y1+ 2y2 + 2y3,

Yy = —y2 — 2y3,

Y5 = Y2 + Y3

Pose’azarns. 3udepeHIineMo nepiie piBHIHHS CUCTEMU 1 i1
CTABIMO 3aMICTb ¥}, Yh, ¥4 BIANOBINHI BUpa3u i3 3a/aHo0l cucreMu:

Yl =y + 2y + 2y3 = y1 + 290 + 23 +
+2(—y2 — 2y3) + 2(y2 + y3) = Y1 + 2y2.

Hudepenriioloan orpuMaHe CIIBBiIHONIEHHS i 3HOBY BUKOPHCTO-
BYIOUU DIBHAHHS CHCTEMHU, OJEPXKYEMO CITiBBIIHOIIIEHHS

"

Yl =i + 25 = y1 + 2y2 + 2y3 + 2(—y2 — 2y3) = y1 — 2y3.
Tenep i3 cucremun

vl = y1 + 2y2 + 2ys,

Yl = Y1+ 292,
yi' =y —2ys
BUKJIIOTUMO Yo 1 Y3. 3 IPYTOTO 1 TPETHOTO PIBHSIHBL 3HAXOITMO
1 1
y2 =5 — ) ys =5 —ul)

2 2
[Mincrapisiioun obuMBa BUpa3y y Iepie PIBHAHHS CHUCTEMHE, OJep-
xKyemo mudepennianbae pisaanuas v — v + y; —y1 = 0, 3aramn-
HUM po3B’sa3koM sIkoro € Yy, = Cre® + Cy cos x + Cy sinx. Toxi ys =
= —Cycosz—Cysinz, y3 = (Ca(cos x—sinx)+Cs(cos x+sinx)).
Bidnosidv: 11 = Chre® + Cycosz + Cysinz, yo = —Chocosx —
— Cysinz, y3 = 3(Co(cosx — sinx) + C3(cosz + sinx)).

[TorpibHo MaTu Ha yBasi, 110 IIPU PO3B’sI3yBaHHs cucTeM (fK 1
piBHsIHB) BiIIOBIIb MOXKe OyTu 3amucana y pisuiit ¢opmi, npudomy
11 MOXKHa 3BECTHU BiJl OJHOT'O JIO 1HIIIOTO BUTJISLY TTepEerO3HadeHHIM
CTaJIAX.
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4. JliniitHi omHopimHi cucremu. JIiHITHOMN CHCTEMOO M-
depeHIiagIbHIX PIBHSIHD [IEPIIOrO MOPSAAKY HA3UBAIOTH CUCTEMY

y) = pu(@)yr + pr2(@)y2 + ... + pin(@)yn + f1(x),
vh = po1(x)y1 + paz(x)y2 + . .. + pon(T)yn + fa(x), (18.17)

y7/1 = pn1<$)y1 + pn2<$)y2 P o000 +pnn($)yn + fn(x)a

AKY CKOPOY€HO MOzKHa 3allucaTu y BI/II‘JIH,H‘i
yk_zpk] yj"’fk:( ) k=1,2,...,n.

Brazkarumenmo, mo Bci dbynxmil prj(z) (xoediutenmu cucme-
Mmu), a TakoXK fi(z) HenepepBHi Ha sesikomy iHTepBadi (a,b). To-
1l 3rigao 3 Teopemoro Komi (m. 1) cucrema (18.17) mae enunmii
posB’sa30K (18.3), sikuit 3a/10B0sIbHSIE TI0UaTKOBI ymMoBH (18.4). Lleit
PO3B’s130K Oyjie BU3HAYECHUiT HA JIeSIKOMY BLIpI3Ky [a1,b1] C (a,b).
OcobsmBux po3s’s3kiB cucrema (18.17) He mae.

Axkmo na inrepBasi (a,b) Bei fix(x) = 0, To cucremy (18.17)
Ha3UBAIOTh ATHITHO10 00HOPIOHO010. Bona Mae BurIs

yk—Zka )y, k=1,2,...,n. (18.18)

ko y cucremi (18.17) ne Bei dyHkuii fi(z) TOTOXKHO JOPiBHIO-
FOTh HYJIIO, TO 11T HA3UBAIOTH AIHITHOM HEOOHOPIOHO010.

OueBuiHO, JIiHIHA OMHOPIIHA CHCTeMa Ma€ HYJIbOBHIT PO3B’si-
30K Y1 =0, yo =0, ..., y, = 0, dKuii HABUBAIOTH MPUBLAALHUM.

Posp’si3ku stiHifiHOT ofHOpinHOT cucremu (18.18) matoTh Jeski
XapaKTepHI BJACTUBOCTI, $KI aHAJOTIYHI IO BIIIIOBIIHUX BJIACTH-
BOCTEl PO3B’sI3KiB JIIHITHOTO OIHOPIIHOTO PIBHSIHHS N-TO HOPSIIKY
(mekmist 12, . 2).

Baacrusicts 1. fSdxwo y1 = ¢1(x), y2 = @a(x), ..., Yn =
= () — pose’asor 0dnopionol cucmemu ( 8.18), mo
y1=Coi(x), y2a=Cp2(x), ..., yn=Con(x),

de C' — dosinvHa cmaia, maxogc € po36 A3KOM Uici cucmemu.
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Baacrtusicts 2. Hxwo 3adano m pose’askie cucmemu (18.18):

9 ) .
1-G po3e’asok : Y11, Y12, - - - Yin,
(>3 ) .
2-1 po36°A30K : Y21, Y22, - - Y2n,
[ Vi .
m-u po36 A30K . Yml, Ym2; - - -5 Ymn,
mo 1 Atnitna xKombinayis 3 dosinvrumu cmasumu Cp, Co, ..., Chy

= Ciyn1 + Cay21 + ... + CYma,s
Clylz + Czy22 + ...+ CrYma,

= Clyln + CQan T coo I Cmymna

a00, CKOPOUEHO,

m
yp = Zciy,-k, k=1,2,...,n, (18.19)
i=1

makooc € po3e’azkom cucmemu (18.18).
Hosederns. Ilincrapisroun (18.19) B (18.18), oxepyemo

m J n m
(Z Ci,%’k) = Zij(@(Z Ci%’j) =
= j= i=1
ZC,ylk = ZC Zpk] x)yij, k=1,2,...,n
JoBesieHIs BIACTHBOCT] BHILUIUBAE 3 TOTOXKHOCTEN
ylk_Zka ym k=1,2,...,n, i=1,2,...,m,

SIK1 OJIEPKYEMO, TI1ICTABJISIOUY i-if pO3B 530K y cucremy (18.18). »

Pexomendosana aimepamypa: |1, c. 115 — 118, 134 — 135],
[5, c. 322 — 340], [8, c. 93 — 99, 164 — 179], [12, c. 109 — 112, 131 —
152], [15, c. 18 — 22, 65 — 70, 91 — 92].
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IIutannga go gekirii 18

1. dxwuit 3araJbHUil BULISI] Ma€ CUCTEMA 3BUYAHNX JDepeHIiaIb-
HUX PiBHAHDL mepiroro nopsaky’ 11lo ma3zuBaoTh po3B’si3KoM IIi€l cucTe-
MO Ha JIeIKOMY IHTepBaJIi?

2. dxwuit Burism Ma€ HOpMaJIbHA cCUCTEeMA MuePEeHIiaIbHIX PiBHAHD
repIoro nopsiyiky? Ak dopmysroerbest 3aada Kot ijist Takol cucremu?
Axwuit 1T reomeTpuvHUil Ta MexaHidHUIT 3MicT? Ky HOpMAJIBHY CHCTEMY
Ha3WBAOTh ABTOHOMHOIK?

3. fxwmit MmexanivaHMit 3MicT Mae HOpMaJIbHA crcTeMa Ta 11 po3B’sa30K?
[Tlo Take dazosuii nupocrip, ¢asosa wiomuna, dgasosa upsma’ Ak 1mo-
B’st3aHl MiK CODOIO PyX, SIKUIl OIMUCYETHCS CUCTEMOIO JI(DepeHIia bHIX
PIBHSIHB, Ta HOro TpaekTopis? ZKuil pyX Ha3MBatOTh CTAHOM CIIOKOMO,
SIKOFO € MO0 TPaEeKTOpisi?

4. dx dpopmymioerhes Teopema Korri mpo gocTaTHi yMOBH iCHYBAHHST
Ta €IMHOCTI HETIEPEPBHO /IMpePEHIiIOBHOTO PO3B’ a3Ky 3a1ati Ko st
HOPMAJIBHOI cUCTEMU JupepeHIialbHIX PIBHAHD !

5. Mo HasuBalOTh 3arajbHUM PO3B’s3KOM (IHTErpaJjioM) HOPMAaJib-
HOI cucremu audepeHIiajbHIX PIBHSAHD Y JesKiil 06J/1acTi iCHyBaHHsT Ta
enuHocTi po3B’s3kiB 3asadi Komi? I1lo HasuBarTh YACTUHHUM Ta OCO-
OJIMBUM PO3B’sI3KAMU HOPMAaJIbHOI CHCTEMU JU(EPEHIIaJIbHUX PIBHIHD !
fx BoHU 110B’s13aHi 3 3arajbHUM PO3B’SI3KOM CUCTEMMU !

6. ITlo Take inTerpoBHi KOMOIHAIIT 1 IK BOHI BUKOPUCTOBYIOTHCS JIJIst
3HAXOZKEHHsI 3arajIbHOTO iHTerpasa’

7. dx mudepentiaabae PIBHIHHS N-I0O MOPSIKY, PO3B’sg3aHe BiIHO-
CHO CTapIIOol IOXi/THOI, MOYKHA 3BECTHU JI0 PIBHOCUJILHOI IOMY HOPMAaJIbHOI
cucTeMn JUDEPEHIfiaJbHIX PIBHIHB?

8. dAxwuit BursAn Mae JiHiHA crcrema qudepeHIiaJIbHIX PiBHAHD !
YumMm BizmpisHgeThes JiniitHA HEOMHOPiaHA crucTeMa Bim omHOpimHOI? fKi
BJIACTUBOCTI MaIOTh PO3B’sI3KU JIHIAHOT OHOPIIHOT cucTemu’?

Bopasu go jekiii 18

1. Binrerpyiite cucremMu, BUKOPUCTOBYIOYH iHTEIPOBHI KOMOIHAIIIT:
2) y' = 2(y? + 2?)x, 6) y' = siny cos z,
2 = dyzx; z/ = cosysin z.
2. 3igTerpyiiTe CHCTEMI METOJIOM BUKJIIOUEHHSI:

y =y — 22+ xe®,

2) Y =y+2z,
2 =5y —z—(z+1)e%

2= —2y+6z;

(@)
=

Y1 = 3y1 — y2 + 3ys,
B) { ¥4 = 3y1 — Y2 + 2y3,
v = —2y1 + 2y2 — 3ys.
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Jlekmia 19. Jlimiiini ogHOpiaHI cucTeMu 3BUYaHUX
audepeHIliaJIbHUX PiBHAHb

Il1an

1. Jliniifino 3aJiexkHi Ta JHHITHO He3a/IeKHI CYKYIHOCTI (DyH-
KITIi.

2. ®opmysa Ocrporpajicbkoro — fkobi.

3. OcHOBHa TeopeMa.

4. Jliniitai ogHOpigHi cucreMu 31 crajauMu Koedimienramu. Me-
Tox Eitnepa.

1. JliniitHo 3aj1e>kHi Ta JiHIIHO He3aJIe>kKHi CYKYITHOCTI
dyukmiii. Hexail 3amano m cykymHocreil (yHKILi

Y11, Y12, -+, Yin,
Y21, Y22, ---5 Y2n, (191)
Ymly, Ym2s -5 Ymn,

y KOXKHIl 3 gkux 1 QyHKIIH, BUSHAYEHUX | HElepepBHUX Ha Jie-
sikoMy iHTepBadi (a,b). Cykynnocti dyukiit (19.1) HasuBaoTh -
HIUHO He3anedrcHuMu Ha iHTepBadi (a,b), SKIIO TOTOXKHOCTI

a1y11 + a1 + ... + apYm1 =0,
a1y12 + oy + ... + apmYma = 0,

1Y1n + Q2Yon + ...+ A Ymn = 0,

e a1, a2, ..., Q, — CTaJi, BUKOHYIOTHCSI TIJILKH TOJIl, KOJU
] =a9 = ... = @y, = 0. B inmomy Bumajky cykynHocti (yHKITiT
(19.1) nasuBaroTh AIHIGHO 3anedrchumu Ha inTepsa (a,b).
BeranoBumo HeoOXiHY yMOBY JHHIITHOT 3a/71€2KHOCTI JOBLIBHUX

n cyKymHocreil pyHkiiit. OTxke, Hexail MAEMO 1. CYKyITHOCTeH (yH-
KITii

Y11, Y12, --- 5 Yin,

Y215 Y22, -+ 5 Y2n, (19.2)

Ynly Yn2, --- 5 Ynn-
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Busnaunurxom Bponcvbroz20 abo 8pOHCKIAHOM CyKYyIIHO-
creit dyukiiit (19.2) Ha3uBAIOTH BU3HATHIK

Y11 Y12 0 Ylin
W=| % 2 (19.3)
Ynl Yn2 °° Ynn

Teopema 1 (HeoGximHa ymoBa JiHIHOI 3aje>KHOCTI N
cykymnHocrelt dyHKIiit). Jxwo n cykynrnocmeti gyrryit (19.2)
MHITGHO 3anesrcri na thmepsani (a,b), mo W (z) = 0 na yvomy in-
MePB8ant.

Hosederns. Ockinbku n cykyusocreii dyukiiii (19.2) siniitao
3aJIe2KHI, TO 33 O3HAYECHHSM

n
Zaiyikzo, k=1,2,....,n, a<z<b, (19.4)
i=1

Jie He BCl oy 10piBHIOIOTH HyJ110. Posrusinatoun (19.4) sk ogaOpinHy
JIHIAHY CHCTEMY AJIN€OPUIHUX PIBHSHB BIIHOCHO (1, V2, ..., Qip,
faunMo, M0 BOHA Ma€ HEHYJILOBHI PO3B’S30K, a TOMY BU3HATHUK
i€l cucTeMu OPiBHIOE HysIi0. [luM BU3HAYHUKOM € BPOHCKIaH, OT-
ke W(x) =0 B ycix Toukax inrepsaiy (a,b). »

Teopemy 1 moxkHA cHOPMYITIOBATH il 1HAKIIIE: AKULO GPOHCKIAH
n cykynnocmed dynryit (19.2) na desaxomy inmepsani (a,b) 6io-
MIHHUT 610 HYASL, MO UL CYKYNHOCTNE PYHKULT ATHITHO HE3ANEIHCHT
HA YUbOMY THMEPBANL.

Hexaii Tenep koxkHa 3 cykynHocreii dyukuiit (19.2) € po3s’si3-
KOM JIIHIfIHOT OJIHOPIJIHOI cuCcTeMU

n
yiz:Zpkj(m)yj, k=1,2,...,n, (19.5)
j=1
koedinientu py;j(x), k, j = 1,2,...,n, Kol HellepepBHi Ha JIESKOMY

inrepsai (a,b).

Teopema 2 (HeoOxigHa yMOBa JiHIHOT HE3ATIEXKHOCTI N
PO3B’sI3KiB JIiHIHOT OJHOPiHOT cucTeMU . PIBHSAHB). SKu40
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n poss’askis (19.2) cucmemu (19.5) ainitno nesanescni na inmep-
sani (a,b), mo ix 6poHcKian He NEPEMBOPIEMBCA 8 HYAb Y HCOOHIT
MOYYL Ub020 THMEPBANY.

Jlosederns Teopemu 1poBesieMo Bij cynporuBHoro. Hexait st
Jiestkol TOUKH T € (a,b) maemo W (zg) = 0. Ckiazemo cucremy n
AJINeOPUIHUX DIBHSIHB

n
ZCiyik(xo) = 0, k= 1,2,... ,n. (19.6)
=1
OckiIbKN BU3HAYHUK OMHOPiMHOI cucremu (19.6) mopiBHIOE HYIIO
(mm € W(zg)), To BoHa Mae HeHy/IbOBHI po3B’s30Kk Cf = C’fo) ,
Cy = 02(0) 5 ooag O = 720) . [lobymyemo po3B’st30K
n
= Clum, k=12, n (19.7)

i=1

. 0
OcklbKu C.( ) 3aJI0BOJILHSAIOTH CHUCTEM 19.6), TO PO3B’A30K
7 b)
19.7) Mae Hy/JILOBI HOYATKOBI 3HAYEHHS TOUNl T = Xy, TOOTO
0
y1(zo) =0, ya(xo) =0, ..., yn(zo) = 0. Ause 1i cami mogarTxosi
YMOBH 3a/I0BOJIbHSIE TAKOXK TPUBIAJIbHUI PO3B’A30K, TOMY 3T1IHO 3
reopemoro Kol (sekuist 18, 1. 1) 1i po3s’sisku 36iratoTbest, T06TO

n
ZCZKO)yik =0, k=1,2,...,n,
i=1

Je He BCi CZ.(O) JopiBHIOIOTE Hys10. OTpumasu, 1o po3s’si3ku (19.2)

JiHifiHO 3asexHi Ha (a,b), M0 cynepednTsh yMOBI Teopemu. b

3 Teopem 11 2 BumuBage: das mozo, w,0b n po3e’a3kie cucmemu
(19.5) 6yau ainitno nesaresicnumu wa iwmepsani (a,b), Heobxi-
01O © docmamHbo, wob VT 6POHCKIAH HE NEPEMBOPIOBABCA 6 HYND
Y HCOONIT MOYYL UBO20 THIMEPBANY.

2. ®opmyaa Ocrporpaacekoro — Akobi. [la dpopmyna mo-
3BOJII€E 3 TOYHICTIO JIO CTAJON0 MHOXKHHUKA BUPA3UTH BPOHCKiaH
PO3B’sI3KiB JiiHIHOI oHOpPiIHOT cucremu (19.5) uepes jpiaroHasibHi
KOeIIIEHTH IIi€] CHCTEMH, a CaMe

f (pu (w)-l-pzz(w)—i—...—i-pnn(x)) dx
W(zx) =W (xg) - €0 , (19.8)
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Jle & = xo — JOBLIbHA TOYKa iHTepBaiy (a,b). @opmymry (19.8)
HA3UBAOTh opmynoro Ocmpoepadcvrozo — HAxobi. s no-
Beientst hopmyin (19.8) 3naiinemo noxigny Big Bponckiana (19.3),
JIDEPEHIHIOIYN HOTO 3a CTOBIIEME. Y [IBOMY BUITAJKY OXiTHA
BiJl BUBHAYHUKA 7-T'0 TOPSAJIKY JIOPIBHIOE CyMi 7 BU3HAYHUKIB, AK1
OTPUMYIOThCS 3 HBOI'O TOYEPrOBOI 3aMIiHOIO €JIEMEHTIB IIepIIoro,

JIPYTOro, ..., N-TO CTOBIIA X HOXIJHUME, TOOTO
n Yyl Y12 o Yirk-1 yik YLk+1 - Yin
W’(:c) _ Z Y21 Y22 - Y2k—1 yék Y2 k+1 " Y2n
Ynl Yn2 - Ynk-1 Ypp Ynk+1 ~°° Ynn
BaMiHuMO TOXITHI Y, Yhps - - - » Yl 1X Bupasamu 3 (19.5). Toxi
n
Y11 Y12 - Yirk—1 Zpkjylj Y1,k+1 " Yln
=1
JTL
= Y21 Y22 0 Y2.k-1 Zpk'yzj Y2,k+1 " Yon
W/(.T): ) le J )
k=1
n
Ynl Yn2 - Ynk—1 Zpk’jynj Ynk+1 - Ynn
=1

SAKIO PO3KIACTH KOXKEH 3 BU3HAYHUKIB CIIPABA Ha CYMY 1 BU3HA-
YHUKIB, TO BCI BOHU JIOPIBHIOBATUMYTH HYJIO (KOXKEH 3 HUX MaTH-
Me J[Ba IPOLOPIHHHI CTOBII), KpIM BU3HAYHUKIB, Kl BiANOBIIa~
0Tb j = k. Y 1mpoMy BUNAJKY k-l BUSHAYHUK CIIpaBa JIOPiBHIOE

n
prk(@)W (2), a Tomy W'(z) = 3 pr(2)W (2), 3Binku, inrerpyro-
k=1
au, orpumyemo dbopmyiy (19.8).

3. OcuoBHa Teopema. CyKymHICTb 1 PO3B’A3KiB JHIHHOT
onHOpiaHOI cucremu (19.5), Bu3HaYeHHX 1 JIHIHO He3aI€KHUX HA
inrepsaii (a,b), Ha3UBaAIOTL EYHOAMEHMAADBHONO CUCTEMOIO
P038°A3K16 HA ILOMY iHTEpBaJI.

3 1. 1, 2 jleKIiil BUILIUBAE, IO CYKYNHICMS N PO36 A3KIE NIHIT-
Hot 0dnopionot cucmemu (19.5) 6yde dyndamenmanvroro cucme-
MO10 P036°A3Ki6 Ha thmepsani (a,b) modi i misvku modi, Koau
BPOHCKIAH YUT PO36 A3KIG GIOMINHUL 610 HYAL TOY 6 00WIT, MOUUT
inmepsary (a,b).
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SuaHHs (QyHIaMEHTAIbHOI CHCTEME PO3B’sI3KiB JIHIAHOT OJIHO-
pizHoi cucremu (19.5) mae MOXKIMBICTH MOOY/yBaTH 3arajibHUil
PO3B’sI30K 11i€l crucTeMu.

Teopema 3. drxwo cyxynrnocmi dynrkuit (19.2) ymeoproromo
PyndamenmasvHy Cucmemy po3e’a3kie AHITHOT 00HoPIdHoT cu-
cmemu (19.5) wa inmepsani (a,b), mo dopmyau

y1 = Cry11 + Cayo1 + ... + Cpyni,
y2 = Cry12 + Cay22 + ... + Cpyna, (19.9)
Yn = Clyln + CQan 3F 000 T Cnynm

de C'y, Cy, ..., Cp — doginvni cmani, 6u3HaA¥AIOMb 302aA46HUT PO3-
6’A30% i€l cucmemu 6 ycitl it obaacmi 3a0aHHA.

Losedenns. Cucremy (19.9) MozkHA PO3B’S3aTH BIJHOCHO CTATIMX
Cy, Cy, ..., Cy, 60 BOHA € JiHIIHOIO, IpuvIOoMYy 11 BU3SHAYHUK BiJI-
minnwii Bij Hysst (Hum € W(x)). Kpim roro, cykynnicrs dbyHKIiii
(19.9) € posp’sizkom cucremu (19.5) it BCiX 3HAUEHDb JIOBLILHEX
cramux Cq, Cy, ..., C, (Biacrusicts 2 3 n. 4 sexii 18). Tomy
3rIHO 3 O3HAYEHHSM 3arajbHOTO PO3B 3Ky HOPMAJILHOI CHCTEMHU
judepeHIianbHUX PIBHSIHL CyKynHicTh (yHKIGHA (19.9) € 3arasb-
HUM po3B’sizkoM cucremu (19.5). »

4. JIiniitHi ogHopigHi cucremu 3i ctamumu kKoedilieHTa-
mu. Meron Eitnepa. Posrismemo JtiniitHy OMHOPIIHY cucTemy

Y = anyr + ay2 + . .. + ainYn,
yé = a21Y1 + a2y2 + ... + a2nYn, (19 10)

y7/1 = an1Y1 + an2y2 + ... + ApnYn-

zne a;j, t,j = 1,2,...,n, — giiichl crami, 1 nokaxemo, mo Ii 3aB-
JKJIM MOYKHA 3IHTerpyBaTH y CKiHUEHHOMY BHUIVIsAIl (TOOTO depes
eslemeHTapHi DYHKIHT a60 y KBaJIpaTypax).

3riIHO 3 TeOpeMOI0 3 JIJIst TIOOYI0BH 3arajlbHOIO PO3B’sI3KY CH-
cremu (19.10) nocurs 3HaiiTn xoua 6 oxmy i1 dyHIAMEHTAIBHY
cucreMmy po3B’si3kiB. HacrurHuil poss’sizok cucremu (19.10) mmy-
Ka€MO Yy BUIVIs/IL

y1 = 71", yo = 1€t Ly = Yne™, (19.11)
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e Y1, V2, ---, Yn 1 k — medxi craji, npmwaomy yi, Y2, ..., Yp HE
JIOPIBHIOIOTH OJIHOYACHO HYJIIO (IHAKIIE MATUMEMO OYEeBUHUIN TPU-
BlaJIbHUI PO3B’S30K, sIKWil HE MOYKe HaJiexKaTu (pyH1aMeHTaIbHIi
cucremi po3s’si3kiB). fkmo migcrasurn (19.11) B cucremy (19.10),
ckoporutu €*? i mepenecty yci I0MaHKE y JIBY 4acTHHY, TO Ojep-

2KYEMO OJTHOPIJIHY CUCTEMY ajreOPUIHUX PIBHSHB

(@11 — k)y1 + a2y + ...+ ainym =0,

a21v1 + (CL?Q - k)’yz + .+ agpym =0, (19.12)

an1Y1 + an2y2 + .- + (ann — k)yn = 0.

HenyspoBuit po3s’sizok cucremnu (19.12) icuye smmre Toni, kou it
BU3HAYHIK JI0piBHIOE HyJ0. [lo3Hadusimu iforo vepe3 A(k), maemo

ain —k  an e a1n
A =| TRt o o)
an1 An2 o Qpp — k

Pigusnns (19.13) Ha3MBAIOTH TApPaAKMEPUCNMUYHUM DPIGHAH-

nam cucremu (19.10), fioro Kopeni — xapaxmepucmuyHUMU

yucaamu, a A(k) — xapaxmepucmusHuM BUIHAYHUKOM.
Hexait yci xapakrepuctuuni aucia ki, ko, ..., ky upocri. Toi,

K Bigomo 3 anreGpu, A(k;) =0, A'(k;) #0, 7 =1,2,...,n.
[Tokazkemo, 10 paHT MaTPHIL

ai; — kj a2 soc ain
asy asy —kj - as
A= i !
Gnl an2 crr Apn — kj

CKJIaJIeHOl 3 KoediIienTiB cucreMu, siky ofepKyemo 3 (19.12) mics
saMinn y Hiii k Ha kj, gopisuioe n— 1. st nporo suaiinemo A(k):

_1 a12 oo aln

Agy=| O TR ey

0 an2 e A — k
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ain—k 0 .- a1n
1 ...
BT
anl 0 - apn—Fk

ain—k a0
—k .. 0
o R

Ui Gy o —1
= —Ap(k) — Apo(k) — ... — Apa(k), (19.14)

ne Aj;(k) — anrebputne JOIMOBHEHHS €leMEHTa ¢ j; — k BU3HAUYHIKA
A(k). Ockimbku A'(kj) #0, 7 =1,2,...,n, 103 (19.14) BHIUIHBAE,
110 Xo4a 6 oxuH 3 BusHadHEKIB A j;(k;) (a e Busnadwnukn (n—1)-ro
HOPsIJIKY ), BiaMminuuit Bix nysas. Orxe, panr marpuni A J0piBHIOE
n — 1, a Tomy ozHe 3 piBHsIHB cuctemu (19.12) € Hac/iKOM IHIIHMX
i 151 cucremMa Mae HEHYJIbOBHII PO3B’'SI30K, SIKUil BU3HAYAETHCS 3
TOYHICTIO JI0 JIOBITIBHOI'O MHOXKHUKa Fj:

Yir = Pomi1, vi2 = Pmag, oo, Yin = Py, 1=1,2,...,n.
(19.15)
Axmo y dopmynax (19.15) sadikcyBaru MHOKHUK Pj, TO ozep-
JKIMO KOHKpeTHHi po3B’si3ok cucremu (19.12). IMixcrasisioun y
(19.11) 3amicTb k mocsioBHO XapakrepucTudni unciaa ki, ko, ...,
kyn, a 3aMmicTb Y1, Y2, ..., Yo — BLANOBiIHI M PO3B’'sA3KM cuCTEMU
(19.12), Busnaueni dbopmyaamu (19.15) npu dbikcoBaHUX MHOKHU-

kax P;, onepxxyemo n po3s’sizkis cucremu (19.10)

k k kn
Y11 = 711€"'%, Y12 = 712", ..., Yin = Y€ "%,
_ k _ k _ k
Y21 = V21", Yoo = Y22, ..., yon = Yone "7, (19.16)
_ A _ k _ P
Ynl = Yn1€ 2%, Yn2 = Tn2€"%%, ..., Ynn = Ynne %

Jlerko mokazaTu, IO I PO3B'S3KH JIHIKHO HE3aJeXKHI Ha
(—00,4+00). Ao npu npomy Bei umcna ki, ko, ..., ky aificHi,
1o po3s’sizku (19.16) Takox OyyTh AificHUMHU.

Takum 9MHOM, JIUIS ITPOCTUX JHHACHUX XapaKTEPUCTUIHUX YUCET
cucrema (19.10) mae n pificHUX JHHIAHO He3aJIEXKHUX YACTHHHUX
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posB’saskiB Burisy (19.16). Tomy 3rigso 3 Teopemoro 3 dhopmysin

== leyueklx + Cg’yglekzx + ...+ Cn’ynlek”x,
ya = Cr712€"7 + Covyoael?™ + . + Cpyynoefn?,

Yn = Cl’ﬂneklx + CQ'YQnekzx T° ooo TF Cn'Ynneknx

BU3HAYAIOTH 3arajbHuil po3s’si30k cucremu (19.10).

[pumnycrumo, mo xapakrepucrudsi aucia ki, kg, ..., ky 1po-
cri, ajile cepesl Hux € KoMmiiekcui. Hexait a + ib i a — tb — mapa
KOMILJIEKCHO-CITPSIZKEHUX  XapaKTePUCTUIHUX duces. Jduciy a + ib
srizno 3 (19.11) Biguosizae po3s’si30k

(a+ib)x

(a+ib):}c7 -y Yn = In€ 3

(a+ib)x
)

Yy = me Y2 = 7Y2€

J1€ Y1, V2, - .-y Yo — KOMILIekcH] gmcia. [lokiagaoun

Y1 =711+ 21, Y2 =Y12 +9Y22, -5 Yn = Yin + Y2n,

OJIEPXKYEMO KOMILJIEKCHUI PO3B 30K

y1 = (111 +1721)e“T0T, g = (712 + iya9)e @,

_ : a+ib)x
Yn = ('Yln + Z'YQn)e( ) .
Bijokpemiiiooun y nb0My po3B’d3Ky JificHI Ta ysSBHI YaCTHHU, Mae-
MO JiBa JIHIHO He3aJsexkHi Ha iHTepBai (—00, +00) aificHi po3s’s3-
KH:
axr S
y11 = €% (11 cos bx — 1 sin b)),

Y12 = e (712 cosbx — o sinbz), ...,

Y1n = € (71p, cos bx — 7oy, sin bzx)

Y21 = €** (711 sin bx + 721 cos b)),
Y22 = e (12 8inbx + a3 cos bx), ...,

Yon = € (vy1p, sin bz + 7o, cos bx).

OueBHTHO, MO CIIPSXKEHUN KOPiHb @ — b HE MOPOJXKYE HOBUX
JHICHUX JHHIHO HE3aJIeXKHUX TaCTUHHUX PO3B’sI3KiB.
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/
y =4y + 52,
2 =4y + 3z.
Po3zs’azarnsa. Po3s’sa3yioun xapakTepUCTUIHe PiBHIHHS

Ilpukian 1. 3inmezpysamu cucmemy {

‘4_k g ‘:0 = kK-Tk-8=0,

4 3—k

3HAXOANMO XapakTepucTuaHi uncia ky = —1 1 ko = 8.
CkJ1a/1eMO CHCTEeMY JIJIsi 3HAXOJPKEHHSI IHUCeT 7y 1 Yo, K BiJIIIO-
BigatoTh unciy k1. Marpuio koedillieHTiB i€l cucreMu OTpuMye-

4—k 5

MO 3 MaTPHIL < 4 3 _ > 3aminomo k Ha k. OTXKe, ITyKaHOO

CHCTEMOTO € oo =0, 3BIJIKW BUILIMBAE, IO Y] = —7Yo. He-
471 + 4’)/2 = 07
xait 3 = 1, Tomi 72 = —1. TakuMm YuHOM, XapaKTEPUCTUIHOMY
qncity k; = —1 Bignosimae po3s’a3ok y; = e ¥, 2z = —e L.
A . ; —471 + 572 =0, .
HAaJIOTIYHO, PO3B’A3YIOUN CUCTEMY dKa BiJI-
4y — 572 =0,

noBizae ko = 8, 3HaxoauMo, mo 4y; = 5yo. dAxmo B3gTH Y = 5,
TO 75 = 4, a ToMy umcity ks BimOBinae po3B’A30K Yo = HeT,

29 = 4€5%.

SarajbHUN PO3B’SI30K 3aIMCYEMO 3T1HO 3 TEOPEMOIO 3:

y=Cie " + 5C2e%, 2= —Cle ® +4C2%. B

I anm 2. 3i y=2y-2
PHUKJIAZ, 2. Jimespyeamu cucmemy |, _ Y+ 2z,

Po3s’azarnsa. XapakTepucTuine PiBHIHHI

2k -1
*1E o2l

1 2—k

To6T0 k% — 4k 4+ 5 = 0, Ma€ KOMILIEKCHO-CIIPsiZKeHi Kopeni ki =
=241, kz =2 —1. Po313’ﬂ30K, AKUi BiAIOBImae ki, Mae BUTJISIT
y =12t = 7pe@H)T e ypena 41, 2 3HANLEMO 3 cuCTEME

{—i% —72 =0,
71 —iy2 =0.
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[Toxmamaroun y; = 1, 3HaXOMUMO Yo = — i, & TOMY IIyKAHIM
posp’sizkoM € y = e2t)? z = — (292 Bijokpemonun y 1mpo-
My PpO3B’sI3Ky [ificHI Ta ysBHI YaCTHUHU, OJEPKYEMO JIBa [Iili-

2 2 2x

cHI po3B’si3KuU: Y1 = e“Fcosx, z1 = e“Fsinx 1 Yo = e“Tsinx, 290 =

= —e%* cos z. 11i po3B’a3KHI YyTBOPIOIOTH (DYHIAMEHTATLHY CHCTEMY

PO3B’SI3KiB, a TOMY 3arajibHUM PO3B’SI3KOM €

y = e**(Ccosx + Cysinz), z=e**(Cysinz — Cycosz). W

Axio cepeJ; KOpeHiB XapaKTepUCTHIHOIO PIBHAHHS € KpaTHi,
TO METOJI, BUKJIQJIEHUIT BUIIE, 3aCTOCOBYBaTH He MOyKHa. OJIHAK 1y
[BOMY BUIAJIKY BJAETHCs 1100y 1yBaTu (DYHIAMEHTAJBHY CUCTEMY
PO3B’SI3KIB depe3 ejleMeHTapHI (DYHKINI. 3ayBaKIMO IIEPIIT 3a BCe,
o AKIIO k1 — IPOCTe XapaKTEepUCTHIHE YUCJI0, TO, HE3AJEXKHO BiJT
TOrO, Uu Oy/IyTh CEPEel IHIMX XaPAKTEePUCTUIHUX UUCEJ 3YCTPi-
JaTuCcsd KpaTHl u¢M Hi, HOMY 3aBXKJIM BIJINOBI/IA€ OAUH YACTUHHUN
PO3B’SI30K BUIIALY Y1 = Y1€M1%, yo = Y0eF1%, .y, = 7,7, ne
Y1y Y25 --y Yo — J€dKl CTaJl, gKI BU3HAYAIOTHCHA 3 TOYHICTIO JI0
CTaJI0r0 MHOYKHUKA.

Takum auHOM, 337188 3BOAUTHCS JI0 TOTO, 00 3HAWTH YACTUH-
Hi pO3B’93KM, SIKi BIIIOBIIAIOTH KpaTHOMY KopeHio. IIpm 1mbomy,
TaK caMo, K 1 JIJIs JTIHIHHOTO OJTHOPITHOTO PIBHAHHS N-T'0 TIOPSJIKY,
BUSIBJISIETHCS, 10 OTHOMY XapPaKTEPUCTUIHOMY YHUCIY KPATHOCTI §
BiIIOBiZIa€ s MiHINHO He3aJIEXKHUX JACTUHHUX PO3B’A3KiB.

Teopema 4. fxwo k| — Tapaxkmepucmuume YuUcAo Kpammocmi
s, mo tomy eidnosidac poss’azok cucmemu (19.10)

=Py (:L’)eklx, Yo = Pg(:r:)ek”, R Pn(:c)eklx, (19.17)

de Py(z), Py(x), ..., Py(z) — mHo20useHU cmenens He 6uui020,
nioic s — 1, axi maromos y cykynnocmi § J0GIALHUL KOePiuicHmie.

JoBesienHs: Teopemu MOXKHa 3HaiiTH, Hanpukial, B [3, ¢. 119 —
126].

3 IpaKTUIHOI TOYKHU 30PY PO3B’SI30K, IO BIIOBIIAE XapakTe-
pucTudHOMY umciy ki, morpibuo mykaru y sursii (19.17), Bea-
wkatoun Py (z), Py(z), ..., Py(z) moorowienamu (s — 1)-ro crenens
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3 HeBU3HaUeHNMH Koedinienramu i, nigcrasisiouan ix B (19.10), Bu-
pasuTu Bl KoedilieHTH Yepe3 § 3 HUX, Kl 3a/MINAITHCS JOBLIb-
anmu. [lokmamaroan mo 1epsi oanH 3 MUX JOBITBHIX KOeMIIieHTIB
PIBHUM OJIMHUII, & PEIITa PIBHUMU HYJIIO, TIOOYYEMO S JIHIIHO He-
3a/IeKHUX PO3B’I3KiB, fKi BiIITOBIIAIOTD XapaKTEPUCTUIHOMY YH-
cay kyp. Vi ni vactuHHI po3B’sd3ku OyJlyTh YTBOPEHI 3 JI00YTKIB
byukii eF1?
107b s — 1. Zdxmo muorowienu Py (z), Po(x), ..., Py(z) y dopmyii
(19.17) BUPO/KYIOTBCSL y CTaJ, TO OJEPKUMO S JHHIAHO He3aJle-
JKHUX YaCTUHHUX PO3B’s3KiB TAKOTO K BUIVISLY, K 1 JIJI BUIAJKY
MPOCTOT'O XapPaKTEPUCTUIHOTO UUCJIA.

Ha, MHOT'OYJIEHW BiJ| X, CTeleHl KX He IePEBUIILy-

Axmo ky — aificae xapakKTepUCTHIHE YHUCIO0, TO HOOYIOBaHI S
JIHIHO HE3AJIE2KHUX PO3B’sA3KiB OYIyTh JIHCHIMU.

fAxmo cucrema (19.10) Mae KOMIUIEKCHE XapaKTEPUCTUYHE Y-
¢J0 a + bi KpaTHOCTI $§, TO BOHA Ma€ TAKOXK CIPS?KEHE XapakTe-
puctuyne yncyio a — bi Tiel xx Kparnocti. [lobyayBasmu s Jiniii-
HO HE3aJIe2KHUX KOMILIEKCHUX PO3B’sI3KiB, siKi BIJIIIOBI/IAIOTH YHCJIY
a—+ bi, i BimoKpeMuBIM B HUX JiIICHI Ta ygBHI YACTHUHU, OJIEPIKUMO
2s JilicHUX JIHITHO He3aJIe2KHUX YaCTHHHUX PO3B’SI3KiB.

/
Ilpukiazn 3. 3iwmezpysamu cucmemy {y/ =0y +2,
Z = —16y — 2z.

Poses’azarns. Jlerko mepeKoHATHUCS, IO XapPaKTEPUCTUIHI THCTIa
€ pgificai 1 kpatHi: k1 = ko = 2. 3rigHo 3 Teopemoio 4 3araJibHUi
PO3B’FI30K IIYKAEMO y BUTJISII

y = (Az + B)e*®, 2z = (Cz + D)e*.

Ockimbku 3y = (2Ax + 2B + A)e®®, 2/ = (2Cx + 2D + C)e??,
TO, MiJICTABJIAIOYN 1X y 3aJIaHy CHCTEMY, JJjIs 3HAXOJZKCHHSI HEBH-
3HaYeHUX KOeIIIEHTIB 0JIEPKYEMO CUCTEMY:

{(QAx + 2B + A)e?* = 6(Az + B)e*® + (Cx + D)e?2, N

(2Cz + 2D + C)e*® = —16(Az + B)e*® — 2(Cz + D)e*

{(4A+C)1:—A+4B+D:O,

(16A+4C)z +16B+4D+C =0
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4A+C =0,
~A+4B+ D=0,
16A + 4C = 0,
16B + 4D + C = 0.

B omep:kamniit cucremi € Juire 1Ba JTIHIRHO He3aJeKHUX PIBHSI-
HHsI, HAIIPUKJIAJ, mepiire i apyre. BraxkarumeMo y HUX BiIbHUMEI
ueBizomumu, npuMmipom, A 1 B i Hagamo IM JOBUILHUX 3HAYEHD:
A=Cy, B=Cy Toni C = —4Cy, D = C7 — 4C5, a 3arajabHum
poss’askoM € y = (Crz + C2)e?®, 2 = (—4C 1z + C; — 4Cs)e**. |

Ilpukiazn 4. 3inmezpysamu cucmemy

Y = y1+ 2y2 + 2y3,
Yy = 2y1 + Y2 + 23,
ys = 2y1 + 2y2 + 3.

Po3seg’s3arrs. 3HAXOIUMO XapaKTEPUCTUIHI TNCIa CUCTEMU:

1-k 2 2
2 1-k 2 =0 = sk k‘g’g:—l.
2 2 1-k

Yucay ki = b Biguosijgae cucrema JBOX PIiBHSIHBb (Tpere € Ha-
CJIZIKOM JIBOX TIEPIINX):

{—471 + 279 + 293 = 0,
271 — 4y2 + 273 = 0.
Omuu 3 1T po3B’sizkiB 71 = 1, 72 = 1, 73 = 1. Tomy ygl) = e

yél) — 65967 yél) el

XapaxrepucTuanuM unciaM kg 3 = —1 Bijnosinae ojue piBHA-
HHs1 (Apyre i Tpere 36iraloThest 3 HUM): 271 +27v2+2v3 = 0. Bubepe-
MO JIBa JIHIHHO HE3aJIeXKHI PO3B’SI3KU 11bOTO PIBHSIHHSI, HAIIPUKJIA],
1=1,7%=0v3=—-11iv =0, o = -1, 73 = 1. Koxkaomy

3 HUX BiIMOBimae po3B’s30K y12 =e 7, yéQ) =0, y§2) = —¢

B _ @ __ =z B8 _ -
yi’ =0,y =—e" Yy =e
OckiJIbKM BPOHCKIaH 3HAJIEHUX TPhOX DPO3B’SI3KIB BiIMIHHUIT

Big myns (W (z) = —3e3%), To Bonn yTBOPIOIOTH hyHIAMEHTATLHY

Y

€ PO3B’SI3KOM 3aJIaHOI CHCTEMM.

-z

T BimMOBIIHO.
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CUCTEMY PO3B’{I3KiB, & 3arajbHUM PO3B’SI3KOM €

y1 = C1e” + Cae™™, yy = C1€> — Cze™ 7,
Y3 = 016596 —Coe™ +Cse". 1

Pexomendosana aimepamypa: |3, c. 84 — 90, 115 — 127, [4,
c. 477 — 485, 494 — 502], [5, c. 341 — 356], [8, c. 198 — 205, 210 —
214, 222 — 227], [15, c. 91 — 102, 109 — 128].

ITutannga go gekirii 19

1. dxi cykynnocti dbyHKIi#i HA3UBAIOTH JiHIHO He3agexkHUMEU (J1i-
HIHO 3aJIeXKHUMU) Ha jeskoMy iHTepsasi? HapesiTh npukiaam Takux
CyKyIHOCTEeN (PYyHKITIi.

2. IITo Take BpoHCKiaH PO3B’S3KiB JHHIITHOI OMHOPIAHOI cucTeMu n
piBHstHBL? ZIK 3a IOIOMOrOI0 BPOHCKiaHa BU3HAYUTH, UM € 3aJaHi 1 Cy-
KymHOCTeH QyHKIH JIHITHO He3aIeKHUME !

3. Ak dopmymoerbest HeoOXigHA yMOBa JHHIHHOT HE3aJI€KHOCTI 1
PO3B’sI3KIB JIIHIHOT OJHOPIIHOI cucTeMu 7 AudQepPeHIiaJbHIX PIBHSIHD!
Cdopmyitoiite HeOOXIIHY 1 JOCTATHIO YMOBY JIHIIHOT HE3aJIE2KHOCTI HA
inrepsai (a,b) n Po3B’g3KiB JHIHOI OIHODPIIHOT CUCTEMH.

4. dxuit Burssn mae opmysia Ocrporpascbkoro — ko6i? ki Bira-
CTUBOCTI BUILIMBAIOTH 3 IIi€l hopmysn?

5. ITlo HazuBaOTh OyHIAMEHTAIBHOI CUCTEMOIO PO3B’s3KIB JIHIHHOT
OJHOPIHOT cucTeMu Ha JeskKoMy iHTepBayi? ka 11 posb y mobymosi
3arajIbHOTO PO3B’SI3KY JIHIAHOT OJHOPIAHOT crucTemMu?

6. Axuit BurIas Mae JiHifHa OHOPIIHA cucTeMa JudepeHItiaaIbHITX
piBHsIHB i3 crasmyu koedirienramu? 111o HazuBaOTh XapaKTEPUCTUIHUM
BU3HAYHUKOM, XaPAKTEPUCTUIHIM PDIBHIHHSIM, XapaKTEPUCTUIHUMU THU-
CJIAMH TaKOl CUCTEMMU !

7. Y domy nosisitae Meto 1 Eitiepa inTerpyBaHus JIHINHIX OTHOPII-
HUX cucTeM 31 crajumu Koedirierramu?! K 3a/1€2KUTh CTPYKTypa PyH-
JAMEHTAJbHOI CHCTEMH PO3B’sI3KiB TAKOl CUCTEMHU BiJ| BUIVISTY XapaKTe-
PUCTUIHUX TUCE!

Bopasu go jekiii 19
1. Binrerpyiite cucremu meronom Eitmepa:

2) y' =10y — 6z, 5) Yy = —by — 4z,
Z =18y — 11z; 2/ =10y + Tz;
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Y1 =Y1 — Y2 — Y3, Y1 = Y1 + 2y2 + 3ys,
B) S ¥p = —2y1+2y2 +y3, T) Yy =2y +4dya + 6ys,
yh = 4y1 + 2ya + 3ys; ys = 3y1 + 6y2 + 9ys.

Jlekiisg 20. JIiniiiHi HeomHOPiAHI cMCcTeMU 3BUYANHUX
audepeHIliaJIbHUX PiBHAHb

Il1an

1. CrpykTypa 3arajbHOTO PO3B’sI3KY JIIHINHOT HEOIHOPITHOT CH-
CTeMU.

2. Meroa Bapiamil JOBLIFHUX CTAJIUX.

3. Mero/1 HeBu3HaUEHUX KOEDIIIEHTIB PO3B’I3yBaHHs JIHIHHIX
HEOTHOPIIHUX CHUCTeM 31 cTaanMu KoedillieHTaMu.

4. Merou /I’ Atambepa.

1. CTpyKTypa 3arajibHOrO pPO3B’A3KY JIiHillHOI HEOTHO-
pizHOl cuctemu. PosriisineMo JHiHIIHY HEOJHODIJIHY CHCTEMY

vl = p11(@)y1 + pra(@)ye + ... + pra(2)yn + f1(2),
vy = pa1(z)y1 + paz(x)y2 + . .. + pan(z)yn + fo(z), (20.1)

y7/1 = pnl(x)yl +pn2( )yQ +...+ pnn(w)yn + fn(l')

abo0, y CKOPOYEHOMY 3alluCi:
dyk B
Zpkj Y + filz), k=1,2,...,n. (20.2)

[Ipunycrumo, 1mo HaM BiIOMMil JesKuil YACTUHHUNA PO3B’sI30K
i€l cucreMu
N E) _ @ _ .
V=Y 2 =Us s s Un =05,

a OTKe,

d
y’“ me W+ fu@), k=12..n  (203)
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Beegemo HOBI HeBimomi dyHKuil 21 = 21(z), 22 = 22(x), ...,
zn = zp(x) 3a dopmynamu

=y +az k=1,2...,n (20.4)
[Migcrasisioan dyuxuil (20.4) B cucremy (20.1), ogepkyemo
dyY dz
dx dr

= Zpkj(x)yj(mrzpkj(x)zj+fk(x), k=1,2,...,n. (20.5)
j=1 j=1

Bpaxosytoun (20.3), 3 (20.5) s 3uHaxo/pKkeHHst QYHKIiH 27,

22, ..., Zn OTPUMYEMO JIHIWHY OJHOPIHY CHCTeMY
dzy, -
%:Zpkj(x)zj, k=1,2,...,n. (20.6)
j=1

Opuopinny cucremy (20.6) HasuBaIOTL 610M0610HO10 HEOOHODT-
onit cucmems (20.2).

Brigno 3 reopemoro 3 (yekiiis 19) 3araabHuil po3B’siB0K CHCTe-
mu (20.6) BusHAUAETHCS POPMYIIOO

n
Zk:ZCijk, k:1,2,...,n, (20.7)

j=1
ne zjp = zjk(x), j,k = 1,2,...,n, — geska byHIaMeHTAIbHA CH-
crema po3s’s3kis cucremu (20.6), a Cj, j =1,2,...,n, — noBinbHi

cTaJi.
[Tipcrasusoun (20.7) y (20.4), oxepxyemo, 1o

n
we=vy + Y Cizgr, k=1,2,...,n. (20.8)
j=1

Dopmyna (20.8) Busnavae 3aranbHuii po3s’si3ok cucremu (20.1) B

cmunHutl pose’azor i dodamu do Hb020 3a2a00MUT PO36 A30%K GI0-
1061010t 00nopidnoi cucmemu (20.6).
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2. Merona Bapiamii moBiibHUX cTanauX. s 3HAXOMKEH-
Hsl YACTUHHOI'O PO3B’$I3KY, & PA30M 3 THUM 1 3arajbHOTO PO3B’sA3KY
JIHIAHOI HEOTHOPIIHOI CUCTEMU y BUIAJIKY, KOJM BJIAETHCH 3IHTE-
rpyBaTH BIIMOBIIHY OMHOPIIHY CHUCTEMY, YACTO BUKOPUCTOBYIOTH
Mmemod eapiauii dosinvruxr cmaaux (memod Jlazpanorca).

Posp’st30k siniiinoi HeopHopignoi cucremu (20.1) mykaemo y
BUTJIS T

n
Yk :ZCj(x)ij, k= 1,2,...,n, (20.9)
e zjp = zjk(x), j,k=1,2,...,n, — nesxa dyHIaMeHTaIbHA
cucreMa po3B’s3KiB oxHOpimmol cucremn (20.6), a Cj(z), j =
=1,2,...,n, — medki nernepepBHO mudepeniitoBai GyHKIII.

Butepemo y (20.9) dbynknii Cj(x) Tak, mob s dbopmyna Bu-
sHavasa po3s’s30k cucremu (20.1). Iincrasasioun (20.9) B (20.1),
OJIEPXKYEMO:

> Ci@)zn+ ) Ci@)zhy =
= =

—Zplcl Zc D)+ ful@), k=1,2,....n, =

Z Ci(@)zk + > Ci(x) )y =
~ =~

:ZC] Zpkl Zjl—i-fk(l'), k=1,2,....,n, =

C ij + ZC (Z;k - Zpkl(x)zjl) =
=1
= fk(z:), k=1,2,...,n. (20.10)

Ockinpku zj;, — dyHIaMeHTaIbHa CUCTeMa PO3B’aA3KiB OJHOPiHOT
cucremu (20.6), To Bupa3 y myxkax y dopmysi (20.10) nopisaioe
HYJIIO, a ToMy il 3Haxo/pkents dynkuiit Cj(x), j = 1,2,...,n,
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MaEMO CUCTEMY:
n
> Ci@)zin = fu(z), k=12,...,n. (20.11)
j=1

Busnaunuk cucremu (20.11) BigminHwii Big HysIst Jiss BCix
x € (a,b) (aum € Bponckian W (z)), a ToMy BOHA Ma€ €IMHUNA PO3-
B’SI30K, KUl MOKHa 3HANTH, HAIIPUKJIA, 3a gopMyaamu Kpame-
pa:
n
Ci(z) = %fk(x), j=1,2,...,n,  (20.12)
k=1
ne Wyj(x) — anrebpudme JIONOBHEHHSI €JIEMEHTa Zj; BPOHCKiaHa
W (x). Inrerpyioun (20.12), 3HaxomumMo

C;(x) :Z/%Jfk(w)dw—l—Cj, i=1,2,....n,
k=1

ne C; — noBinbHi crai, a xg — 10BlIbHA TOUKa 3 iHTepBamy (a,b).
Iincrapisoun 3uaiineni supasu i Cj(x) y dopmyiy (20.9),
OEPKYEMO

yk’:szkZ/ﬁfs(l‘)dli—FZCijk, k=1,2,...,n.
j=1 s=1, J=1

(20.13)
Axmo B (20.13) migcrasuru C; = Co = ... = C), = 0, To MaeMo
JACTUHHUI PO3B’I30K

n n xWS'l‘
y,ﬁ”=szkZ/W§>)fs<x>dx, k=12,
7=1 s:lxO

a oMy (20.13) moxna 3amucaru y suriasg (20.8). Orxke, po3s’s-
30K, BusHaueHuii popmysor (20.13), € 3arajbHUM PO3B’I3KOM JIi-
Hiitnol meogHOpinHOI cucremu (20.1).

Ilpukiazn 1. 3a donomozoro memody sapianii Ao8INGHULT CMa-
AUL 3IHME2PYBAMAU CUCTEMY

y =2y -2
2= —y+ 2z + 4ze”®.
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Pozs’azannsa. Binnosinny omHOpiIHY cuCTeMy 3IHTEIPYEMO Me-
TOIOM BHKJIIOUEHHS (JreKIis 18):

y =2y — z,
2= —y+22
2 —2"=2022-2)-2 = 2'-4/+32=0.

= y=2z—-2,

Ockinbku xapakrepucTuaHuMu uncjiamu € ky = 1, ko = 3, 1o
20 =C1e® +Che’® = yp= 2(Cre” + Cge?’”) —
— (C1e” + 30263"’“") =  yo = Cre® — Cre®®.
Po3p’s130K 3a1aH01 HEOHOPIIHOT CUCTEMU TIIYKAEMO Y BUTJISIII
y = C1(x)e® — Co(x)e>®, 2z = Ci(z)e® + Ca(x)e®®,  (20.14)
ne dyuknii Cy(x), Ca(x) 3uaiigemo 3 cucremu Buristy (20.11):
{C{ (z)e® — Ch(x)e3® =0,
Cl(x)e® + Ch(x)e3® = 4xe®
Ci(z) =2z, Ch(z)=2ze™® =
Ci(z) =2*+C1, Coz) = —ze 2 — %eih + Ch.

ITigcrasisioan suaiigeni dyuxuii Cq(z), Ca(x)y (20.14), onepxky-
€MO 3araJIbHUil PO3B’SI30K 3aaH0I CUCTEMH:

y = (2 + Cp)e” — (—136721 —0,5e7% + Cy) e =

= C1e® — Che® + (332 +x + 0,5)69”,
B = (332 + Ch)e” + (—xe_zx —0,5e7% 4 02)63x =

= C16" + Che®® + (1‘2 —x— 0,5)6’7

[Ticisg 3BemenHst MOMIOHUX JOJAHKIB 1 Ieperno3HavdeHHs CTa/Iol
(Cy :=C1 +0,5), maemo
y = Cre® — Coe® + (2% + z)e%,
z = C1e® + Cpe>® + (ac2 - — l)ex. [ |
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3. Meton HeBu3HauyeHuUX KoedilliEHTIB poO3B’sI3yBaHHA
JiHIiHUX cucTeM 3i cramuMmm kKoeditienramu. VY 1. 1 1iel Jje-
KITi1 BCTAHOBJIEHO, IO IHTErpyBaHHS JIHIHHOI HEOTHOPIIHOI crucTe-
M I epeHIiaabHuX PIBHSIHD 3BOAUTHCA 0 HEOOXIIHOCTI MO0y 10~
BU (QyHIaAMEHTAIbLHOI CUCTEMHU PO3B’SI3KiB BiIIOBIIHOT 0IHOPIIHOT
cucremu. Tomy ocob/iMBHUil IHTEpeC CTAHOBJATH TaKi JiiHIAHI HEO-
JHOPiMHI cucTeMu, v dKuX (PyHIaMEHTAJIbHa CHCTEMa PO3B’SI3KiB
BIJIIIOBIJIHOI OJIHOPITHOI CUCTEMU BUPAKAEThCs Yepe3 ejleMeHTapHi
dyukii. o Takux cucTreM BiIHOCATBCS, MEPEIOBCIM, CHCTEMH 3i
crasyiumu KoedirieHTaMu.

Pozrystnemo JtiHiliHy HEOIHODIIHY cucTeMy JudepPEeHIaIbHIX
piBHSAHD 3i cTajuMmu Koedirienramu

yll =a11y1 + a12y2 + ... + a1pYn + fl($)7
yé = a21y1 + a22y2 + . e + a2nyn + fQ(x)7

y;L = ap1y1 + anoyY2 + ... + ApplYn + fn(l')

abo0, y CKOPOYEHOMY 3aIluCi:
dy -
k

Axmo dyukuil fi(x) y cucremi (20.15) ckiagarorbes 3 cyM i
1100y TKiB MHOTOWIEHIB P, () = po+p12+. ..+ ppz™ Ta dyHKIii
e*  cos fx, sin Sx, To 11 PO3B’SI30K MOXKHA IIYKATH MeEmodom
He8U3HaAUEHUT Koediuternmia. Lle poOUTHCs 3a TAKIMU 2K IIPa-
BUJIAMH, 110 1 /I OHOTO JHHIHHOTO AndepeHIiaJ bHOT0 PiBHIHHS
31 cranumu Koedinienramu (nekuis 14), ajge 3 HeBHUME 3MiHAMU.
30Kkpema, SKIIo

fe(z) = P, (z)e™?,

ae P, () — MHOTOWIEH CTeIeHs My, TO YaCTHHHUI PO3B’S30K CH-

cremu (20.15) morpibuo mrykaru He y BNyl T°Qp, (7)e™” (ax me
OyI10 JIst JIIHIRHOIO DIBHSIHHS), & 1K

yi = QY (2)e**, i=1,2,...,n, (20.16)
e Qﬁ;)_ks(x), 1=1,2,...,n, — MHOTOWIEHU CTeleHs m + s 3 HeBi-

joMuMu Koeditienramu, m = max(my, ma, ..., mg); s = 0, gKI10
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Q. — He € XapaKTePUCTUIHUM YHUCJIOM, 1 S JIOPIBHIOE KPATHOCTI I1HO-
ro YUCJIa, SKIIO (¢ € XaPAKTEPUCTUIHUM YUCJIOM (SIKIIO TOYHIIIe,
9HUCJIO M + S Ha M OJUHUIL OLIbINE HANBHUIIOIO 31 CTEIIEHIB MHO-
TOYWIEHIB, Ha sIKI MHOXKATbCSI €KCIIOHEHTH €%’ y 3arajJbHOMY PO3-
B’$I3KY BLJIIOBIIHOT OJIHODITHOI CHCTEMN).

Hesimomi koedirienTn MHOroO4IeHIB ng)-s-s (x) BU3HAYAIOTDH
NPUPIBHIOBAHHAM KOEDIMieHTIB O BiANOBIIHUX MOJAHKIB IiC/IsT
mijcrasisiaas (20.16) y cucremy (20.15).

AHaJIOriYHO BU3HAYAIOTHCS CTEIeHI MHOTOYJIEHIB y BUIIAIKAX,
ko Gyl fi(z) y cucremi (20.15) mictsrs dyskmil e** cos Sz
i e sin fx, a uncio o + S € abo He € XapaKTEPUCTUIHUM.

ITpuknang 2. 3inmezpysamu cucmemy Memodom HeGU3Ha e~
HUT KOePIUiIEHMIG:

Yy = 4y + 82 + 30e%,
2 =3y —z+ 1le™*=.

Pose’azamnns. Bukopucrosyroun meros Eiinepa (sekuist 19), 3ua-
fJIeMO CIIOYATKY 3arajibHUil PO3B 30K BiMIIOBIIHOI OHOPIIHOI CH-
cTeMu

y =4y + 8z,

2 =3y —z.

XapaKTepucTuiIHe PiBHIHHSI

44—k 8
3 -1-k| 0
Mae kopeni ky = 7, ko = — 4. Xapakrepucruanomy uuciy ki =7
BIJIIIOBiTa€ cucTema
{—371 + 8712 =0,
3n — 8712 =0,
3BifKU, HAIPUKIAT, V1 = 8, Yo = 3. Uuciay ky = —4 Bignosinae

CucreMa
8’)/1 + 872 = 07
311+ 372 =0,
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3BiKK Y1 = 1, 792 = —1. O1Ke, 3araJibHIM PO3B’SI3KOM OJTHOPITHOT
CUCTEMH €:
yo = 8C1e™ + Coe ™, 25 = 3C1e™® — Che™*.
Bpaxosyioun surisay byuknii fi(z) = e* i fo(r) = e, ga-
CTUHHHUN PO3B’SI30K Y1, 2] HEOTHOPIMHOI CHCTEeMHU Yepe3 HEeBU3HA-
“eHi KoeilieHTH 3aIUIeMO y BUIJIsII

y1 = Ae® + (Bx + C)e™®, 2z = De® + (Ex + F)e™**. (20.17)
[Tigcrasasioun (20.17) y 3aaHy CUCTEMY, OJEPIKYEMO:
Ae® — 4(Bx + C)e ™ 4+ Be ™ =
= 4Ae” + 4(Bx + C)e™* 4 8De® + 8(Ex + F)e™4® + 30e%,
De® —4(Ex + F)e ™ 4 Be™* =
= 34¢e® + 3(Bz 4+ C)e 1 — De® — (Ex 4 F)e ™ + 1172,

—4z 4z

[IpupiBHiotoun koedirienTn Oijist €”, e i ze™™* B 0bOX ua-

CTUHAX IUX TOTOXKHOCTEMN, OJEPKYEMO BiJIITOBITHO:

e | A=4A+8D + 30, e |D=3A-D,
e |B—-4C =4C +8F, e |E—4F =3C - F+11,
ze 4%| —4B = 4B + 8FE, ze 4*| —4E =3B — E.

Orpumana cucreMa Mae JIUIe 11 ATh JIHIRHO He3a/Ie2KHUX PIBHAHD.
Posp’sizytoun 11, orpumyemo

A=-2 B=-8 C+F=-1, D=-3, E=38.

[Toknaemo, nanpukiaa, C =0, romgi F' = —1, a ToMy YaCTUHHUM
PO3B’sI3KOM HEOIHOPIHOI CUCTEMU €

yp = —2e% — 8xe ™z = —3e” + (8 — 1)e™ %%,
a 3araJbHUM PO3B’sI3KOM —

y= 8C1e™ + Cae ™ — 2¢% — 8re™47,
2 =301 — Coe™® —3e" 4+ (8z — 1)e™*. m
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ITpuknang 3. Sanucamu wacmunnuli po3s’a3ok 3 HeGU3HAME-
HuMU Koediuienmamy (He WyKaouu i) cucmemu

{y’:4y—z+$63x+e3xsin$, (20.18)

2 =y +2z+ ze3® cosz.

Pose’sazannsa. 3HaiigeMo XapaKTepUCTUYHI YHCIa  BiAIOBIIHOT
OJTHOPITHOI CUCTEMU:

4-k -1
1 2—k

‘:o = Kk —6k+9=0 = k;=ky=3.

3z 3 3
Y

Y cucremi (20.18) quist dbyukuiit ze®, e°® sinz, xe®* cos x uun-
ciaa « + (i BignosigHO HOpiBHIOIOTH 3, 3 + 4, 3 + 7. Tomy okpemo
3HailIeMO YACTUHHI PO3B’SI3KM CUCTEM

/ 3x
y =4y — z + xe’”,
{Z’ —y+ 22 (20.19)

{y’ =4y — z+ e sinz,

2 =y+ 22+ e’ cos . 2h20)

st cucremu (20.19) a+ i = k1 = ko =3, s =2, m = 1. 3ri-
JHO 3 (20.16) 11 yacTUHHMI PO3B 130K HOTPIOHO HIYKATH y BUIJIsLI

y1 = (ax® + bx? + cx + d)e3?,
21 = (fx3 + gz + ha + p)e3®.

Hnst cucremu (20.20) a+ i =3+i # k12, s=0, m=1, a

ToMmy 11 YacTUHHMIT PO3B 30K Ma€ BUTJIS

y2 = (Az + B)e3*sinz + (Cz 4+ D)e* cos
2o = (Ex + F)e* sinz + (Gz + H)e cos z.

Tozi wacTuHHMT po3B’s130K cucremu (20.18) 3amuneTsest y BUIVISIL:

y=mnty2, 2=z +z2. N
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4. Meton, I’Anambepa. Posrisinemo siHiiiny HEoIHOPITHY
cucreMy JIBOX JudepeHIiajbHuX PiBHsSHb 31 crajuMmu KoediiieH-
TaMUu

!/ __
{y =any + a2z + f1(x), (20.21)

2 = any + agz + fa(x).

[TomHOXKUMO JipyTe PIBHSIHHS IET CHCTEMU Ha JEedAKe 9UCao \ i
JI0/TaMO TIOYJIEHHO JI0 TEePIIOTO PIBHAHHS:

(y + A2)' = (a11 + Aag1)y + (a12 + Aag2) 2 + fi(z) + A fo(z) =

aio + Aa
(y + A2)' = (a11 + Aaz) (y + uZ) + fi(x) + Afa(x).
a1l + Aagy
(20.22)
Kopucryounch JI0BUIBHICTIO YucIa A, BUOEPEMO loro TaKuM,
1100
aig + Aaga
ail + Aagy
TOOTO
a21)\2 + (CLH = a22))\ — a2 = 0. (2023)

Toni piBusHHEs (20.22) 3anmIeMo y BATVISI:
(y + A2)' = (a11 + Aag1)(y + A2) + fi(z) + Mfa(z).  (20.24)

Pisusianst (20.24) e siniitauMm gudepeniiaibHuIM PIBHSIHHAM
MIEPIIIOTO MOPSIKY 3 MIyKaHOIO (PYHKINE Y + Az. [HTerpyroun itoro
(dopmysma (4.6) 3 ekl 4), oepKy€eEMO:

Yy + Az = elontian)z (/(fl(q;) + Afa(a))e(antrazgy 4 C).

(20.25)
Axmo xopeni A\; 1 Ao kBagparHoro pisusmus (20.23) pismi i
JICHI, TO MAEMO CUCTEMY

Y+ Az = e(a11+)\1a21):r (/(fl (x)—i—/\lfg(x))e(““H‘la”)“dx—i—Cl),

Y+ gz = elnrthenada ( Jh@ +xaa@)e i 02>,
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PO3B’SA3yIOUN AKY BiJIHOCHO Yy 1 2, 3HAl/IeMO 3arajbHUIl iHTerpaJ
cucremn (20.21).

Axio xopeni pisasiansg (20.23) kparhi, To6T0 A1 = A9 = A, TO
3 (20.25) ozepKyeMo TLIbKU OJ[HE PIBHSHHSI:

y+)\z _ e(a11+>\a21)x </(f1 (l’)+>\f2(l'))€_(a11+>\a21)xd.flf + C),

aje y IMbOMYy BUIAJKY, IJCTABIAIOUA BUPA3 I Y, 3HANIEHUI
3BijicH, y apyre piBasinns cucremu (20.21), ogep:xumo JiiHiiine pis-
HSIHHS [IEPIITOTO MOPSAIKY 3 HEBIIOMOIO (DYHKIEO 2.

Pexomendosana aimepamypa: |3, c. 90 — 91, 127 — 131], [5,
c. 370 — 385], [8, c. 206 — 210], [15, c. 103 — 107, 138 — 144], [16,
c. 436 — 455, 495 — 528|.

ITutannga no gekirii 20

1. 4k 3HaitTn 3arajapauil PO3B’A30K JHHIHHOT HEOTHOPITHOT cuCTEMN,
HOI OJIHOPIIHOT cucTeMu?

2. Y "oMy ToJIsIira€ MeTO Bapiallil JOBIILHIX CTAINX 3HAXOIKCHHS
3araJIbHOTO PO3B’a3KY JIHIHHOT HeoHOPiIHOT crucTeMu?

3. Y uoMmy moJisira€ MeToJi HeBU3HAYEHNX KOeIIiEHTIB IHTerpyBaH-
HeI JIHIAHIX HEOIHOPIIHUX cucTeM 31 crajnmu Koediriearamu? Yu st
KOXKHOT JIHIHOT CUCTeMH HOTO MOXKHA BUKOPUCTATH?!

4. Y gomy mnosisirae meros, JI'Arambepa iHTerpyBanns JIHIHHUX CH-
creM 31 crajaumu Koedinienramu?

Bopasu go jekiiii 20
1. Binrerpyiire cucreMu METOIOM Bapiallil JOBLIbHUX CTAJIAX:

2) y =4y — 82 + 2tg4x, ) y =3y — 2z,
2 =4y — 4z; 2 =2y — 2+ 2\/xe”.

2. 3imTerpyiiTe CUCTEMH METOJOM HEBU3HAUEHUX KOEDIIieHTiB:

o [V =22 5 [V =3y+2z+e,
z'= -2y + z — 3x; z' = -3y — 2z — 2e%;

5) y =5y —z+ 5sinz,
2 =4y + z+ 2cosx.
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3. 3inrerpyiire cucremu merogom I’ Asambepa:

a) y = -2y —z+ 10z, 6) y =5y +4z + €7,
2= —4y — 5z; 2 =4y +5z+1.

Homarok 3.

3acTocyBaHHA MaTeMaTH4YHOro nakera Maple
JJI iHTerpyBaHHS CUCTEM 3BUYANHUX
audpepeHIliaIbHUX PiBHAHb

JLst po3B’si3yBaHHSI CUCTEM 3BUYANHUX JU(EPEHIIAJTBHUX PiB-
HsIHb BUKOPHUCTOBYIOTH KoMaHIy dsolve() y dpopmari

dsolve ({piBugnusl, piBusannsa?, . . .},{uesimomal, HeBimoma2, . . .}).

Ilpukiazm 1. 3iaTerpyBaru JiHIHY OJHOPI/IHY CUCTEMY 3i CTa-
JIMHU KoedirieHTaMmu
y=y+z
{z’ =3z —v.
(mpuksas 2 siexiii 18, crop. 225):
> dsolve ({D(y) (x)=y(x)+z(x) ,D(2) (x)=3*z(x)-y(x)},
{yx),zx)1);

{y(z) =*%(_C1+_C2x— _C2), 2(z) =e**(_C1+_C22)}.

[Tepenosnavyennsim crajmux (_C1 := Cy + Cy,  C2 := (Cb)
et PO3B’SI30K 3BOUTHCS 10 PO3B A3KY, OTPUMAHOIO Y IPUKJIA 2
Jekiil 18.

ITpuknasm 2. Sinterpysatn cucremy

y =4y + 52,
2 =4y + 32

(upukiag 1 sieknii 19, crop. 238):
> dsolve ({D(y) (x)=4*y (x)+5*z(x) ,D(z) (x)=4*y (x)+3*z(x)},
{yx),z(x)1);

4
{y(m) = Cle®4+ _(C2e%%, z(z)=—-_Cle ®+ 5_02 6836}.
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ITpuknasn 3. SinTerpysatn cucremy

y =2y -2,
Z=y+2z
(mpuksas 2 siexrii 19, crop. 238):
> dsolve ({D(y) (x)=2*y (x)-z(x) ,D(z) (x)=y(x)+2*z(x) },
{yx),zx)1);
{y(z) = ** (_C1 cos(z) — _C2sin(z)),
2(z) = 2% (_CZ sin(z) + _ C2cos(z))}.

ITpuknasm 4. SinTerpysatn cucremy

y' =6y + 2z,
2= —16y — 2z

(mpuksas 3 siexrii 19, crop. 240):
> dsolve({D(y) (x)=6*y(x)+z(x),D(z2) (x)=-16%y(x)-2*z(x)},
{yx),zx)1);

1
{y(x) = —1—662’”(4_01 +4 C2z+ C2),

2(z) = e*%(_C1 + _CQJ:)}.

IlpukJiaz 5. 3iHTerpyBaru JiHIIHY OJHOPIIHY CUCTEMY 31 CcTa-
JimMu KoedirieHTaMmu

Y1 = Y1+ 2y2 + 23,
Yy = —Y2 — 2y3,
Y3 = Y2 + 3.
(upukiaz 3 sieknii 18, crop. 226):
> dsolve ({D(y1) (x)=y1(x)+2xy2(x)+2*y3(x),D(y2) (x)=
-y2(x) -2xy3(x) ,D(y3) (x)=y2(x)+y3(x) },{y1(x) ,y2(x),
y3(x)});

{y1(z) = _C1e®— C2cos(x)+ _C2sin(x)+ _C3cos(x) +
+ O3sin(z), y2(z)= _C2cos(z) — C3sin(x) —
— (2sin(z) —  C8cos(z), y3(z) = C2sin(z) + C83cos(z)}.
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[Tepenosnauenusiv cramux ( C1 :=Cp, C2 := (C5— C9)/2,

03 := (Cy + (C3)/2) neit po3B’si30K 3BOAUTHCS 10 PO3B’SI3KY,
OTPUMAHOTO Yy MPUKJIaJI 3 Jiekil 18.

Ilpukiazm 6. 3iaTerpyBaru cucreMmy

Y1 = y1 + 2y2 + 23,
Yo = 2y1 + Y2 + 2y3,
Y3 = 2y1 + 2y2 + 3
(mpukstas 4 siexrii 19, crop. 241):
> dsolve ({D(y1) (x)=y1(x)+2*xy2(x)+2*y3(x),D(y2) (x)=

2xy1(x)+y2(x) +2*y3(x) ,D(y3) (x)=2*y1(x)+2*y2(x)+
y3x)}F, {y1(x),y2(x),y3(x)});

{y1(z) = (02657 —2 (C3e*— (Cle®,

y2(x) = _C2e°%+ (C3e®+ Cle @,
y3(z) = _C2e°°+ (3 e "}

[Tepenosnavyennsim cranux (_ C1 = Cy — 2C5, C2 := (4,
03 := C5 — () neii po3B’sI30K 3BOAUTHCS JI0 PO3B’SI3KY, OTPU-
MaHOoro y npukaami 4 jekrii 19.

IlpukJsazng 7. 3iHTerpyBaru JiHIAHY HEOTHOPIIHY CHCTEMY

y =2y -z,
2= —y+ 2z + 4xe®
(mpuksaz 1 srexrii 20, crop. 246):

> dsolve ({D(y) (x)=2*y (x)-z(x) ,D(z) (x)=-y(x)+2*z(x)+
4xxxexp(x)},{y(x),z(x)});

{y(z) =**_C2+ _C1 " + ze” + 2%e”,
z(z) = —e3"_C2+ _Cle* —xe” —e" +a%e" }.
IlpukJsiazg 8. 3iHTerpyBaru JiHIIHY HEOIHOPIIHY CHCTEMY

Yy = 4y + 82 + 30e”,
Z=3y—z+1le ¥
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(upukiag 2 seknii 20, crop. 249):
> dsolve ({D(y) (x)=4*y (x)+8xz(x)+30*exp(x) ,D(z) (x)=
3xy (x)-z(x)+11*exp(-4*x) },{y (%) ,z(x)});

8
{y(ac) =e' C24e71" (C1 - T e 1% 26" —8e 17y,

3 3
z(x) = gem_C’Q —e 4% (01 —3e" — ﬁe_“” + 86_49”:1:}.

[Tepernosnavennsam crajux Ieil PO3B’sI30K 3BOJUTLCS JI0 PO3-
B'#13KY, OTPUMAHOrO y npukjas 2 jekiii 20.
ITpuknasm 9. interpysatn cucremy

Y =4y — z+ 2e3® + e sing,
2 =y+22+ xe3® cosx

(mpukias 3 sexrii 20, crop. 251):
> dsolve ({D(y) (x)=4*y(x) -z (x)+x*exp(3*x) *sin(x),
D(z) (x)=y(x)+2*z(x) +x*exp(3*x)*cos(x)},{y(x) ,z(x)});

{y(z) = —e3%(—_C2 —z_ C1 +sin(x) + 2cos(x) + zsin(z)),
z(z) =e**(_C2+x_C1— _C1—2sin(z) — cos(x) + z cos(z)) }.

IlpukJsazm 10. 3HaiiTun po3s’si30K 3ama4ui Ko

d*x B d?y B
aw = Az~ Y
z(0) =0, 2'(0) =vgcosa, y(0) =0, 3 (0)=wvpsinw

(samaua 1 jekuii 18, crop. 223):

> dsolve ({(D@@2) (x) (t)=0, (DOO2) (y) (t)=-g,x(0)=0,y(0)=0,
D(x) (0)=vO*cos(alpha),D(y) (0)=vO*sin(alpha)},{x(t),
y());

2
{a:(t) = v0 cos(a)t, y(t)= —% + v0 sin(a)t}.
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Pozain 4.
JINPEPEHIIIAJIbBHI PIBHAHHA 3
YACTVMHHUMMU TTOXIIHNMN
ITEPIITIOT'O ITIOPAIAKY

Jlekiisa 21. JliniiiHi oHOpPiIHI PiBHAHHSA 3
YaCTUHHUMM TIOXiTHUMU MEPIHOro MOPIAKY

Ilan

1. 3B’s130K JIHIFTHOTO OJIHOPIHOTO PIBHSHHS 3 YACTUHHUMU I10-
XIJTHUMU TIEPIIOro MOPSJIKY 3 BIJITOBIIHOIO CHCTEMOIO XapaKTepH-
CTUK.

2. IlobymoBa 3arajbHOTO PO3B’A3KY JIIHINHOTO OHOPIIHOTO PiB-
HSIHHS.

3. Bagaqa Ko mist iHIRHONO OJHOPIIHOTNO PIBHSTHHS.

1. 3B’ 430K JIiHifIHOTO OHOPI/THOTO PiBHAHHSA 3 YaCTHUH-
HUMH IMOX1JITHUMU MEePHIOro NOPsiAKY 3 BiAMOBiIHOIO cucTe-
MOIO XapaKTepUucTuk. barato momeseil pisHOMaHITHHX IIPOIie-
CiB i siBUII[ TeXHIKKM Ta MareMaTHIHOI (bi3UKN (KOJIMBAHHS CTPYHU
i memGpanu, Teruonepeada, audysis, razosa JAuHaMIKa Ta 1HII)
HPUBOJIATE 0 JDEPEHIaIbHUX PIBHIHD 3 YACTUHHUMY [TOX1/THU-
M.

Mu obmerkuMocst BUKJIAIOM HANUIIPOCTIMUX BimoMocTeit Teopil
PIBHAHD 3 YACTUHHUMU TOXITHUME TEPIIOro MOPSIKY, MAIOUIN 3a
MeTy IIOKa3aTH 3B 30K TAKUX PIBHIHDL 3 CHCTEMaMU 3BUYANHUX
JuepeHIiaJbHUX PIBHSHDb 1 HABECTU METOJIA TOOYJIOBU 3arajib-
HOTO PO3B’sI3Ky Ta po3B’a3Ky 3aadi Ko, gki rpyHTyIOTbCS HA
bOMY 3B’sI3Ky. PiBHsSIHHS 3 YaCTMHHUME TOXIJHUMHI JIPYTOro Ta
BUINNX TOPSAIKIB IHTEIPYIOThCS 1HIMMMA METO/IaMU, SIKI BUBYATH-
MyTbCsl V Kypcl «PiBHgHHS MaTeMaTHndHOl (Di3UKI».

ZludepenuiasbrHum pPIi8HAHHAM 3 UACTNUHHUMY TOLi-
JHUMUY Ha3UBAIOTH CIIBBIIHOIIEHHSI, sIKe MICTUTH HEBiJOMY (DyH-
KI[IO BiJI JE€KIJIbKOX 3MIHHUX, He3aJIexKHI 3MiHHI Ta YaCTUHHI 110Xi-
sl HeBitomol DyHKIIT 3a He3aaeKHuMEu 3MiHHUMEA. [lopsi/iok crap-
1101 YaCTUHHOI MOXI/THOI, K& BXOJIUTH y PIBHAHHS, HA3UBAIOTH 10~
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psaodxom pisastHEs. Hanpukian, mudepeniajibae piBHIHHS 3 Ya-
CTUHHUMH TOX1THUMHY TIEPITIOr0 TMOPSIJIKY Ma€ TAKUI 3arajJbHuil BU-

TULSLIL;
ou Ou ou

(I)(l'l,.fg,...,{l/‘n, u, 8—],‘178—1‘27'”78—% :0, (211)

_ - : du  Ou ou e

e u = u(xy,x,...,T,) — HyKaHa QyHKIIs, Bor) Bagr 1 oo 11

qactunni noxigai, ® — zajana mHenepepsHo audepeniiitoBua QyH-
Kiisg B jeskiit obmacti G C R?"! npudomy B pisnsamnsa (21.1)
NpUHARMHI OJHA YaCTUHHA I[TOXIi/IHA BXOIUTL OOOB’sI3KOBO.

Bararo disnaHux sBUIIL ONUCYIOTHCST PIBHAHHSIME 3 YaCTUHHU-
MU TOXiTHUME HEPINOro mopsiaky. Hampukiasn, y ra3osiit guaami-
i BaXKJMBY POJIb Bifirpae piBuaaasg Xorda % + u% = 0, ne
u=u(t,r), a B ONTHI BUBYAETHCS DIBHIHHS

2 2 2
() () (2 s

e u = u(x,y,z), sKe OIUCY€E MOIIMPEHHS CBITJIOBUX MPOMEHIB y
HEOJIHOPI/THOMY CEPEJIOBUII 3 HOKA3HUKOM 3aJoMJeHHs f(x, Y, 2).

Pose’szrom piBusiuns (21.1) HasuBaoTh HenepepBHO judbe-
penniiiopny dyHkIfio v = u(ry,x2,...,Ty,), K& IePETBOPIOE PiB-
HaHHs (21.1) y TOTOKHICTD J1/Is1 KO?KHOI TOUKH (T1, T2, . .., Tn) C G.

Axmo v = u(xy,x2,...,T,) — po3B’sa30K piBHsgHHs (21.1), TO
fioro rpadik — oBepxHio u = u(r1, 2, ..., Ty) y upocropi (n+1)-1
3MIHHOI X'1,Z9,...,Tn, U — HA3UBAIOTD THIME2PAABHONO NOBEPT-
Hero piBHsHHS (21.1).

PosriisinemMo JieKijibKa, [MPOCTUX TPUKJIAIB BiIIIyKAHHS PO3-
B’s13KiB piBHsHHs (21.1).

Hpukmaan 1. Bidwykamu ¢ynruyito z = z(x,y) — po3e’azox
DIGHAHHA % =2z +y—1
Poss’azarna. lurerpyioun obuaBi 9acTiHA 3a 3MIHHOIO T, OJIEP-
JKYEMO

Z=/(2x+y—1)df€=x2+fcy—1r+so(y),

ne p(y) — nosinbaa audepenniiioBra dyHkiis 3miaHol y. W
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) . 52
Ilpukiazn 2. 3inmezpysamu pieHAHHA adxgy = I,

Pose’azarns. larerpyodn 3a 3MiHHOIO X, MAEMO g—; =z + ¢(y),

ne ¢(y) — nosinbHa nudepeniiiiopna Gynkuis. [arerpyoun remnep

OCTaHHIO PIBHICTH 3a 3MIHHOIO ¥, OJIEPYKYEMO, IO
z= /(fc + oY) dy = zy + 1(y) + p2(@),

ne p1(y) = [(y)dy, pa(x) — nosinbHi qudepenuiiiosri dbynrkuii. B

3 HaBeJI[eHUX IPUKJIAJIB BUILINBAE, 10 PO3B’I3KU JTU(EPEHIT-
aJbHOIO PIBHAHHSA 3 YACTUHHUMH IOXITHUMH TEPIIOTO MOPIIKY
MOXKYTh 3aJI€2KaTH BiJ| OJIHIET MOBIIBHOT (DYHKIIIT, & PO3B’sA3KU PiB-
HsIHHS JIPYTOTO TOPSJIKY — BiJ ABOX M0BLIbHUX (yukmiil. [lizmimnme
Oy/le moKa3aHo, MO Po3B’si3ku piBHsiHHS (21.1) MOXKYTH 3ajiexKaTn
Bif oxHiel HemepepBHO AudepeHIiiioBHol MyHKIIT, KiIbKICTh apry-
MeHTIB sikol (n — 1).

Axmio y piBusinni (21.1) dyukiia ® 3anexxkurs Jiniiino Bij da-
CTUHHHUX ITOX1THUX ITyKaHol (PYHKIII, TO HOro Ha3uBalOTh ALHLT-
Hum. Jliniiine piBHAHHS MOXKHA 3alUCATH Y BULJISI

ou ou
fl(xlaan ... 7xn7u)8—x1 + fQ(l'l,l’Q, cee ’xn’U)a—ZL‘Q P aoc
ou
coot fo(zr, 20, . . Ty, u)ﬁT = R(z1,22,...,Tn,u). (21.2)
n
Axmo npasa yactuna piBHsiHHS (21.2) TOTOXKHO JOPIBHIOE HY-
Jito, a koedimientu f1, fa, ..., fn He 3ajexKaTh Bij mrykaHol yH-
KITi1 %, TO MAEMO PIBHAHHS
ou ou
fl(l'l,xQ, v ,xn)a—xl -+ fQ(l'l,l'Q, e ,xn)a—m =+ ...
ou

...—i—fn(l'l,l'g,...,xn) 0, (21_3)

or,
K€ HA3UBAIOTH AIHITUHUM O00HOPIOHUM DIBHAHHAM 3 Ha-
CMUHHUMU TOLIOHUMU NEePUL020 Nnopadky. Bpaxaemo, 110
koedinientn f1, fo, ..., fn IBOro PIBHsIHHS BU3HAYEHI Ta Herre-
PEPBHI pa3oM 3 YaCTUHHUMU ITOXITHUMU 38 3MIHHUMU T1, T2, ...,
Ty Y JESIKOMY OKOJI 33JIaHOT TOUKHU (T10, L20, .- -, Tpo) 1 MO y I
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TOYIl BOHU OJHOYACHO HE MEPETBOPIOIOTHCI Y HYJIb, HAIIPUKJIA/L,
frn(x10, 204 - - -y Tno) # 0. OueBugnO, MO piBHsAHHS (21.3) Mae pos-
B’SI30K U = ¢, Jie ¢ — JIOBiJIbHA CTaJA.

OnnouacHo 3 piBHstHHSIM (21.3) pO3IVISIAATHMEMO CUCTEMY 3BHU-
JaiiHux nudepeHIiajlbHuX PiBHIHD

dxy dzo dz,,

fl(l'l,l'g,...,xn) fg(l'l,l'g,...,xn) T fn(xl,l'g,...,l'n)
(21.4)

sIKa CKJIa1aeThest 3 (n—1)-ro piBusuns. Cucremy (21.4) nasuBaiors
CUCTNEMOI0 TAPAKMEPUCTIUK (TAPAKMEPUCTIUYHOIO CUCTE-

)

M010). CrucTeMy XapaKTePUCTUK MOYKHA 3aIIMCATH TAKOXK Y BUIJIsI-
T

dtn  fo' den fu' 77 dea f

JloBesiemo JiBi TeopeMu, SIKi BCTAHOBJIIOIOTH 3B’SI30K MiK PiB-

dry  fi dza _ fo drn-1 _ fn-1 (21.5)

HsaHHAM (21.3) 1 BignosigHO©O cucreMoro xapakrepuctuk (21.4).

Teopema 1. Kootcnut inmeepan cucmemu (21.4) € poss’askom
pienanna (21.3).
Loeedenns. Hexait ¢(x1,x2,...,x,) — iHrerpasn cucremu (21.4),
BU3HAYEHUI y JIESKOMY OKOJII TOYKH (10,220, .-, Tno). L0 3ri-
JIHO 3 O3HauYeHHsIM iHTerpasa (ekmis 18, 1. 1) nosuuii qudepent-
a1 byHKIHT 1) BHACTIIOK cucteMu (21.4) TOTOXKHO JOPIBHIOE HYJIIO,
TOOTO

0 0 0
dip = wd 4 gt + X =0,
ox €9 8$n
ne mudepeHIiaImn dacl, dxo, ..., dxr, 1 TOTPIOHO 3aMiHUTH BHUpa-
3aMH, sIKi BUILIMBAOTH 3 (21.5):
dr1 = ;:L dxy, dry = ;z dxp, ..., dr,_1 = f};l dx,,.
Takum auHOM,
o ho Oy f2 o
— — ) -dx, =0
8 5‘ 0
Bt fo gt o e =0,

Oy
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3BiJIKM BUILIMBAE, MO byHKIsS U = (21, X2, ..., Ty) € PO3B’I3KOM
piBusinus (21.3). »

Teopema 2. Koowcrnuti pose’asox pienanns (21.3) e inmeepa-
aom cucmemu (21.4).

Losedenns. Hexait u = ¢(x1,z2,...,2,) — PO3B’SI30K DIBHSIHHSI
(21.3), npuaomy u # const. Toxi
oy o o
- — ... n—— =0. 21.
fi pr. + f2 Dg 000 e Bz, (21.6)
Buaiigemo nudepeniian dbyHkii ) BHACH 0K cucremu (21.4):
_ oY oy o
o fr O fo o
=|l—"+—""+...+— |dx, =
(ax1 fo TOws g O )
1 o o o
= fn <f18x1 +f28x2 ++fnaxn>d$n,

3Bk, BpaxoByoun (21.6), maemo, mo dyp = 0, To6T0 9 € iHre-
rpasiom cucremu (21.4). »

PO3FJIHH6MO, HaIlIpUKJIaI, piBHHHHH 3 YaCTHMHHHUMHN HOXi,H,HI/IMI/I

Vomy Bifmosinae cucrema XapaKTepucTuK
de. dy  dz
r 2y -3z
AKa Mae inTerpamm Y; = 5z, Uy = a:/\/@ Otxe, byukil

u =232, up = T /\/37 € PO3B’sI3KaM¥ HABEJICHOTI'O DIBHSHHS 3 Ya-
CTUHHUMU IOX1/IHUMH.

2. ITobynoBa 3arajbHOro po3B’sI3KYy JIIHIHOrO OIHOPI-
aHoro piBHsinHsi. Hactynna Teopema Bu3HaUae criocid modymoBu
3araJbHOTO PO3B’sI3KYy JIHIHOrO OHOpiHOTO piBHsHHS (21.3).

Teopema 3. Hexat

wl(xlvl"?v"';xn)v w2($17$27~~~7$n)7 ey wnfl(xlvlév"'axn)
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€ nezanesrchumy inmezparamu cucmemu (21.4). Todi pynryin

—¢(¢17¢2,---7¢n—1)7 (217)

de ® — dosiavha GYHKULA, AKG MGE HENEPEPSHT NOTIOHT 3G 3MiH-
Humu Y1, Yo, ..., Yp1, € P036°a3Kom pienarns (21.3).
Losedennas. Ilincrapisiioun (21.7) y piBusinus (21.3) i Gepyun
10 yBaru, mo yHKIl Y1, o, ..., Yy_1 € PO3B’I3KaAMU PIBHIHHS
(21.3), orpumyeMO:

CI) oD
f1 +f2 --+fna—:

1 9% o 0D O oD O,
27 fQZawm fnzawxn_

! oo O, ;i o\ _
27( x1+f26x2 +fn >:07

TL

a ne i osHauae, mo byskiis (21.7) € po3B’sI3KOM DiBHSHHSI
(21.3). »

@opmyiy (21.7) HABUBAIOTL 3A2AABHUM PO36°A3KOM DIBHSI-
uHst (21.3). 3BepraemMo yBary, IO 3arajbHUN PO3B’S30K DiBHSIH-
Hsl 3 YACTUHHUMHU TOXITHUMU TEPIITOro TOPSIIKY MICTUTD JIOBLIBHY
dyHKII0, a He TOBIIbHI cTast, 9K 1e OyJ/I0 s 3BUYaitHuX aude-
PEeHIiaJIbHUX PIBHSAHD.

Ilpukiazng 3. 3inmezpysamu pienArHA

6u+ 8u+ 8u_0
Yor TVay T8, T

Poszs’azarmsa. CKrageMo BiIMOBIIHY CHCTEMY XapaKTEPUCTUK

d_x dy dz

x Y z
i sinrerpyemo ii: y/x = C1, z/x = C3, a ToMy iHTerpajgamu €
1 =y/x, Py = z/x. OTKe, 3araabHUM PO3B’SI3KOM 33JAHOTO PiB-

U = (I)<ga E)?
r X

HAHHA €
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e ® — nmosinbHa HemepepBHO judepentiiiioBHa (GyHKIA Bix ga-
CTOK Y/ 1 z/x, TOOTO U € NOBIIBHOI HEIEPEPBHO JMDEPEHIIHOB-
HOIO OJIHOPI/IHOI0 (DYHKITIEI0 HYJILOBOI'O BUMIPY 3MIHHUX T, Y, 2.
Hampukiaj, po3s’s3kaMu 3aJJaHOTO PiBHSIHHS € DYHKIIT

3 2
u1:y, u2:—y+i7 U3:<g> ) U4:Cosi7 U5:2x/z~
x x x x

Bionosidv: u =P (y/z, z/x).

3 TeopeMu 3 BHILIMBAE, IO 3ajada PO HMOOYIOBY 3arajibHOIO
po3B’si3Ky piBHstHHsT (21.3) piBHOCHIIbHA 3aJladi PO BiJIIyKAHHS
n — 1 He3aJeKHNX IHTErpaJiiB BIIOBITHOT HIOMY CUCTEMH XapaKTe-
puctuk (21.4).

Y BHUIIQJIKY JBOX HE3AJIEKHUX 3MIHHUX, MO3HAYUBIIN ITyKAHY
dbyukuio uepes z(x,y), MaEMO PiBHSIHHS

0z

Ao + falo) g =0. (21.8)

Binmosinna cucrema xapakKTepUCTHK BUPOIKYETHCS B OJHE Tude-
peHIiajabHe PIBHAHHSA

de. dy
fl(:l:?y) f2(1:7y)
Axmo (x,y) — inrerpan piBusnus (21.9), To z = @ (Y(x,y)), xe

® (1)) — noBlbHA HemepepBHO JudepeHIiioBHa MOyHKIs Bl 3MiH-
HOT 1, OyJie 3araJbHUM PO3B’si3KOM piBHsiHHS (21.8).

(21.9)

Ilpukiazng 4. 3inmezpysamu pieHAHHA yg—; — :r:g—; =0.
Poze’sazanns. Binnosinna cucreMa XapaKTEPUCTHK BUPOIZKYE-
de _ dy g
y

ThCsl V PIBHAHHS 3 BiJOKPEMJIIOBAHUMH 3MIHHUMMU: =

Terpajom sKoro € ¢ = 2 + y2. 3rinHo 3 Teopemoro 3 3arasbHUIL
PO3B’gI30K 3aIaHOT0 PIBHSIHHS MA€ BUTJISIT

2z = ®(z% 4 ?).

3 reoMeTpuvHOl TOYKH 30py MaeMO CiM'I0 ITOBEPXOHb ObepTaH-
Hsi 3 Biccio obeprannst Oz. TakuMm 49uHOM, 3ajlaHe DIBHSIHHS €
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mudepeHiajibHIM PIBHIHHAM yCiX MTOBEPXOHDL OOEpTaHHs 3 Bic-
cto obepranusg Oz. [HTerpalbHIMU TIOBEPXHAME € IIOBEPXHI 00€p-
tanas 2z = ®(2? 4+ y?). OxpemMuMyu BUTIAIKAMH IIX MOBEPXOHDL €
z = 22 + y? (mapabosoin obepranns), z = /R2 — 22 — y2 (uis-
cdepa), z = /22 + y? (konyc), z = ¢ (WwiomuHa).

Bidnoeidv: z = ®(x? + y?).

3. Bamauya Ko majis jgiHifiHOro OaHOPiAHOrO piBHSIH-
us. 3adawa Kowsi jyis pisusinus (21.3) mossirae y 3HAXOKEHH]
po3B’si3Ky u = u(1,x2,...,Ty), AKuil 11 HIKCOBAHOIO 3HAYEH-
Hel OJHI€T 3 He3aJI€2KHUX 3MIHHUX, HAIIPUKJIA]] Ly, IEPETBOPIOETHCS
y 3aJlaiy HelepepBHO audepenniiiosny GyHKINO pemTH 3MiHHUX,
TOOTO 33JI0BOJILHSIE NOYAMEKOEY YMOEY:

Uy =gy = P(T1, 225 -, Tpo1). (21.10)

VY BunaJIKy, KouIu nykasa DyHKIIIS 3a71€2KUTh BiJ] IBOX He3aJle-
JKHUX 3MIHHUX, TOOTO Jyist piBHsAHHS (21.8), 3amada Ko nossrae
y BiauIykaHui Takoro poss’sisky z = f(z,y), AKHil 3a0BOJIbHSIE
MOYATKOBY YMOBY

2|y zy = (Y,

ne ¢(y) — samana dyskiis. [eomerpuyno 16 O3HAYaE, 1O Cce-
peJl yciX 1HTerpajJbHUX MMOBEPXOHDb, K1 BU3HAYAIOTHCH PIBHAHHIM
(21.8), mykaerbcs Taka moBepxHs z = f(x,y), sKa IPOXOJAUTH e~
pe3 3ajiaHy KpuBy z = ©(y), siKa JeXKUTh y IUIOMUHI & = zq (1
IJIOIIMHA TapaseabHa 10 mwiomuan Oyz).

Brigao 3 Teopemoro 3 3arasibHUNl PO3B’s30K piBHsHHS (21.3)
3asiaeThest opmyiioro (21.7), Tobro

U= (I)(@blﬂ/}%- .. 71/}n71)-

Migcrasitoun o dbywkiio B (21.10), 6aunmo, 10 po3s’s30K 3a-
jaai Komi (21.3), (21.10) 3BoguThCs 0 BU3HAUEHHS BUIVIsLLY (DYH-
Kiil @, sika 3a/10BOJIbHSE YMOBY

®(¢17w27 000 7wn—1)’xn:xn0 = QO(.’El,wQ, 000 7$n—1)~

TaxkuMm YHHOM, OIEPKYEMO NPABUAO PO38’°A3YBAHHSA 3a0anL
Kowi (21.3), (21.10):
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1) cxaacmu 6i0nosidny cucmemy Tapaxmepucmur i snatimu i
n — 1 He3zarescHuT 1Hmezpanis:

wl(xlax%"'a*rn)? ¢2($17$27~~~7$n)7 0co0o0g wn—1($17$27~~~7$n)3

2) 3aminumu y 3HAGOEHUT THME2PANAT HESANEHCHY SMIHHY T,
11 NOUaAMKOBUM 3HAYEHHAM Ty = Tpo'

Y1 (21, T2, ..., o1, Tno) = V1,
@ZJQ(xlawa“al'nflaan) :11&2’ (21 11)
Yn-1(21,%2, ..., Tn_1,Tn0) = Yn-1

i pose’azamu cucmemy (21.11) 6idnocno x1, T2, ..., Tp—_1, MOOMO

3Hatmu

T = wl(@z_}LqLQa oo ,@Z_Jnfl), T = w?(&l;&?a cee 7&%*1); DRI
Tn—-1 = anl(@zlaqz% cee a@z_}nfl);

3) nobydysamu dynryito

U = ‘P(Wl(wlﬂbw 00 7/(/)71—1)7 w2(¢17¢2; 900 7/(/)71—1)7 )
wn—1<w17/¢)27 cee 7wn—1))7

axa 1 6yde pose’asrkom 3adayi Kouii.

Ilpukaazn 5. Snatimu poszs’asox 3adawi Kowri

ou n ou n ou 0 | z
T— — L= ul =y — =.
Ox y@y 0z ’ e=2=Y 73

Po3ze’sa3arms. lurerpanamu BiAIOBIIHOI CHCTEMI XapaKTEPUCTHK
€Y1 =y/x, P2 = z/z (mus. npuxiax 3). OCKiIbKY

_ Y _ z
V1| = Y1 = 3 Yalgeg = 2 = 3’

TO Yy = 2)1, 2 = 21)9, & TOMY IIyKAHUM PO3B S3KOM €

2 23y —
u=2 —=th = U:M..
3 3z
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Ilpukian 6. Busnawumu tHmezpasony nogeprHio PIeHAHHA

0z 0z

2

r*+1)— +z2y— =0,

( )ax Yoy

AKa Nporodums vepes Kpuey z = y> y naowuni x = 0.

Pose’azanna. Binnosinna cucreMa XapaKTEePUCTUK BUPOIZKYE-
de _ dy
x24+1 — zy’ Lhz=

TerpaJioM siKoro € dbyHkiist ¥ (z,y) = ﬁ Toni ¥ = Y|,_o = y-
3Bigcu y = 1, a TOMY HIYKaHOIO iHTErpajIbHOIO MOBEPXHEIO €

ThCs y PIBHAHHS 3 BiJOKPEMJIIOBAHUMH 3MIHHUMUA

y2

2
= = z=—"
Pexomendosana aimepamypa: |1, c. 325 — 328], [3, c. 198 —
202], [5, c. 458 — 463], [8, c. 247 — 281], [15, c. 275 — 280).

ITurannsa mo ekl 21

1. Ilo masuBaoTh gudepeHIiaIbHIM PIBHIHHAM 3 YACTUHHUMHA I10-
xigaumn? ZK BUSHAYUTH MOPSIIOK TAKOTO PIBHAHHS !

2. [lTo Ha3UBaIOTH PO3B’SI3KOM PIBHSIHHS 3 YACTHHHUME [TOXITHUMMI !
dxuit reomeTpudHMIT 3MiCT Ma€ PO3B’SI30K PIBHsIHHsI 3 JIBOMa He3aJie-
KHUMY 3MIHHUMY !

3. ke piBHAHHS HA3UBAIOTH JIHITHIM PIBHAHHAM 3 YACTHHHIME 10~
XIJHUMY TIepInoro mopsaKy? Y sSKOMY BHUIIAJKY HOTO HA3WBAIOTH OJHO-
pimHnM?

4. dxuit BUTTISI Ma€ CUCTEeMa XapaKTEPUCTUK JIjIs JIHIHOTO OJIHO-
PIIHOTO DIBHSIHHSI 3 YACTHHHUME ITOXITHUMU [IE€PIIOr0 HOPSAKY ! SAxwmii
3B’SI30K MiK JIHIHHAM OTHOPITHUM PIBHIHHAM 3 YACTUHHUMH TTOX1THIMI
[IEPIIOrO MOPSJIKY Ta BIAIOBIIHOK CHCTEMOIO XapaKTEPUCTUK !

5. Ak dopmymoersesa 3amaua Ko s piBHSAHHS 3 YACTUHHUMEI
MOXIIHUMY TIEPIIOro mopsaKy? Zkuit reoMeTpuyHUit 3MiCT BOHA MA€ y
BUIAJIKY JIBOX HE3AJIEXKHUX 3MIHHUX !

6. dx mobymyBaTu 3arajbHUIT pO3B’sI30K JIHIITHOTO OJHOPIIHOTO PiB-
HSIHHS 3 9aCTHHHUMHA TOXIJIHUMU TIEPIIOTO MOPIKy? fK po3B’sa3yernhes
sajada Ko it boro piBHsIHHS?
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Brupasu go gekirii 21

1. TlepesipTe, un € BKazani pyHKIHT PO3B’aA3KaMU 3aJaHUX PiBHIHD
3 YaCTUHHUMU TOX1THIMU:

a) 2yz% -y =0, 2=z +y;
6) (2% +y?) 3% + 22y 2w +mz 2 =0, u:mfy +3;

2

21\ ou du Qu _ — 2428
B) (ery os T 2yg) +257 =0, u==%5% 422z
2. 3i"TerpyiiTe OJHOPIIHI PIBHSHHS 3 YACTUHHUME [TOX1THUMUA:

a)(w+2y)%—y§—§=0' 6)xam+yz = 0;
B) (a%y — 2%y?) 5% +yGE + L = 0.

3. Posp’sikiTh 3ama4i Korrri:

9 9 . o le] 9
a)xai—ya—;:& z|y:1:2x, 6)%—&—6—’;—&—2 5 =0, ul,_, =y

Jlekmia 22. KBasiminiitHi Ta HesiHiliHI piBHIHHSA
3 YaCTUHHUMU TIOXiJHUMU IIEPIIOT0 HOPSAKY

Ilan

1. ITobyoBa 3arajbHONO PO3B 3Ky KBa3LIiHIHHONO piBHSAHHS
IIEPITIOrO TTOPSJIKY.

2. Bamaqi Ko jyis kBas3imiHITHOTO PIBHSHHS TEPIIOTO MOPSi/I-
KY.

3. Henimiiini piBHAHHS 3 YaCTUHHUMUI MOX1THIMU TEPIIOTO IO~
PSIKY.

4. Pigustausa Idpadda.

1. ITo6GynoBa 3arajibHOro po3B’sI3KY KBa3iJIiHITHOTO piB-
HSHHS [epIIOoro NMOpsiAKy. PiBHAHHS BUIJIsLY
ou ou
j&(xlaxQV"axnau) +-fé($1,$2w..,$n,u) +
81‘1 8:1/‘2
ou

9z, = F(z1,29,...,xq,u)  (22.1)

N + fn(fElaan LA 7xn’u)
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Ha3UBAIOThH ATHITUHUM HEO0OHOPIOHUM PIBHAHHAM 3 YACTNUH-
HUMU NOTIOHUMU TNEPULO20 NOPAJKY ab0 KEaA3TAIHITUHUM

pisHaHHAM. /1o 1boro Kk Tuiy OyaemMo BiHOCHTH @ PIBHSIHHS,
y akux I =0, ane xoua 6 onun 3 KoedillieHTiB f; 3a/1eKuTb Bij

u. Baxkaemo, mo byl fi, fo, ..., fn, F HemepepBHO aude-
PEHIIHOBHI B JIESIKOMY OKOJII 33J1aHOT TOUKH (X109, £20, - - - y Ln0s UQ)-
Hexait, kpim Toro, fp (210,220, - - -, Zno, o) 7 0.

Po3p’st30Kk piBHsiHHs (22.1) MIyKAEMO y HESIBHOMY BHIJISIJI:
V(z1,2z2,...,2n,u) =0, (22.2)

e dyukiis V' Mae HelepepBHI YacTHUHHI HOXiJHI 3a ycima ap-
ryMeHTaMU TpUHAiMHI B Hedkiit obsacTi 3MiHU X1, X2, ..., Ty, U,
upudomy Vi (z10, 220, ..., Tno,ug) # 0 (e rapanrye Te, mo B
it obsacti piBHsiHHs (22.2) BU3HAUYAE U K HesiBHY (DYHKIIO Bif
1,22, ..., Ty).

Baudepenniopasim (22.2) 3a 3MIHHOIO T, sIKA BXOJUTH Y
(22.2) siBHO 1 HestBHO 4epe3 (DYHKILIO U, OJIEPIKYEMO:

ov. oV du

Ox;, Ou Oz, 0 k=12..n =
ou v [ov\ !
- = . == E=1,2.....,n. 22.3
oxy, oxy, <8u) ’ eaEee il ( )

[TizcraBasoan Bupas3n [l YaCTHHHAX TOX1THIX g—;c (22.3)y
(22.1), micsst TPOCTUX EPETBOPEHD BIIHOCHO HeBiIOMOT dyHKIHT V'
OJIEP2KY€EMO JIiHIITHE OJTHOPITHE PIBHAHHS 3 YACTUHHUMU TTOX1THIMA

fl(xl,xg,...,a:n,u)a—ajl + fo(x1, e, . .. ,acn,u)a—ac2 + ...
oV
...+fn(a:1,a:2,...,xn,u)a—% + F(z1,x2,... ,xn,u)% =0. (22.4)

106 sinTerpyBaru piBHsiHHs (22.4), yTBOPUMO BiAIIOBIIHY CU-
cmemy xrapaxmepucmux (n. 1 gexmii 21):

dri  dxo dr, du
— === — = — 22.5
fl f2 fn /9 ( )
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1 IpUIIyCcTUMO, O HaM BJIAJIOCS BIJIITYKATH N He3aJeXKHUX 1HTe-
rpaJiB IIi€l cucTeMu:

1/)1 - wl(xlaméa cee 7xn7u)7 ¢2 = ¢2(33173327- .. 7xn7u)7

wn - 1/}77,(@.17@.27 o 7xn>u)~

3rigHo 3 TEOPEMOIO 3 HOIEPEIHBOT JIEKIIIT 3araJbHNl PO3B’A30K PiB-
HsHHS (22.4) MOXKHA 3allCaTH Y BUIVIS

V=& (1, Yo, .., n), (22.6)

ne ® — poBibHa HenepepBHO audepeniiioBaa GyHKINS CBOIX ap-
T'YMEHTIB.

BpaxoBytoun (22.2), 0/epKy€eMO IIyKaHUi PO3B 130K PIBHSAHHSI
(22.1) y HesBHOMY BHIVIsAI

P (1, Yo, ..., Pp) = 0. (22.7)

Cuiesiguomennst (22.7), ne ® — J0BUIbHA HEIEPEPBHO [IHi-
depenriiioBna GyHKIA, HA3UBAIOTH 3A2GAbHUM PO38°A3KOM
piBusins (22.1). fkmo (22.7) Bracrbest po3s’sizaTé BIHOCHO
U, TO OJEP:KUMO 3arajibHUil PO3B’SI30K y SBHOMY BUIVISIL: U =
=u(z1,29,...,%y,), 1€ u — HellepepBHO JudepenIiioBHa dyHKIIsI.

Cucremy (22.5) HA3UBAIOTH CUCTMEMOIO TAPAKMEPUCTUK
KBasiniHiitHoro piBusHHS (22.1).

Takum IUHOM, 044 3HATOONHCEHHA 342AADH020 PO3G AZKY PIGH.A-
nha (22.1) nompibro ymeopumu 6i0nosiony cucmemy Tapaxmepu-
CMUK, 3HATMU N HE3ANEAHCHUT THIME2PANE ULEL CUCTNEMU T NPUPIE-
HAMU JO HYyAA 006IALHY Judepenyitiosny GyHKYit0 YUT iHmezpa-
216. Ompumana npu yoomy piericmv suzandy (22.7) 6yde sazans-
HUuM P036°askom pienanns (22.1) y neasnomy euzandi. Po3s’asy-
1wy 1020 6i0H0CHO U (AKWO Ue MONHCAUBO), MOAHCHA 3HATMU 3a-
2a.001UTl PO36 A30K Y ABHOMY GU2AAJL.

Ilpukian 1. 3inmezpysamu pieHAHMHA x —|— y —|— 262 = u.
Poszs’azarma. CxrazemMo BiaIOBiIHY CI/ICTeMy XapaKTepI/ICTI/IK.
dac _dy _ dz _ du : _ _
s = = ¢ i smaiigemo i inTerpama: 1 = y/x, ¥ = z/z,
1/)3 = u/x. OTXKe, 3arajbHUM PO3B’SI3KOM €

@(3, : 3) —0. (22.8)

r Tr X
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Posp’s3yiouan (22.8) BignocHo u/x, ogepKyemo:

(
%: (3 E) - uzw.f@ i))

) )
' T 48" &5
e [ — noBiibHA QYHKIISI, & OTKEe, PO3B’SI3KOM 3aJI@HOI'O PiBHSTH-

Hsl € JIOBLIbHA OJHOPiAHA HerepepBHO mudepentiiiioBHa (HYyHKILIs
sumipy 1. B

Ilpukiazn 2. 3inmezpysamu pieHAHHA 6“% + ng—Z = ye”.
Po3s’azarmsa. 3anmimeMo BiMOBIIHY CHCTEMY XapaKTePUCTHK:

dr dy dz

o

3 piBHsIHHS g—f = Z—g (1ie piBHSIHHSI 3 BIJJOKPEMJIEHUMH 3MiHHU-
MH) 3HAXOIMMO MepImmii imrerpas y =
dy _ dz
y2 - yer)

— e % = (1, a 3 piBHAHHHA
BpaxoByIOUH, Mo e’ = %, Ma€MO IIe OIUH EePIIHii

In|y| —a

iHTEIrpaI z — e T = (5. TakuMm 9uHOM, 3araJIbHUM IHTErpa-

In|y|—=
g %) = 0, a 3araJpHUM
ev—y

1 — 1
Z:_EQL;%+¢<__61>‘.
et —y~ Yy

2. Bagaui Ko gjis kBasistiHiiiHOro piBHSIHHS ITe€pIIo-
ro nopsiaAky. 3adavwa Kows st ksasiiiniiHoro piBasiaast (22.1),
TaK caMo, gK 1 JiJIsd JIHIHHOTO OJHOPITHOTO PIBHAHHS, IOJISITAE Y

JIOM 3aJIaHOr0 piBHSAHHSA € P (% —e*

PO3B’SI3KOM —

3HAXOJ[PKEHH] TAKOro po3B’si3Ky U = u(Z1, T2, . .., Ty) IBOIO PiBH-
HHSI, STKUI 33/I0BOJILHSIE TLOUAIMKOBY YMOBY:

uly g = O(X1,%2, ..., Tn1), (22.9)

Jie (p — 3aJlaHa HelepepBHO qudepeH iiiioBaa (pyHKITis.

[Toxkarkemo, siK 3HafTH pO3B’s130K 3amadi Ko 1y1st piBHSIHHS
(22.1), 3Haroun iioro 3arajabHuil po3B’s30K (22.7). 7K i jyist oHOpI-
JIHOT'O DIBHSIHHS, BCE 3BOIAUTHCH JI0 BU3HAYEHHS BULJIALY (DYHKILT
. fkmio 3anucaru moyaTrkoBy ymMoBy (22.9) y Bursisizi

U(l‘l,l‘Q, cee 7xn717$n0) - 90(1"171"27 cee 7xn71) =0
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i mopiBusTH 11 3 (22.7), T0 6avunmo, mo dyukiio ® norpibHo BU-
OpaTu Tax, 1moo
(I)(@Z_Jlﬂ/_}% 600 ,7[}”71) - U(.’L‘l,l‘Q, cee 7xn7171:n0) -
— (1,22, -+, Tp—1), (22.10)
ne gepes U, Vs, . .., P, HO03HAUEHO (DYHKILI, sIKi OTPUMYEMO 3 iH-

rerpaJiiB cucremu (22.5) 3aMiHOIO X, OYATKOBUM 3HAYEHHSIM Ly,
TOOTO

’(Z}j = 7/}]'(1:171:27 Do g axnflaxn()au)v ] = 1727 REERLE (2211)

Posp’st3ytoun cucremy (22.11) BigHocHO X1, X2, ..., Tp_1, U,
OJIEPIKYEMO:
.’13] :wj('lﬁhl(/;Q:"' 7'&71)7 j:1727"'7n_ 17
u= w1, 2, .., Pn).

Aximo Terep B sikocTi dyuKIil @ B3gTH DYyHKITIO

‘b(¢1,¢2, cee 71/)71) = w(¢1>¢27~ .. 71/)71) -
- @(wl(wlaq/}%' X 7¢n)7 200 anl(i/}lﬂ/}% ooc 71/’n))7

To ymoBa (22.10), oueBuHO, cupaBRKyeTbesi. Orke, dhbopMmyia

W(¢1a¢27---7¢n)—
— @ (wi(¥1,%2, - ¥n), -y Wno1(P1,2,...,9,)) =0 (22.12)

BU3HA4Ya€ PO3B’s130K 3ajadi Komid (22.1), (22.9) y HestBHOMY BU-
rsi. koo (22.12) MoxkHA PO3B’sI3aTH BIJIHOCHO U, TO OJEPIKU-
MO Po3B’si30K 3ajaui Korri y siBHOMY BUIJIsii, TOOTO y BUIJISII
u=u(r1,T,...,2,).

TakuM YUHOM, HPUXOAMMO JI0 TAKOTO NPABUAL PO36 A3YEa-
HHa 3adawi Kows st kBasiyiniiinoro pisastaus (22.1):

1) ymeopumu 6idnosiony cucmemy Tapaxmepucmur i 3Hatmu
N 1% HE3ANENHCHUT THME2PANE:

Yi(x1, 22, .. T, Tn,u), J=1,...,n; (22.13)
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2) saminumu 6 inmezparax (22.13) Hesanescny 3minny Ty i
3a0aHUM ZHAMEHHAM Ty, = Tpo:

wl(l.l)‘rQ) vy Tp—15Tn0, U) — 1?17
¢2(x1,x2,...,:pn,1,:pn0,u):1b2, (22 14)
VYn—1(T1, %2, - - -, Tn—1,Tno, U) = @n—l

i poss’asamu cucmemy (22.14) 6idnocro x1, Ta, ..., Tp_1, W

x] :wj(d;la,&?a"'a/(/;n)a ]: 17"'7n; u:w(,&la&?a"'awn);

3) ymsopumu cnissioHoweH A

w(qvblqub%"'awn)_
_¢(w1(w17¢2a"'awn)a "'7wn71(¢1aw27"' 717&%)) = 07 (22]—5)

AKxe U eusnauamume wykaenul pods’asox sadavi Kowi (22.1),
(22.9) y mesasnomy euzandi. Poszé’asyrouu (22.15) eidnocro u
(AKwo ue mootcaus0), odeparcumo po3e’azok 3adawi Kowi y asrnomy
su2aAdi.

IlpukJsazng 3. 3natimu tHMeE2PaNLHY NOBEPTHIO DIGHAHHA

0z 0z
2= = 2y== = g% 4 4>
ox y

AKA NPOTOOUMD YePed AiHi Y = 2, 2z = z2.

Po3s’azanmsa. 3ammiemMo BiIOBIIHY CHCTEMY XapaKTePUCTUK:

dx dy dz

r -2y - z2 +y2’

[leprmmmmu inTerpasiamu Iiel cucTemu, K JerkKo IepeBipuTH, €
yr? =0 i w2/2 — y2/4 — 2z =(bs.

Orke, 3arajibHMIT IHTErpaJI PIBHSIHHS MOYKHA 3allMCATU Y BULJISI
@(me, x2/2 — y2/4 — z) = 0, a 3araJbHUM PO3B’SI3KOM €

z= 2?2 —y* 4+ o(yz?). (22.16)
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DyHKITS (p 3riJHO 3 TOYATKOBOIO YMOBOIO 33/I0BOJIbHSIE PiBHS-
HHSI
a2 =2%/2 -1+ ¢(z?) upn o(t) =t/2+1.

Orxe, p(yx?) = yx2/2 + 1, a 3 (22.16) 3HAXOAUMO PO3B’30K
3aaH0l 3ajaqi Kormi:

2 2 2
X X
v,y

4 2

== 1. m
z 5 +

3. Heuniniiini piBHIHHSA 3 YaCTUHHUMU HOXIJHUMU II€pP-
IIOTO TOPSAKY. PosrisiHeMo HestiHifiHe PiBHSIHHST 3 TaCTUHHIMI
MOXITHUMU TIE€PITIOTO MOPSJIKY 3 JBOMA HE3AJIEKHUMU 3MIHHUMHA. Y
3araJibHOMY BUITAJIKY TAKe PIBHsIHHSI MOYKHA 3AIMCATU Y BUIVISIII

F(z,y,2,p,9) =0, (22.17)

ne z = z(x,y) — mykana OyHKIsL, p = %, qg= g—;, F — 3ajana He-

nepepBHO judepeniiiioBHa PYHKIlS CBOIX apryMEHTIB y JIEIKOMY
OKOJII TI09aTKOBOI TOYKH (X0, Y0, 20, P0, 40), AKa 3aJ€KUTH BiJ p 1 ¢
HeJIHIIHO.

Busasnsernes, mo 3ajada iHTerpyBaHHs OJHOTO PIBHSIHHS BU-
rsiiry (22.17) € criaHinion, HizK iHTErpyBaHHS CUCTEMH JIBOX CY-
MiCHUX DiBHSHB BUrIsiy (22.17).

Posrisimemo cucremy

{F(x,y,z,p, q) =0,
G(x,y,2,p,q9) =0

i mpurycTuMo, 1o y Jeskiit obyiacti 3MiHu x, Y, 2, P, ¢ IO CUCTEMY
MOYKHA& PO3B’SI3aTH BiITHOCHO P i ¢, TOOTO

b= A(l‘,y, Z)7
{q _ B(a:', ” Z), (22.18)

sie yHKIil A i B — HenepepBHO jindepeHTiiioBHI B JeAKOMY OKOJI
[I0YATKOBOI TOUKY (0, Yo, 20)-

BHaiiiemo HeoOXiHy yMOBY cyMmicHocTi cucremu (22.18). Tlpu-
IIyCTUMO, IO PO3B’si30K z = z(x,y) 1€l cucreMn Mae Helepeps-

. . .. 2 2 .
HI YaCTHUHHI ITOXiJHI %, g—?‘j, 6‘18’2, 6%5:5 Yy JIeSKOMY OKOJII TOYKHU

(0, Yo)-
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Hudepentiitoroun pisusinus cucremn (22.18) 3a sminanmu y i
BIJITIOBITHO, OJIEPXKYEMO:

D _0A oA 02 _ o= _o4 o

oydx Oy 0z Oy oyoxr Oy 0z
vt _oB 0B 0: 9% _oB 0B
oxdy Oxr  Jz Ox oxdy Oxr Oz

[IpupiBHiotoun o0ujBa BUpa3u i JAPYrol MIITaHOl MMOXiTHOT
(pesyJibTaT He 3aJIeKUTh Bij HOPSIKY JudepeHIiioBatHs), oep-
KYEMO HEOOTIOHY Yymosy cymicrocmi cucmemu (22.18):

%—FB%—a—B—Aa—B:O. (22.19)
oy 0z Oz 0z

PisricTs (22.19) 1eperBOpUTHCs Y TOTOXKHICTH, SIKIIO 3aMiCTh
z migcraBuTn posB’sizok z(x,y) cucremu (22.18). fkimo ymosa
(22.19) He BUKOHYETBCSI TOTOXKHO, TO (22.19) — pIBHSIHHS 3 TPBO-
Ma 3MIHHUMU T, Y, 2, K€ BHU3HAYA€ 2 #K (QyHKIiO Big x i y,
z = z(x,y), 1 nonepeHi MipKyBaHHsI [MOKAa3yIOThb, IO PO3B’sI30K
cucremu (22.18), sIKI10 BiH icCHYE, HE MOXKe OyTH IHIINM, HiXK I[€I0
dbyukuiero. Yu € byukiis z = z(x,y) po3s’s3kom cucremu (22.18),
JIETKO TIEPEBIPUTH 3a JOTOMOIOIO IiJICTAHOBKHU.

3’sicyemo, 3a skuX yMOB cucreMa (22.18) mae Ge3siu po3s’ss-
KiB, TOOTO uepe3 KOXKHY TOYKY (Zq,Yo,20) M€K0l obiacti mpo-
CTOPY TPOXOJIUTH IHTErpaJibHa ITOBEPXHS, sKa BiJIIOBIIA€ MMEBHO-
My pO3B’si3Ky. Y IbOMYy Bumajky ymosa (22.19) moBuHHA BUKO-
HYBATHUCh Y KOXKHIN TOUI 3rajanol 00j1acTi, ToOTO TOTOXKHO IJist
(z,y,2).

Orzke, TOTOXKHE BUKOHAHHS yMOBH (22.19) HeoOXiHe 1jst TO-
ro, mob cucrema (22.18) masia Gesyrid po3B’s3KiB, sKi 3a/eKarb
npuHANMHI Bif ofHieT M0BIIBHOI cTasol. MoxKHa oKa3aTH, 1Mo TO-
TOXKHe BUKOHAHHs yMOBH (22.19) € Takox JocTaTHIM JIst CyMiCHO-
cri cucremn (22.18), To6TO 338 BUKOHAHHS 1€ YMOBH 3HAXO/IZKEHHST
CHIbHUX PO3B’s13KiB cucremu (22.18) 3BOAUTHCS 10 IHTErDYBAHHSI
JIBOX 3BUYANHUX uDepeHIialbHUX PiBHSHD.

Ilpukiazn 4. 3inmezpysamu cucmemy pieHAH

0z n 0z 249
Z—tyz, —==z zz.
Ox &% oy
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Pose’sazanms. Bupas mist siisol wacrunn pisnocri (22.19):

0A 0A 0B 0B
oy P o A9 T
=24+ (22 +222)(1+y) — 22 — (2 +y2)(22+ 22) = —2(1 4+ z + y2)

He JIOPIBHIOE TOTOXKHO HYyJIFO. [[pupiBHIOIOYHN HOr0 JI0 HYJIsI, OJep-
Kyemo, o z = 01 z = —ﬁ. 3a JI0IOMOroIO IIICTAHOBKH IIE€pe-
KOHYEMOCD, IO TiIbKH (byHKIA z = 0 € PO3B’SI3KOM CHUCTEMHU.

Bidnosidw: z = 0.
Ilpuksazn 5. 3inmezpysamu cucmemy pieHArs

0z 82_1+22 9
gz 7 oy  y? oy v

Pose’sazanms. Ymosa cymicuocti (22.19) BUKOHYETBCS TOTOXKHO:

0A 0A 0B 0B 2
— +B———-—A—=9%y—-=-¢y*=0.
8y+ 0z Ox 0z 4 Y y =0

IaTerpytoun nepire piBHAHHSA 3aIaHOI CHCTEMU 3a 3MIHHOIO T,
3HAXO/IUMO

z = /y2d1: = zy® + u(y), (22.20)

ne u(y) — nosinbHa nudepeniiiioBHa GyHKIIisS 3MIHHOT Y.
[Tigcrapisioun B Apyre PIBHAHHA CUCTEMHU, OIEPIKYEMO:

1 2u 2u 1
2oy +u(y) = 5 +2y+— -3y = Y@ -=—==-¢"
Yy Yy Yy Yy

Maemo stinifine piBHAHHS MEPIIOTO MOPSAKY BiHOCHO HEBiIOMOI
dyHKIT u. Moro 3arajsHUM PO3B’'SI3KOM € U = —si — 3+ Cy?, ne
C — noBuibHa crasa. Iligcrasisiroun neii Bupas juist u y (22.20),

O/IEPZKYEMO 3araJbHuix pO3B7H30K CHUCTEMMU:

1

Cy’. m
3yjL &

e P —



Jlekiis 22. KBazisminiiini Ta HeiniiiHi piBHAHHS 3 YACTUHHUMHY ITOX1THIMM 277

4. PiBasuus I[Idbadda. Pienarrnam Ilpagpga naznpaorsb
PIBHSIHHST BUTJISITY

P(z,y,z)dx + Q(x,y, 2)dy + R(z,y, z)dz = 0. (22.21)

Y piBasinas (22.21) 3minni , Y, 2 BXOASTH PIBHOIIPABHO, a OT¥KeE,
Oy/Ib-AKY 3 HUX MOXKHA& HPUUHATH 3a mykany dyukiio. [Ipuiy-
cTumo, 1o kKoedinientn P, (), R Bu3HadeHi Ta HellepepBHI pa3zoM
3 YaCTUHHUMU TOXITHUMU TIEPIIOTO MOPSJIKY B OKOJI MOYaTKOBOI
Touku (g, Yo, 20) 1y Il TOYNI OJHOYACHO HE IIEPETBOPIOIOTHCS B
uysib. Hexait, nanpuknan, R(zg,yo,20) # 0. Toxi pisasinus (22.21)
MOXKHa 3aIMCaTH y BUIVISIL

P Q
dz = ——=dzx — = dy.
R R
Suaitiemo yMmoBy, 3a sikol piBusinHs [ldadda mae cim'to
PO3B’5I3KiB (IHTErpaJIbHUX OBEPXOHD ), 3aJI€XKHY BiJI OJHIET TOBLIb-
HOT crasiol. OCKLIbKY Ha KOXKHIM iHTerpasibHiil moBepxHi z = z(x, y)
.. _ 9z 9z
CHPaBJZKYEThCA CIIBBIHOMEHHs d2 = 3= dx + oy dy, To

0z 0z P Q

3BijicH, BpaXOBYIOUM HE3AJIEXKHICTh JaudepenIiaais dr i dy, ogep-
2KYEMO, IO NIyKaHl IHTerpaJibHI ITIOBEPXHi ITOBUHHI 3a/I0BOJIbHATH
CUCTeMY DiBHSIHBb

gz~ R oy

0z P 0z Q
== 22.22

Takum unsom, piBusiaust [ldadda (22.21) piBHocuibHe cucTemi
(22.22) i, orke, HEOOXIIHO 3’sICyBATU yMOBHU IOBHOI IHTEIPOBHOCTI
i€l cucTeMu.

Bammcyroun ymoBy (22.19) mist cucremn (22.22), maeMmo:

L10P, POR(10P  PORN( Q) _
ROz R2?2 0z

Roy Roy R
10Q Q8R+( 10Q Q&'R)( P>

Ror  RZox

Ro:  RZOz

R
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JloMHOXKYIOUuM 06u/BI yacTuan Ha R2 i 3rpylyBaBIm J01aHKH
BijiHOCHO P, (@ 1 R, ojiep:kyemMo, 1110

OR  9Q oP  OR 0Q oP\
p<8_y_$>+Q<$_a—x>+R<%—a—y>—0. (22.23)

Hutst 3pyanocti 3anam’sitoByBatHsi yMOBY (22.23) MOXKHA 3a11u-
CcaTH y BUIVISJl YMOBHOI PIBHOCTI

P Q R
9 0 0 |
or Oy Oz ’
P Q R

SKINO BUBHAYHUK YMOBHO PO3KJIACTU 3a €JIEeMEHTAMU MEPITIOTO PsI-
Ka.

fAximo ymosa (22.23) BEHKOHYETHCS TOTOXKHO, TO 1T HA3UBAIOTH
YMO0B8010 N08HOT thmeeposrocmi pienarns Ilpagpgpa. 3a Bu-
KOHaHHsI I1i€l ymMoBH iHTerpyBanist piBasHus [Idadda spoaurnes
110 inrerpyBannst cucremu (22.22). Ilpu npomy ichye cim’st po3B’si3-
KiB, dKa MICTUTb OJHY JIOBLIBHY CTaJLy.

Ilpukiazn 6. 3inmezpysamu pienanna [pagpa
(222 + 222 + 22y — 1)dz — 2ydy — dz = 0.

Pose’azanns. Ockinbku ymosa (22.23) HOBHOI iHTErpOBHOCTI BU-
KOHYETHCS TOTOXKHO:

(22242224222 —1)-(0—0)+(—2y) - (22 —0)+(—1)-(0—4zy) = 0,

TO 3a/laHe PIBHSHHS MA€ CiM 10 IHTerpaJbHIX [TOBEPXOHD, 3aIeXKHIY
BiJ1 JI0BLIBHOT crasiol. Beaxkatoun mrykanoto dbyHkiieo z = z(x,y),
3aMIHMMO 3a/1aHe PIBHAHHA PIBHOCHJIBHOIO CHCTEMOIO

) )
a—; = 222 + 202 + 229? — 1, a_; v (22.24)

i mepeBipuMo J1j1st HEl BUKOHAHHsT yMOBHU cyMicHocti (22.19):

day 4+ 2x(—2y) —0—0- (222 + 222+ 222 — 1) = 0.
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Orxe, cucremy (22.24) moxkna sinrerpysaru. [lepire 3 piBHSHD
y (22.24) niniiire BigHOCHO 2 (siKIO 3adikcyBaru y). Inrerpyoun
fioro (3a dopmysown (4.6) 3 jekuil 4), 3HAXOUMO

z=e" </(2x2 + 2y — 1)e_x2dac + C’(y)),

ne C(y) — noslibHa audepenniiioaa dyHkiist 3MiHHOT Y. OCKiib-
K1

/(23:2 +2zy® — l)e_xQdac = —er_xZ—l—/Qx?e_dex —/e_xde =

= —y2e " — e —|—/e’”2d1: —/e“2d1: = -2+ x)ef"’“ﬂ,
TO

z=e" (C(y) — (¥ + 3:)6_””2> = z=C(y)e”

2
—y? -z

Bub6epemo renep C(y) Tak, mob OyHKIs 2 3a/(0BOJIbHSIA JIpyTe
piBasiaHst 3 (22.24). dudepenriowun z = C’(y)e:"’2 —y? —z 3a
3MIHHOIO Y, MaEMO:

g—;:C’(y)er—% = e —2y=-2 =
Clyy=C = z:C’exZ—yQ—a:.l

Pexomendosara aimepamypa: |3, c. 202 — 213, |5, c. 463 —
470], [8, c. 282 — 300], [12, c. 325 — 344], [15, c. 280 — 305].

ITurannsa mo Jjgekiii 22

1. 9Ixe piBHAHHA 3 9ACTHHHUMY TTOXITHIMHA TEPIIOTO MOPSIKY HA3H-
BaOTh KBa3lIiHIAHUM?

2. dxuit BUTIIAL Ma€ cuCTEeMa XapaKTEPUCTUK I KBa3iaiHIHHOTO
PIBHSIHHSI 3 YACTUHHUMHY [TOX1IHUMHU HEPIIOrO HOPSIKY !

3. Ak mobymyBaTu 3araJbHUil PO3B’sI30K KBa3IIIHIITHOrO PiBHAHHS 3
YACTUHHUMU TIOXITHUMU [IEPIIOTO MOPSIKY 7

4. dx dpopmymoeThesa 3amada Komr 1t KBas3iTiHIHOTO PIBHIHHS 3
YaCTUHHUMU TTOX1IHUMHE TIEPIIOTO HOpsiJKy? Sk 3HaiiTH po3B’sa30K 3a/1a-
qi Kommri jiytst KBa3iiHITHOTO PIBHAHHS 3 YACTUHHUMU MOXIJTHUMU TEP-
LIOTO MTOPAIKY 7
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5. dxwuit 3araJpHU BUT/IST Ma€ CUCTEMa HEJIHINHUX PIBHSIHBL 3 1a-
CTUHHUMMY TIOX1IHIMU TIEPIITOTO MOPSIKY 3 JIBOMa He3aJIeKHUMU 3MiHHU-
Mu? fK IHTerpyoThecs Taka cucreMa’

6. IlTo nasuBators pisusauam [Ibadbda? dAkiit cucremi piBHOCHIBHE
e piBusHHA? fKOI0 € yMOBa HOBHOI iHTerpoBHOCTI piBasHHA [1dadda?

Bopasu go jekiii 22

1. Binrerpyiite KBa3iTiHiiTHI piBHIHHA:

30z

20z 2 6) 302 +yz ay*xly

Oz _ .

a) Ty5E — yYi 5t = 2%

2. BuaiiziTe iHTerpasbHi MOBEPXHI PIBHAHD, sKi MPOXOIATH U€pe3
3a/1aHi JIHIT:

)y2§§+xy3y—x,x:0,»2:y2;

6) xax—I—yay =z—ay, =2 2z=y>+1.
3. 3HaiiIiTh MOBEPXHi, SIKi 3a/0BOJILHAIOTH piBHsHHs [Idhadda:

a) (x —y)der + zdy —xdz =0; 6) 3yzdr+ 2xzdy + xydz = 0.

Homarok 4.

3acTocyBaHHA MaTeMaTu4yHOro nakera Maple
JJd iHTerpyBaHHA nudepeHIliajibHUX PiBHAHb
3 YaCTUHHUMU TIOXiJHUMU IIEPIIOr0 NOPSAKY

Jlnst inTerpyBaHHs piBHsIHb 3 YacTUHHUME moxijgaumMu B Maple
BUKOPHUCTOBYETbCH KoMamga pdsolve(), mnojibna 10 KoOMaH/H
dsolve().

Ilpukiazm 1. 3inTerpyBaTu piBHSHHS 3 YACTUHHUMU ITOX1/IHU-
MU HEPIIOro HOPAIKY % =2x4+y—1, ne z = z(x,y) (upukmaz 1
seknii 21, crop. 259):
> pdsolve(diff (z(x,y),x)=2%x+y-1);

z(x,y) = z? +yr—x+ Fl1(y).

Ilpukian 2. 3iHTerpyBaTI/I PIBHAHHS 3 YACTUHHUMM TTOX1THH-

MU JIPYTOTO TOPSIJIKY 8:1:6 = 1 (mpukazm 2 jexrii 21, crop. 260):
> pdsolve(diff (z(x,y),y,x)=1);

z(z,y) = _F2(z) + _F1(y) + yz.
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IlpukJsazn 3. 3iaTerpyparu JiHiiiHe og:LHopi;LHe piBHAHHS 3 Ya-
CTUHHUMHE HOXIIHIMY TIepIIOro MOpsiKy y 92 B — g ay = 0 (upukiaz 4
aekiii 21, crop. 264):
> pdsolve(y*diff(z(x,y),x)-x*diff(z(x,y),y)=0);

z(x,y) = F1 (1‘2 + y2).

IlpukJjiazn 4. 3iaTerpyparu JiHiiiHe og:LHopi;LHe piBHHHHH 3 Ja-
CTUHHUMHA TOXITHUMHU TIEPIITOrO MOPIIKY o 61, + y Lot z =0
(mpukias 3 siekrii 21, crop. 263):
> pdsolve(x*diff (u (X ,V,2) ,x)+y*diff (u(x,y,z) ,y)+

zxdiff (u(x,y,z),z)=0);

u(z,y,2) = F1 (y Z)
75" g
IlpukJjazm 5. 3inrerpysaru KBasiniHiﬁHe piBHHHHH 3 JaCTHUH-
HEME [OXIZHIME TI€pIIOro NOpsiuKy 2% 5 T yQu 8y + 7% 52 = u (mpm-
ka1 jekii 22, crop. 270):
> pdsolve(x*diff (u(x,y,z),x)+y*diff (u(x,y,z),y)+
zxdiff (u(x,y,z),z)=ulx,y,2));

u(z,y,2) = F1 (g, i)m.

Ilpukiaza 6. 3inrerpyBaTu KBazijiiHiiiHe PIBHSIHHS 3 YaCTUH-
HUMU TOX1THUME HIEPIIOro HOPSIKY e” g; +y? gz = ye” (upukiajy 2
Jekii 22, crop. 271):
> pdsolve(exp(x)*diff (z(x,y) ,x)+y~2xdiff (z(x,y),y)=

y*exp(x)) assuming real;

ye*z  ye'ln (v~ (- (y—e*)e™®
y—e” y—e - y '

Z(:Ea y) = -

Koncrpykiist assuming real Bxkuta s TOro, Iobd mporpama
3pobuiia JesKi CIPOIIEHHsT PO3B’I3KYy B IIPUILYINCHH], 1110 BCi 3MiH-
Hi 1 GyHKHT € aiicHnMu. 3ayBasKeHHsI 00 BiICYTHOCTI MOJLYJIst
B aprymenTy Jiorapudma quB. Ha crop. 112 y npukiaami 12.
Ilpukiazm 7. SuaiiTu iHTErpa/ibHY MOBEPXHIO JIHITHOTO OJHO-
PITHOTO PIBHAHHSA 3 YaCTHHHUMU ITOXIJTHUMU TIEPIIOTO MOPIIKY
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(m2 ol 1)% + myg—; = 0, gaka pu * = 0 TPOXOJUTH Yepe3 Kpu-
By z = y? (upukman 6 sexnii 21, crop. 267).
3a JI0II0MOToI0 MaTeMaTudHoro nakera Maple He MoxKHa 3Ha-

iiTn po3B’s1i30K 3aadi Kol s piBHAHHSA 3 9aCTUHHAMY TTOX1/THI-
MU B aHajiTHIHOMY Bursii (y Burisai dopmymn). Ajie KoMaHa
PDEplot () 3 nakera PDEtools j103BoJisi€ 1100y IyBaTH BiJIIOBi/IHY
iHTerpaJibHy MOBEPXHIO HAOJIMKEHUMHU MEeTOjaMu (KOMAHJa OIu-
caHa y Jojnarky 6 za crop. 326):
> PDEtools[PDEplot] ((x~2+1)*diff (z(x,y) ,x)+

xxy*xdiff (z(x,y),y)=0,[0,t,t~2],t=-10..10,2=0. .20,

x=-10..10,numchar=200,scaling=constrained) ;

)
=
d

-10

dp gt gty ey

12 1n

Puc. 1

Yopua Jinis ma puc. 1 — me mapabosia z = y2, nobynoBaHa
y wionuui x = 0. Ilpomonyemo duradam camMoCTiitHO OOY/TyBa-
™™ rpadik GyHKIil z = x%’—il (po3B’si3Ky nupukiamy 6 sekmil 21)
3a JonoMororn komauu plot3d(), omuc skol € y momarky 6 Ha
cTop. 324.
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IlpukJjiaz 8. BHaiiTu iHTErpajibHYy HMOBEPXHIO KBa3lLIIHIHHOTO
pIBHSIHHS LL‘% — 2yg—z =22+ y2, gKa IphA Y = 2 MPOXOUTH depe3
kpuBy z = 22 (mpukaaz 3 jgexmii 22, crop. 273).

st moOy10BU 11y KaHOT iHTErpaJibHOI TIOBEPXHI 3HOBY BUKOPH-
craeMo Komany PDEplot() 3 nakera PDEtools:
> PDEtools[PDEplot] (x*diff (z(x,y),x)-2*xy*diff (z(x,y),y)

=x"2+y~2,[t,2,t2],t=-3..3,y=1..10);

e
—_

(s3]

]

L
=

P dv v lvrrr beva by braa sl

L
L]

72

92

Puc. 2

Yopua Jjtinist Ha puc. 2 — 1e KpuBa 3 MOIaTKOBUX YMOB, Uepe3
AKY IPOXOJIUTH IHTErpaJjibHa TTOBEPXHS.

IlpukJjaza 9. 3iHTerpyBaTu CHCTEMY PIBHSIHb 3 UaCTHHHIMEI
MMOXITHUMU TIEPIIOTO MOPSJIKY

%—z-l- z @—224-2:32
or & oy

(mpukias 4 jiexiii 22, crop. 275):
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> pdsolve ({diff (z(x,y),x)=z(x,y)+y*z(x,y),
diff(z(x,y),y)=z(x,y) "2+2xx*z(x,y)}) ;

{z(,y) = 0}.

IlpukJjaz 10. 3inrerpyBaru cucTeMy PiBHSIHb 3 UYaCTHHHIMEI

ITOX1 THUMI
0z o 0Oz 1 2z

=2 = o2
oz Y dy Y oy o
(mpuksas 5 Jsiexrii 22, crop. 276):
> pdsolve ({diff (z(x,y),x)=y"2,diff (z(x,y),y)=1/y 2+
2xz(x,y)/y-y~23);

~1-3y*+B82+3_C1)y3
3y

{2(z,y) = }.
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Po3zmin 5.
EJIEMEHTU TEOPII CTIMKOCTI

Jlekiiiss 23. OcHOBU Teopil CcTiiiKOCTi PpO3B’sI3KiB
audepeHIliaIbHUX PiBHAHb

Il1an

1. OcHoBHI O3HaYeHHS i TOHSITTSI.

2. JlocutimKenHsa Ha CTIMKICTL TOYOK CIIOKOIO.

3. CriliKicTh 3a HepmuM HaOJIUKEHHSIM.

4. Kpurepii Payca — 'ypsina, JI'enapa — [lunapa.

(Y3

1. OcHoBHi o3HaveHHs U MOHATTsA. CTBOPIOIOYM IIPUJIA-
IV 97 KOHCTPYKIIT, sIKi BiJIIOBIIaIOTH IIEBHUM yMOBaM, HEOOXiTHO
3HaTH, K BecTuMe cebe O0’€KT IPU HEBEJIUKUX IIePEPO3IIOiaax
cus abo 1pu 3MiHi 1moyaTKoBuX yMoB. Toit 00’eKT, ekciuyaTaliini
rapaMeTpu SKOr'o He PearyioTh Ha Il 3MiHU, HA3UBAIOTh CTIHKIM.

Bsarauii, ctBoprotoun nudepenitiaabay MOJIEb JIesAKOl TPUK.Ta-
JHOT 3aiadi, 3a3BUYAll MIKABIATHCA HE 3arajbHUM, & YaCTUHHUM
PO3B’gI3KOM TU(EPEHIIATLHOTO PIBHIHHS, TOOTO PO3B’I3KOM, KUt
3a/I0BOJIbHSIE ITeBHI odaTKoBl ymMoBu. OcTamHi, SK IpaBuiio, obepy-
THCS 3 JIOC/IILY 91 €KCIIEPUMEHTY, & TOMY 3a IX aOCOJIIOTHY TOYHICTH
pydatucs He MoxkHa. Marodn 1ie Ha yBasi, JEeKOJIU IPUITYCKAIOTH,
0 HE3HAYHI 3MIHM MOYATKOBUX YMOB BUKJ/IMKAIOTH HE3HAYHY 3Mi-
HY CaAMOI'0 PO3B 3Ky, 1HAKIIE KAXKyIH, IO PO3B’ 30K HEIEPEPBHO
3aJIEKUTh BiJl IOYATKOBUX yMOB. AJjie 4acTo He3HAUHI 3MIHM I0-
YATKOBUX YMOB 3yMOBJIIOIOTH iCTOTHI BinxuseHHs po3B’sa3kis. Ta-
Ki PO3B’I3KN HA3WBAIOTHL HECTIKUME. BoHU HaBiTH HAOJIMKEHO He
OIKMCYIOTH SIBUIIE UM IPOIEC, siKi PO3IIsIatoThest. OTKe, OIHUM
3 OCHOBHUX € IHUTAHHZ PO TaK 3BaHy CTIHKICTH PO3B’A3KIB M-
depeHIiabHUX PIBHIAHD MO0 PI3HOrNO POy 30ypeHb 1X BXiIHUX
JIAHUX, TOOTO HETOYHOCTEN 3ajlaHHsl IUX JAHUX (IIOYATKOBUX JIa-
HUX, IPABUX YaCTUH PIBHSHb TOIIO).

[Muranus crifikocTi po3B’g3KiB JudepeHIiaJbHIX PIBHSIHb —
nmpeaMeT meopit cmitikocmt pode’askie. Teopis crifikocTti 3a-
CTOCOBYETBLCSI ¥ Dararbox 00JIacTsIX HayKH 1 IPUPOI03HABCTBaA, Ha-
HNPUKJIAJL, MEXaHII, eKOJIOril, 61010111, EKOHOMIII Ta IHIITNX HayKax.
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[lepeiinemo mo BHUKJIAIEHHST OCHOBHHUX IIOHATH TEOPil CTIMKO-
cri 6ubmn crporo. ITosuauumo uepes y1 = y1(t), ya = ya(t), ...,
Yn = Yn(t) aificui dyHKIil, sKi XapaKTepU3yOTh CTaH MEXaHIIHOIO,
€JIEKTPOMEXaHIIHOT'O U 1HIIOTO siBUINa abo mporecy. Tak MOXKYyTh,
HaIpUKJIA, TO3HAYATUCI KOOPJMHATH, IIBUIKOCTI, CUJIM CTPYMIB,
BEJINUMHU HAIPYT, TeMiiepaTypu abo GpyHKIl 1ux sejguwaud. [Ipu-
IIYCTUMO, IO TPOIEC 3MIiHU BETUYUH Y1, Y2, - - -, Yn 3 YACOM t OIIH-
CYEThCsl HOPMAJIBHOIO CHCTEMOIO JIn(EpPEHIIaAJIbHUX PIBHIHDb

dy;
dt

3 HOYaTKOBUMU yMOBaMM

:fj(t73/171/27~~-7yn)7 j:1727"'7n7 (231)

y1(to) = y10, y2(to) = w20, --- 5 Yn(to) = Yno- (23.2)

Axmo posrasaaatu yi, Yo, .- ., Yp 9K KOOPAMHATH PYXOMOI TO-
YKHU, TO KOXKHUII po3B’si30K 3ama4i (23.1), (23.2) nasubarumemo
pYyITOM.

Axmo cucremy (23.1) posrisggaTn HA CKIHIEHHOMY MTPOMIZKKY
|t — to| < T, To BimUOBiAL HA IUTAHHS PO BILUIMB MAIUX 3MiH
[OYATKOBUX YMOB (23.2) Ha BIJXWJIEHHSI PO3B’SI3KIB CHCTEMH JIA€
Teopema 5 3 JieKIil 8. AJie y IpaKTUYHUX 33/a9aX apryMeHT (HUM,
SIK [PABUJIO, € Yac) MoxKe HeoOMexkeHO 3pocraru. Tomi 1 Teo-
peMa He rapaHTy€ HelepepBHOI 3aJIe2KHOCTI PO3B’I3KiB Bijl mova-
TKOBUX yMOB, TOOTO HE3HAUHA 3MiHA MOYATKOBUX YMOB MOXKE BH-
KJIMKQTH iCTOTHI 3MiHU y IIOBEJIIHII PO3B 3Ky IIPU HEOOMEXKEHOMY
3pocTaHHi 3HadeHHs aprymerTa. OrKe, HaJA/l BBAXKATHMEMO, 110
t € [T, 400), T06TO Yac MOKe HEOOMEIKEHO 3POCTATH.

Poss'szok y; = @;(t), 1 =1,2,...,n,t € [T,4+00), cucremu
(23.1) HasuBaIOTL CMEIUKUM, SKIINO [ Oyab-akux € > 01ty = T
icaye umcsio 0 = d(g) > 0 rake, MmO JOBUIbHUI iHIIK PO3B’A30K
yj =y;i(t), 7 =1,2,...,n, niel XK cuCTeMH, IIOYATKOBI 3HAYCHHS
y;j(to) SIKOro 3aJI0BOJIBHSIOTH HEPIBHOCTI

ly;(to) — w5(to)l <6, j=1,2,...,n, (23.3)
BU3HAUYEHUI JJ1d BCIX ¢ > 19 1 cCIpaB/KYIOTbCs HEPIBHOCTI
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Inmmvu cooBamu, poss’sisok y; = @;(t), j=1,2,...,n, cu-
cremu (23.1) € cTifikuM, SKIIO KOXKHHUN PO3B’'s30K ¥; = y;(t),
j=1,2,... n, cucremu (23.1) 3 HOYATKOBUMHU YMOBaMHU 3 §-OKOJLY
roukn @;(to), j = 1,2,...,n, upn tg < t < 400 icHye i He BuXO-
JIATH 3 £-OKOJTy Tpadika po3s’sisky y; = ¢;(t), 7 =1,2,...,n.

Posp’sz0k y; = ¢;(t), j = 1,2,...,n, HA3UBAIOTH ACUMNMO-
MUYHO CMITUKUM, SKIIO:

1) Bin criiikui;

2) yci poss’sizku y; = y;(t), j = 1,2,...,n, cucremu (23.1) 3
JIOCTATHBO OJIM3LKUME TOYATKOBUMU YMOBAMH TIPU ¢ — + 00 He-
obMezkeHO HabJIzKaIoTECs 10 j(t), j = 1,2,...,n, T06TO 3 HEpiB-
HocTi (23.3) BUIIIMBAE, 110

tg+mm lyj(t) — ;)] =0, j=1,2,...,n. (23.5)

3ayBaykKuMo, 10 yMOBH 1 1 2 IhOr0 O3HAYEHHsI HE3AJIEXKHI: 3

ymoBu 1 He BuiumBae ymoBa 2 (60 3 (23.4) He BuiuuBae (23.5)), a
3 YMOBU 2 O3HAYEHHs He 3aBXKIU BUILJINBAE YMOBA 1.

Pose’s30k y; = ¢j(t), j =1,2,...,n, cucremu (23.1) Ha3uBa-
I0Th HECMIUKUM, SIKIIO BiH He € criiikum. Lle ozHavae, mo ichye
Take € > 0, 1m0 71 OY/Ib-SKOTO siK 3aBrOJHO MaJioro § > 0 3Ha-
iineTbest poss’s3ok cucremu (23.1) y; = y;(t), j = 1,2,...,n, qa
SIKOPO TIPU BUKOHAHHI HepiBHOCTE( (23.3) mpuHAiMHI JIJIsi OJTHOTO
3HaYEHHs j MaTHMeMo, mo |y;(t) — ¢;(t)| > € mua meskoro t > 1.

4K npaBuio, JIJist JOBEIEHHSI HECTIHKOCTI PO3B 13Ky KOPUCTYIO-
ThCs1 HeoOMezKeHicTIO pisHumi |y;(t) — ¢;(t)| Ha inTepBai [tg, +00)
abo TUM, IO I8 PI3HUIA TPAMYE 10 +00, SAKIINO t — +00.

Posp’s130k (pyx), sIKUil BiIIOBI/Ia€ TOYATKOBUM JaHUM tg, Y10,
Y20, - - -5 Yn0, HABUBAIOTH HE30YpeHUM, a PO3B’I30K 31 3MIHEHUMU
[OYATKOBUMU JIAHUMHE 0, Y10, Y20, - - -y Yno — 30YPEHUM PO3B’ 13-
KOM (PyXOMm).

Ilpukaazn 1. Jlocaidumu wa cmitikicms pose’asku 3adawi Ko-

- !/ i
wi y' = ky, y(to) = yo-
Pose’asannsa. SaraibuumM poss’sskom pisnamns € y(t) = Celt a
PO3B’SI3KOM 3aJIaHOI 3a0a4i —

y(t) = yoe =), (23.6)
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Bagamo ixmry movarkoBy ymoBy §(tg) = go. Tomi poss’sizkom
1i€el 3as1a4i (30ypeHuM po3B’si3KOM) €

j(t) = goe =10, (23.7)

Onjnnmo pisHumo po3s’si3kis (23.6) i (23.7):
ly(®) = G(0)] = |yoe™ 1) — ek 10| = eF7H0) [yg — io|. (23.8)

dAxmo k < 0, To eklt—to) <1 st Beix t > tg. Orke, sKINO
lyo — Jo| < 0 = €, To 3 (23.8) maemo, mwo |y(t) — g(t)| < |yo — Jo| <
< €, TOOTO PO3B’SI30K CTINiKMit. Y IIOMY BUITQJIKY PO3B 30K TAKOZK
ACUMIITOTUYHO CTIHKWI, OCKIJIbKA

lim t)—y(t)] = lim — goleFt—t0) = .
Jim [y(t) —g()| = lm [yo — gol

Axmo k>0, To pos3s’sizok (23.6) wmecriiikuii, 60 sikuMm Ou
He Oyio tg, musa t>=tg, Yo # Yo, pisHuUng po3B’sizkiB (23.6) i
(23.7) upu 3pocranni t crae HECKIHYEHHO BEJIHMKOIO, OCKLIbKH

lim |yo — gole*t—t0) = + 0.
t—+o00
Axmo k = 0, T0 PO3B’A30K Yy = Yo CTIKMIA, ajle HEe ACUMIITOTH-

9HO cTifikuii, 60 BUpa3 |yo— go| He UpsiMye 10 HyJist, Koam t — + 00.
Biodnosidv: Pos3’si30k criiikumii, sikino k < 0, y ToMy 4Yucsi acum-
ITOTUYHO CTifikuil, gxmo k < 0, i necriiikumii, skio k > 0.

2. HociimxkeHHs HA CTIliKiCTh TOYOK CITOKOIO. Jlocsimxe-
HHSI Ha CTIHKICTb 3a1aHoro poss’s3ky ¢i1(t), ..., ¢n(t) cucremu
(23.1) MOxKHA 3BECTH JI0 JIOCJIJIZKEHHsI HA CTIHKICTH TPUBIAIBHOIO
(Hys1bOBOTO) PO3B’sI3Ky Jesikol iHimol cucremu. st nporo y cucre-
mi (23.1) mepeiigiemo 10 HOBUX HeBiIOMUX DYHKIII

zi(t) = y;(t) — (), j=1,2,...,n. (23.9)

Omxe, mesigomi bynkuii z;(t), j = 1,2,...,n, — ne BiaxuneHHs
crapux HeBimomux pyHKIH Bix DyHKIIH, SIKi BXOIATD Y PO3B’ 30K,
IO JoCHiKyeTbes Ha crifikicTs. Bemnuunn x;(t), j = 1,2,...,n
Ha3uBaloTh 36ypennamu. Ilincrasisiroun (23.9) B (23.1), maemo

y;(t) = z5(t) + (1) = fi(t,21(t) + o1(D), - .-, 2a(t) + n(t) =
ac = fit,z1 +1,...,Zn +n) — fi(t, 01, .-, 0n), (23.10)
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ne j=1,2,...,n. Piuanus (23.10) nasusaors nudepeniiaabam-
MU piBHSIHHsAME 30ypeHoro pyxy. Koxkunomy pyxosi cucremu (23.1)
BiAmoBiae gacruHanil po3B’s30k cucremu (23.10). Sokpema, He-
30ypenoMy pyxoBi cucremu (23.1) Bijosigae TpuBiaibHuii po3s’si-
30K

zj(t) =0, j=1,2,...,n, (23.11)

cucremu (23.10). Posp’si30k (23.11) xapaxTepHuil THM, 1[0 TOYKA
(x1(t),...,xn(t)) HE PyXaeThes 31 3MIHOO ¢, & 3HAXOIUTHCS HA Mi-
cui. Tpusianbauii poss’sizok cucremu (23.10) i Touky (0,0, ...,0)
Y I[bOMY BUITQJKY HA3UBAIOTH NOAOHCEHHAM DIBHOBA2U CUCTEMU
(23.10) abo moukoro cnoxoro.

Orxke, 3a7a9a JOCHTKEHHs CTifiKocTi (acuMmTorudHol CTiii-
KOCTi, HecTifikocTi) TOUKH crokoro cucremu (23.10) piBHOCHIBHA
3ajadl JTOCIKeHHsT CTIRKOCT] (acHMMITOTHYIHOI CTIKOCTI, HecTiii-
KocTi) po3B’si3Ky cucremu (23.1). 3 ypaxyBaHHSIM I[bOTO O3HAYEH-
Hsl CTIfIKOCTI T4 aCUMIITOTUYIHOI CTIIKOCTI MOXKeMO ChOPMYIIOBATI

iHakiire.

Hexait y cucremi (23.1) f;(¢,0,...,0)=0,5=1,2,...,n. Tpu-
BlanbHuil po3s’a3ok ¢;(t) =0, j =1,2,...,n, cucremn (23.1) Ha-
3UBAIOTH CMEIUKUM, SIKIIO JUIs JoBlIbHOrO € > 0 icuye d(g) > 0
Take, IO KOXKHHUIA po3B’sizok y; = y;(t), 7 = 1,2,...,n, Tiel x
CHCTEeMH, 1109aTKOBI 3HadeHHs Y;(to) SKOro 3a/[0BOJILHSIOTH HEPIB-
wocti |y;(to)| < 9,7 = 1,2,...,n, BusHadennii njs Beix ¢ > fo 1
BHKOHYIOTbC HepiBHOCTI |y;(t)] < e, j = 1,2,...,n, naa t > to.
fxmo, kpim Toro, lim |y;(t)] = 0, j = 1,2,...,n, To Tpusi-

t——+00
aspHIi posB’asok @;(t) =0, j = 1,2,...,n, acumnmomuuro
cmitiKud.

OTKe, CTIHKICTbL TPHUBIAIBLHOTO PO3B’S3KY O3HAYAE, IO TPa-
€KTOpIst JIOBLILHOIO PyXy, IOYATKOBA TOYKA $IKOI 3HAXOAUTHCSH
y JIesIKOMy §-OKOJII I0YaTKy KOOpJAWHAT (ha3s0BOTO IIPOCTOPY
(y1,Y2,---,Yn) cucremu (23.1), st t > ty He BUXOJUTH 3a MeXKi
JOBLIBHOTO £-OKOJTy TOYKH CIIOKOIO.

Jlerko mokazaTu, 1o 1ie O3HAYEHHs CTIHKOCTI MOXKHA 3aMIHUTH
TaKUM: JIJIsT KO>KHOTO € > 0 3Haiimerbest 0 > 0 Take, 10 3 HEpiB-
rocti Y2 (to) + y3(to) + - .. + y2(to) < 62 BUIMBATHME HepiBHICTDL
y3(t) +y3(t) + ... +y2(t) < €% ma Beix t > to.
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Ilpukaazn 2. JJocaridumu na cmitixicms mpusiaibHutl pose’ s-

30x cucmemu ¥’ = — y, y = x, axuti npu t =ty = 0 nabysae sna-
YeHHA T = Tg, Y = Yo-
Pose’azarns. Posp’a3youn cucreMy i BpaxoBYIOUH IOYATKOBI
YMOBH, 3HAXOIUMO T = TocCoSt — yosint, y = Tosint + ygcost,
3Binkn 22 + 9% = :%% + gjg. st 6yap-skoro 3a1aH0r0 € > 0 J0CUThH
B3TH 0 < €, aJKe SIK TLIbKH 5:(2) + @(2) < 6% 1o 22 4+ 9? < €% sz
Bcix t > 0. Orxke, po3B’sa30k x =y = 0 € crilikum. B

Ilpukaazm 3. Jocaidumu na cmitikicmsd mowky Cnokolo cucme-
wu ' =y, y' =2z +y, 2(0) = Zo, y(0) = Fo.

Posze’asanms. Posp’ssyioun cucremy, 3naxomumo x = Cre?t +
+ Coe™t, y =201€% — Cye™!. BpaxoBylounm HOYATKOBI yMOBH,
oznepxkyemo, 1o C1 = (Zg + 3o)/3, Co = (229 — o)/3, a Tomy

_ ZTo+ Yo o2t 2z9 — Yo ot

_ 20— ¢
3 3 ' '

2 .
y==(To+7o)e 3

3
[Tokmagemo gy = 2%¢. Toxi, skuMm Ou MaaIuM He OYJI0 9HCIO T,
dbyukuil |z| ra |y| HeoOMeKeHO 3pocTaTUMY Th IIPH ¢ — +00, & TOMY
po3B’si30K ¢ = y = 0 € Hecrifikum. B

3. CriiikicTp 3a mepiuumM HAOIMXKEHHSAM. Y PUKIAIAX
1 — 3 jpudepennianabhi piBHSIHHS a00 CUCTEMHU MOYXKHA 3iHTETpY-
BaTH 4epe3 ejeMeHTapHi GYHKINI. Y TaKUX BUIAIKAX IOCIIATH
CTIKICTH PO3B’sI3KiB MOXKHA Oe3 0co0IMBUX TPYIHOIIB. AJie 3 mpa-
KTUYHOI TOYKHU 30DPY BaKJIMBO BMITH JIOCJIJIPKYBATU HA CTIHKICTDH
posB’s3ku cucremu (23.10), He Maroun i1 3arajJbHOTO PO3B’SI3KY.

[Tpunycrumo, mo npasi actuau cucremu (23.1) HenepepBHi
pasoM 3 YACTUHHUMU TMOXITHUMHU JI0 JPYTOTO MOPAJIKY BKJIIOYHO.
Hexait y;j(z) =0, j =1,2,...,n, - Touka crokoo cucremu (23.1),
Tobto f;(t,0,...,0)=0,j=1,2,...,n. Bukopucrosyioun dbopmy-
sy Teitopa B 0KOJIl IOYATKY KOOPIAMHAT, cucTeMy (23.1) MoxkeMo
3almcaTi y BUIVISL:

Wi _ pt,0,...,00+ 2 g 4 2 .
dt Iy (t,0,...,0) Oy (£,0,...,0)
of;
—|—l “Yn+ Rt y1, .. yn), 7=1,2,...,n,
Yn (t,0,...,0)
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Ie Rj (t, Yly .- - ,yn) MICTSTH JOJIAHKHA HEe HUXKYe JIPYTOro MOPSIKY

0/ = a;;(t) i

Oy (t,0,...,0) J

Bpaxysard, mo f;(¢,0,...,0) =0, To 0OCTATOYHO MAEMO CHUCTEMY
y; = ain(Oyr +ajp()y2 + ...+ ajn(t)yn +

+Ri(t,y1,---,¥n), J=1,2,...,n. (23.12)

BIJIHOCHO Y1, Y2, .., Ypn. ZKIIO 1HO3HAYUTH

CucreMmy piBHSAHD

/ j—

Y; aji(t)y1 +ajpt)y2+ ... +apmt)yn, j=1,2,...,n, (23.13)

HA3UBAIOTH CUCMEMOI0 NePuLo20 HADAUNICEHHA, a 3ajady Ha
CTIfIKICTh TOYKHM CIOKOIO II€l CHUCTeMH — 3aJadei0 Ha CTINKICThb
PO3B’sI3KY B IEPIIOMY HAOJINZKEH].

3ayBaykKuMo, IO JIOCJIZKEHHST HA CTIfKICTh TOUKU CIIOKOTO JIJIst
JiniitHOT cucremu (23.13) € oci He po3B’si3aHO0 IPoLJIEMOI0, 60 He
icHye 3arajbHOTO CIIOCODY iHTerpyBaHHS CUCTEMHU JIHIHHUX Jude-
PEHIa/IbHIX PIBHSHB 3 JIOBIIBHUME 3MIHHUME KoeilieHTaMu.

Posrsinemo okpemuii Buniajiok cucremu (23.13), kosm i1 Koe-
dimienramu € craJii:

/ —_—

Y; aj1y1 + ajoy2 + ... + AjinYn, j=12,...,n, (23.14)

1 JIOCTIIUMO TIUTAHHS PO CTIKICTh TPUBIAJIBHOIO PO3B’S3KY CHU-
cremu (23.14). Haragaemo (siekuist 19), 110 po3s’si3ku 1€l cucreMu
MatoTh BuIsLn y; = A1eF1t, yo = Agef?t .. y, = Apefrt, xe
ki, ka, ..., ky, — xapakrepuctuuni uucia cucremu (23.14), a s
icHyBaHHsI HETPUBIAJBHUX PO3B’S3KiB HEOOXITHO il JTOCUTH, 1100

ai; — k a2 ain
asy a9 — k‘ 000 aon —0. (2315)
an1 an2 et Qpp — k

Posristmemo okpemi BHITAIKHM, TTOB'SI3aHI 3 BHUIJISIAOM KOPEHIB
piBusinHs (23.15) (xapakTepucTuaHux dnces cucremn (23.14)).

1. Hxwo sci xapaxmepucmuuni wucaa cucmemy (23.14) wma-
1omv 610 emni diticni wacmunyu (mobmo abo onu diticni 610~
EMMT YUCAA, ADO KOMNAEKCHT YUCAA, OLTCHT YaCMUHY AKUT 610 -
EMNT), MO MpusiarvHul, poss’asok cucmemu (23.14) acumnmo-
muyuro cmitrut. Ipumyctumo, 1Mo yci XapaKTepUCTUYHI YUCTIA
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ki,ko, ..., k, mpocti i miiichi. Ockimbku kj < 0, TO BCi dyn-
KT ;5 = Aijekft OpsAMyIOTL JI0 Hydad upu t — +o00. Ao
kj =a; +iB;, i = /=1, a; <0, To, nomasum e’ y Tpurono-
Merpuaniit bopui eFit = e®it(cos Bjt + isin B;t), nepekoHyeMocs,
mo npu t — +00 dynknil y;; = Aijekit — 0 (akmo o; <0, To

lim e%t = 0). Ili BUCHOBKEM He 3MIHSATHCS, SKIIO JesiKi 3 Xa-
t——+o0

pakrepucTuaHux ugucesg (abo Bei) € kparaumu. Copabii, SKIIO

qucao kj Mae KpaTHICTL S, TO #OMy BIJIIOBIIAIOTH PO3B A3KU

P,_1(t)eit, ne P,_1(t) — MHOrOWICH CTelens, He BUIIOTO 3a § — 1, i
lim eFi'P,_1(t) =0, 6o k; < 0, a moka3uukoBa (byHKIIisI 3pocTae

t——+00

LIBMJIIIE, Hi2K CTelleHeBa.

2. Hxwo xoua 6 o00He TaApaAKMEPUCTUMHE YUCAO CUCTLEMU
(23.14) mae dodammny diticny wacmuny (mobmo abo ye wucao doda-
mue, abo Komnaexcre 3 000ammoro diticHo Yacmuroio), mo mpu-
siaavnul po3s’asox cucmemu (23.14) necmitxud. Cupasii, y 11b0-

klt, eth, RN ekfnt me-

My BHIQJIKy NPUHAWMHI o/1Ha 3 (DyHKILH €
0OMEYXKEHO 3pOCTaE 3a MOJyJeM Ipu t — 400 1 TOMY 3arajbHHil
PO3B’SI30K cucTeMr HeOOMEXKeHO 3pocTae mpu 3poctanHi t. OTxe,
pO3B’A3KH, O/M3bKi 10 Touku cnokowo y; = 0, j = 1,2,...,n, 3a
IMOYATKOBUMHI JTAHUMHI, 31 3pOCTaHHSIM t HeoOMesKeHO Bif Hel Bif-

JAJIATUMY ThCA.

3. Hdxwo ceped xapaxmepucmuunuz wucen cucmemu (23.14) ne-
MaE uces 3 0damnum, DGCHUMY YACTUHAMU, GAE € NPOCTNT -
CAG 3 HYABOB010 JITCHOI0 UACTNUHOI0, O MPUBLAALHUT PO36 A30K
cucmemu (23.14) € cmitikum, are He ACUMNMOMUYHO CIMATKUM. Y
npoMy BHIAJKy Bci y;(t) obMexkeni 3a MosmysneMm ajst Oy/b-SIKOrO
t > tg, akuMu 6 He OyJIM MOYATKOBI 3HAaUYeHHs 1ux GyHKIin. Or-
xKe, it Oyab-Koro € > 0 3Haiinerhest Take 0 > 0, mo npu BubOpi
G0l <9, 5=1,2,...,n, Gynemo maru |y;(t)| < & mst Beix ¢ > to.
BHaunrh, TpuBiadbHUil PO3B’s130K cucremu (23.14) e crifikum. Ase
BiH He aCUMITOTHYHO CTiiikuil, 60 1jig JOBIILHUX ;o HE OyayTb
OJIHOYACHO HPsAMYBATH 110 HyJIst BCl dbyHKii y;(t) mpu t — +o0.

4. Hrwo ceped xapaxmepucmuunux wucen cucmemu (23.14) ne-
Mae wucen 3 000amHuUMY QTUCHUMUY YACTRURAMU, GAE € KPATHE Y-
CAQ 3 HYALOBUMU OTTICHUMU YACTNUHAMU, O MOHCAUGT AK CMITKI,
MaK i HeCMitKE MPusiaNbHi PO36 A3KU.
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[TosepuiMoch 10 cucreMu nepiioro HabmKenust (23.12).

Teopema 1 (JIamynoBa). Hexati ¢ynwyii R;j(t,y1,...,Yn),

j = 1,2,...,n, y cucmemi (23.12) menepepeni 3a cykynnicmio
BMIHHUL T HECKIHUEHHO MAAT SUWLE Nepuo2o nopadky npu 1y; — 0,
i=1,2,...,m, mobmo dasn ecix t =ty i |y;| <d,j=1,2,...,n,

’Rj(tvyla KL 7yn>’ <M (’y1|1+a + |3/2|1+a S 000 T ’yn|1+a)v

abo
[Ri(t,y1,- - yn)l Sw @)yl 5=1,2,...,n,

de |yl = /v2 +y3+...+y2, a, M — dodammi cmani, w(y) — 0
npu |y| — 0. Hexad, xpim mozo, a;i(t) = ajk, j,k =1,2,...,n, de
ajr, — cmani. Todi axwo xapaxmepucmuyumi wucra cucmemu (23.14)
Ma0msd 610 emmi TCHT vacmunL, Mo MPUuGiarbHull Po3e A30% Cl-
cmemu (23.1) acumnmomusno cmitxull; axwo xoua 6 o0ne xapa-
KMEPUCTNUYHE HUCA0 Mae dodammy 0iicHYy “acmuHny, mo Mmpueci-
anvrutdl pose’ssox cucmemu (23.1) necmitixud.

Aximo gificHi 9acTHHU BCIX XapaKTEPUCTUIHUX YUCET HEI0/1a-
THIi, IPUYIOMY JIiiCHA YACTHHA X09a O OJIHOIO 3 HUX JIOPIBHIOE HYJIIO,
TO JIOCJIIJIZKEHHsT Ha CTIHKICTh 3a IeprinM HAOJINZKEHHIM, B3araJi
KaxKydu, HeMOKJIMBe (II0YMHAIOTH BIUIMBATH HeJIHIAHI wienn R;).

Ilpukaan 4. Jocaidumu nwa cmitixicms 3a nepuiMm HabAuICE-
HHAM MPUBLAALHUT PO3EG A30K CUCTEMU

' =1+ 4y — 3@+Y)
y' =sinz +In(1 —vy).

Pose’azarns. Bukopucrosyoun dhopmysty Teitnopa st DyHKITT
f(z,y) nBox 3minHuX 3 3asmimkoBuM diaeHoMm y dopwmi Ileano i
O0OMEZKUBIIUCH TIOXITHUME MTEPITIOTO MOPSIIKY:

f(m,y) - f<070) + f:fc(ovo) T fg//<070) Y+ O(P),

e p = /22 +y?, o(p) — Heckinuenno masa Besmauua upu p — 0
Oi7IbIIT BUCOKOIO MOPSIKY, HI2K 0, BUILIMMO JIHINAHI 9acTUHE TIpa-
BUX YaCTUH CHUCTEMU:

1+ 4y — Bty — 35 — Y+ Ri(z,y),
sinz +In(1 —y) =z —y+ Ra(z,y),
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ae dynkuii R;(x,y) = o(v/2? + y?), j = 1,2, 310BoIbHSIOTS yMO-
BU Teopemu 1.
3HalijeMo XapaKTepUCTUYHI YKCIIa BiJIIOBIAHOI CUCTEMU IIep-

{x’:—Sx—y,

LIOT0 HADJIMKEHH A

/

y =z—y.

Maemo

-3-k -1

_ 2 _ _
1 —1—]{‘_0 = k“+4k+4=0 = kil’g— 2.

Ockinpkn mijicni gacTunm uncest kq 9 Bif'eMmi, To TpuBiaabHMIl
PO3B’sI30K 3aJIaHOI CUCTEMHU aCUMITOTHIHO crifikuii. W

4. Kpurepii Payca — T'ypsina, JI’emapa — IIlunapa.
Sk BUILIMBaE 3 IIYHKTY 3 JIEKIIl, pO3B’A3yI0un 3a/a4i Ha CTIHKICTD
JJIsI CUCTeM MU epeHIiaJbHuX PIBHAHD 31 crajanMu Koedirienramu,
BaKJIMBO 3HATU 3HAKW JIICHIX YACTUH XapPAKTEPUCTUIHUX TUCE].

Posrisinemo airebputine piBHSIHHS

agk™ + alk"_l +...+a, 1k+a, =0, ag>0. (23.16)

Haramaemo peski TBep/KeHHsI, JIOBEJIEHHS KX MOYKHA 3HA-
Ty y migpydHUKax 3 JHHIKHOT ajaredpu.

Heobxionor ymoeorw mozo, wo 6ci JWichi “acmuHl KOpeHie
pienanna (23.16) 6id’emmni, € nepisnocmi a; >0, j =0,1,...,n.

Temep naBegemo HeoOXimaHi 1 JOCTATHI YMOBH, 338 BUKOHAHHS
AKUX JICH] YaCTUHU XapaKTEPUCTUIHUX TUCE]T OyayTh BiJa €MHI-
mu. [Tosraxmmo

ay; Qo 0
ay ao
Ar=a1, A= , A3=|a3 az ap |, ...,
as ag
as a4 ag
al ap 0 0 ce 0
as a9 aq ap N 0
An = 9
aoan—1 a2p—2 G2pn—-3 dA2p—4 ... QAp

de a; =0, axwo j > n.
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Teopema 2 (kpurepiit Payca — T'ypsiua). /[iticni wacmu-
nu Kopenie pienanna (23.16) 6id’emmni modi i misvku modi, Koau
A;j>0,7=12,...,n.

Teopema 3 (kpurepiit JI’enapa — lunapa). /liticri wa-
cmunu Kopenis pienanna (23.16) 6id’emmi modi i misvku modi,
Koau aj > 0,5 =0,1,...,n, 1

Anfl > 07 A7173 > 07 ATL*5 > 0,

Ilpukaazn 5. Jocaidumu nwa cmitikicms movky cnokolo pieHsi-
nwra yY + 5y + 13y + 19y + 10y = 0.

Pose’azanns. Ckopucraemocs kputepiem Payca — ['ypsina.
OckinbKH
5 1
A =5>0, Ag_‘ 19 13 ‘>0,
> 10 159 113 (5) (1)
A3=1[19 13 5 | >0, As= =10-A3 > 0,
0 10 19 0 10 19 13
0 0 0 10

TO TOYKAa CIIOKOIO acuMITOTH4IHa cTiiika.

Ilpukaazn 6. Jocaidumu na cmitikicmsd movky cnokolo pieHsi-
nwna yY + 4y 4+ 16y" + 25y" + 13y’ + 9y = 0.
Pose’azarns. Ockiabku Bei KOoeillieHTH XapaKTepUCTHIHOIO
piBusinns k° + 4k* + 16k% + 25k2 + 13k + 9 = 0 gonarni i

41 0 0

41 25 16 4 1
AQ“zs 16‘>0’ A=l 13 25 16|

0 0 9 13

T0 3rij1HO 3 Kpurepiem JI'enapa — [llumapa Touka Criokoro 3a1aHOTO
piBHAHHS acUMOTOTHYHA cTiiika. H

Pexomendosara aimepamypa: |3, c. 156 — 171, [5, c. 390 —
416], [7, c. 141 — 152], [8, c. 229 — 241], [15, c. 231 — 252].
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ITutannga go gekirii 23

1. IlTo BuBuae Teopis crifikocTi Po3B’dA3KiB AuMEPEHIATBHIX PiB-
HeAHb? YoMy Tak BarXKJIMBO 3 IPAKTUIHOI TOYKN 30PY 3HATH, UM € PO3B -
30K AUQEPEHIHAJILHOIO PIBHIHHS ab0 CUCTEMU CTIAKIM?

2. dkwuit po3B’si30K cucremu JaudepeHIiaJbHUX PIBHIHb € CTIHKUM,
ACHUMIITOTUYHO CTifikuMm, Hecriiikum? JlaiiTe reomMeTpudHi TpakTyBaHHS
X TOHSATh.

3. dxnit po3B’s30K cucremu udepenIiagbHuX PIBHAHD HA3UBAIOTH
He30ypeHnM (30ypennm)?

4. Illo HA3MBAIOTH MOJIOXKEHHAM PIBHOBArU (TOYKOIO CIIOKOIO) CUCTE-
Mu?

5. Y 1omy TOJIATaE OCHOBHA i/1€sT TOCIIPKEHHsT Ha, CTIHKICTh PO3B’s13-
Ky B IeprroMy HabJIHKeHH?

6. fx mocmiuTH Ha CTIIKICTH TOYKY CIIOKOIO HOPMAJILHOI CUCTEMU 31
cranuvu Koedimientamu? Koo Touka CIIOKOIO € AaCUMIITOTHYIHO CTIKOIO,
CTIKOIO, ajie He ACUMITOTUYIHO CTIMKOI0, HecTiitko? JkuMu moBuUHHI
OyTH XapaKTepPUCTUIHI TUCIa, MOO CucTeMa MOIJIa MaTH AK CTiiiKi, Tak
i Hecriiiki TpuBiaabHI PO3B’A3KU?

7. dx dopmymiororhes kpurepil Payca — ['ypsima i JI’enapa — ITln-
mapa Ipo HeBi'€MHICTh MIWCHUX YaCTUH XapaKTePUCTUIHUX dncesi! K
i KpuTepil BUKOPUCTOBYIOTH JIJIsi JIOCJ/II2KEHHsI Ha, CTIKICTh PO3B’sI3KiB
JiHifiHUX piBHSAHB (cucrem) 31 cTagnMu KoedirieaTamm?

Bopasu go jsekirii 23

1. BukopucToBytoun O3HAYEHHS CTIHKOCTi, JOCTIIITH Ha CTIfKiCTH
posB’si3ku 3a1a41 Kol piBHSIHE 1 cucrem:

a)y =2x(l14+vy), y(0)=0; 6)y =y+=z, y0)=1;

p) {¥=—v—92 y(0)=0,
Z=y—2z 2(0)=0.

2. HocaimiTs HA CTIKICTH TOYKY CIOKOIO CHCTEM:

Y1 = —vy1 + Y2 + 5ys, Yl = —2y1 — yo,
a) Yo = —2y1 + y3, 6) < yh = y1 — 2ya,
Y5 = —3y3; yh = y1+ 3y2 — us.

3. HocmimiTh Ha cTifiKicTh 38 TIEPITUM HAOIMKEHHSIM TOUKY CIIOKOIO
CUCTEM:

y =3yz—y+z, y = —y+2z+y%sinz,
a) ) 2

2 =4yt + 23 + 2y — 3z; Z=—y—4z+1—cosz*.
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4. BukopucroByioun kputepii Payca — ['ypsima abo JI’enapa — I1Iu-
nmapa, JIOCJiIiTh Ha CTIKICTD TPUBiaJbHUN PO3B’ 30K PIBHAHD:

a) y" =3y’ +5y=0; 6)y" +4y" +7y" + 6y + 2y = 0;
B) yV + 4y — 5y + 159" — 3y’ + 12y = 0.

Jlekuia 24. Meron dynkmiit JIsmyHosa.
®daszoBa mJoOIIHA

Ilnan

1. Hocimkenns Ha cTifikicTb 3a MeTo0M (DyHKIIH JIsiyHOBA.
2. Knacudikariis TO90K CIIOKOIO aBTOHOMHOI CHCTEMU.

1. HocaigkeHHda Ha CTiliKicTh 3a MeTomoM (pyHKIIii JIsi-
nyHoBa. Ha morepeiniii JieKiil BUBYAIUCH JEsIKI ITATAHHS, [TOB’s-
3aHl 3 JIOCJIIXKEeHHSAM Ha CTIHKICTb PO3B’A3KiB HETIHIAHNX cHCTEM
JjudepeHIiaibHuX piBHAHB. [Ipu 1MhOMY BUKOPHUCTOBYBAaJACH Bijl-
LOBi/IHA cruCTeMa IepHIoro HabJMKeHHs. AJje 3aMiHa HesiHiAHOT
cucremu (23.12) niniitHoro cucremoro (23.13) € dpakTHIHO 3aMiHOIO
o/tHiel mpobsieMu 1HITOO 1 MiXK HUMHU MOXKe He OyTH HiYOro CIHijib-
HOro. MoyKHA HABECTU IIPUKJIAIN TAKUX CUCTeM Ju(EpPEHITiabHIX
PIBHSIHD, JOC/TI/KEHHSI AKUX 32 MEePIINM HaOJIMKEHHIM J1a€ CTifi-
KicTh HE30YPEHOI0 PyXy, X04a HACIIpaB/Il BiH HECTIHKMIL, 1 HABIAKH.
Bonmrowac Bimomi mpukiaan, Kou Iepiine HaOJIUXKEeHHS TOBHICTIO
pO3B’sa3y€ PobIEMy CTIHKOCTI.

Hactynna Teopema jia€ BiJIIIOBi/Ib Ha NHUTAHHS PO CTIHKICTH
(acuMnToTHYHY CTifiKicTh) TpuBiaIbHOrO po3B’s3Ky Y;(t) =0, j =

=1,2,...,n, HOpMaJIbHOI HEJIHIIHOI cuCTeMU
y;-:fj(t,yl,...,yn), i=1,2,...,n. (24.1)
Teopema 1 (JIssmyHoBa). druwo icnye dudepenuitiosra dym-
kuia V=V (y1,...,Yn), AKQG 3060060AbHAE YMOBU:
1) V=01V =0 mirwku modi, koau y; = ... =y, = 0;

2) noena noxidna dynkuii V. e3dosorc dasosoi mpaekmopii
(mobmo e3doeoc posze’asky y;i(t), j =1,2,...,n, cucmemu (24.1))
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nedodamma, mobmo
AV N0V dy; = OV
2 a . T3, = —f(taylaayn)<0
dt gi; dy; dt 4= 0y, !

das t = to, mo mpusiarvrul pose’sasokx cucmemu (24.1) cmitikud.
Sxwo 3amicms ymosu 2) GUKOHYEMBCA HEPIGHICTIDY

<<
onat >t >1910< gy%+...+y§<62, de 01, 02, B — cma-
A, Mo mpusiarvrull pose’ssox cucmemu (24.1) acumnmomuyuro
cmatirul.

HoBenenns 1€l TeopeMu MOXKHA 3HATH, HAUDPUKJIAL, B [3,
c. 163 — 165].

Oyukiio V 3 reopemu 1 nasupaoTh hynruiero JIanyrosa.

SarajabHOrO criocody mobynosu ¢yHKIl JIsmyroBa Hemae. [T peko-
n
MEHYEThCS IIyKaTn y Buryisti V = Y a;59;y;. 3 ymMoBH 1) Teope-
i,j=1

Mu | BUILIHBaE, 1110 KBaipaTuiHa ¢hopma V moBuHHA OYTH JI0/IATHO
BusHadeHow. flkum unHOM BuOpaTH KoedinienTn a;j;, mobd dopma
V' Oyna jomaTHO BU3HAYEHOIO, BKasyeThest v kpumepti Cuavee-
cmpa, BiloMOMY 3 Kypcy ajredpu: moTpibHO, 1100

ailr ... Qip
>0, oo, | oo . L. >0.

anpl .. Qpp

aip a2

ayp >0,
a21 G22

Y npocrimux Bunajgkax dyskiio JIginyHosa mykaoTh y BH-
rosni V(x,y) = ax?+by?, V(z,y) = ax* +by?, V(z,y) = az* +by?,
ne a > 0, b> 0, Tommo.

Ilpukaazn 1. Jocaidumu na cmitikicms mpusiaibruil pose’s-
30K cucmemu

/

B=-2"—y, y=z—4%

Pose’azanms. Posrnsmemo dyuknio V(z,y) = 22 + y2. Bona
3aJ10BOJIbHsiE 00m Bl ymMoBu Teopemu 1. Cupasni, V> 01V =0
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TinbKU TO/, Kotu & = Yy = (; B3/I0BXK PO3B’A3KY I, Y CUCTEMHU
av. oVdz 0V dy 5 3
i rd T ogar T w2y
=-2(z% +¢y*) < 0.

3rigHo 3 Teopemoro 1 TpuBiajabHUI PO3B’SI30K CUCTEMM CTIAKuMiA. A
OCKIJILKH 11032 OKOJIOM MOYaTKy Koopaunat (x2+y2%>§ > 0) maemo
‘2—‘; < —B <0, ne B — minimym dbynxmii 2(2® + y*) noza xomom
22 +y% =6, 10 po3B’s130K T = y = 0 acuMITOTHIHO CTifiKui. M

Ilpukmaazn 2. JJocridumu na cmitixicms mpusiaibHull pose’ s-
30K cucmemu

5

:E/:2y3—:1:, y’:—x—y3—y5.

Pose’azarnsa. llykaemo dynkiito JlsnyroBa y  Bursil
V(z,y) = Vi(z) + Va(y). Toxi
av v oV
ity fi(z,y) + ay fa(z,y) =
=V{(@)@2y° - 2®) + Vo () (~z — y* —¢°) =
= —2"V{(z) — (4° + 9°) V3 (y) + 2¢° V{(2) — 2 V3 (y).

Hexait, nanpukiazn, 2y°V/ (z) — V4 (y) = 0. Toxi

Vi(z) _ V3(y) Vi(=) V3 (y)
P = = 20 =p (u=const) =
i@) = La? Valy) = Syt

Hexait = 2. Tomi V(x,y) = 22 + y*, V(z,y) > 0, axmo 22 +y? #0
i V(0,0) = 0. Okpim Toro,
av oV ov
— = — fi(z,y)+ = fo(z,y) = — (225 +49% + 44®) < —B < 0
e LCR ) 3y fa(@,y) = = ( Y +4y°) < =B <0,
ne 3 — mimimym dyuknii f(z,y) = 225 4+ 4y% + 4y® nosza xosom 3
[EHTPOM Yy MOYATKYy KOOPJAWHAT. 3 TeopeMu | BUILINBAE aCUMIITO-
TUYHA CTIHKICTH TPUBIAJIBLHONO PO3B’si3Ky cucremu. B
[Iporronyemo dnTadaMm CaMOCTIHO MMEPEKOHATUCT Y TOMY, IO
JIaTU OJTHO3HAYHY BiJIIIOBI/Ib PO CTIHKICTH TPUBIAJIBHUX PO3B’SI3KIB
cHCTeM 3 MPUKJIAIIB 1, 2 3a mepimM HAOJIMKeHHSIM He MOKHA.
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2. Knacudikailis TOYOK CIIOKOIO aBTOHOMHOI CUCTEMM.
PosrisiHemo noseinky Ha dazsosiit mronmui R? dazosux Tpae-
KTOPiif aBTOHOMHOI CHCTEMH PiBHAHD

= P(z,y),

24.2
% = Q(l‘,y)7 ( )

ne P(z,y), Q(x,y) — HenepepBHO nudepeHiiiioBHi B nesikiit obaacTi
(abo B yciit momuni R?) dbymkiil. Cucrema (24.2) Moxke MaTn Ju-
e Tpu T (Pa30BUX TPAEKTOPIH: TOUKA, 3aMKHEHA TPAEKTOPis
(muky1) 1 He3aMKHeHa TpaekTopis. PO3B’s30K, TPAeKTOpI€ sIKO-
ro € Touka (xo,Yyp) (HoIOKeHHs piBHOBarm), € craguM z(t) = o,
y(t) = yo (mas 6yap-sikoro t € R). Bamkueniit TpaekTopil BioBi-
A€ TePioanIHIi PO3B’A30K, HE3aMKHEHIN — HelepioauTHHi.

OCHOBHOIO 3aj1a9€e10 SIKICHOIO JI0C/i pKeHHs1 cucreMu (24.2) €
ojiepKanHs Ha308020 nNopmpemy cucTreMu, TOOTO KAPTUHU PO3-
6urTa azosoi mwionman R? Ha TpaexTopil.

st Toro, 106 nobyxysaru dazoBuii noprper cucremu (24.2),
MOTPIOHO 3HATHU MOBEIIHKY TPACKTOPiil B OKOJIAX TAaK 3BAHUX OCO-
OJIMBUX TPAEKTOPIH: [OJIO2KEHb PIBHOBAI'M, I'PAHUYHUX ITUKJIB 1 J1e-
AKUX HE3AMKHEHUX KPUBUX, K1 BIIIISIOTE CiM'T TPAEKTOPIiil OmHy
Big onnol. I'panuvnum yukaom cucremu (24.2) Ha3UBAIOTh Ta-
KA TUKJI, JeTKAW OKLI $IKOTO IILIKOM 3allOBHEHWI TPaEKTOPis-
MH, B3/I0BXK sKuX Touka (z(t), y(t)) HeoOMerKeHO HAOJIMIKAETHCS
0 HBOTO TIpu £ — +00 abo t — — 0.

Posriisinemo Bunasiok, ko cucrema (24.2) e siniitaoro:

= AT+ anny,

(24.3)
G = 0217 + a2y,

(a1 a2 .
e A = — HEBUPO/2KECHA MaTPUIlAd 3 JJTIMCHUMU CTAJIUMU
a1l a2

esementamu (A = det A # 0).
Cucrewmi (24.3) Bianosizae ojHe piBHSIHHS 3 JIPOOOBO-JIiHIHOIO

IpaBOIO 9aCTUHOIO

dy _ G217 + any (24.4)
dr anx+apy’ .
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T06TO BCi iHTErpasibHi Kpusi piBHsiHHS (24.4) € TpaeKTOpiSIMU CH-
cremu (24.3). Ajie uM He BUYEPIYIOThCs BCI TPAEKTOPIl cucreMun
(24.3), 60 BoHa somyckae pyx x(t) = 0, y(t) = 0, TpackTOpi€rO KO-
ro € Touka r =y = 0 (TOUKa CIOKOIO).

Opannyspkuii Maremaruk A. [lyankape mokasas, 10 MOXKJIU-
BUMH € KiJIbKa BUIIQJIKIB, KOXKEH 3 IKUX BIIIIOBiIa€ 3a pO3TallyBa-
HHsI IHTerpaJbHUX KPUBUX B 0KoJi ocobiBol Touku (0, 0) abo, mo
Te caMe, 3a PO3TAIlyBaHHs TpaeKTopiil cucremu (24.3) B 0KoJIi TO-
uku crokoro (0,0). i Bunaaku HasuBaors munamu Iyankape.

ITozunauumo 4epes ky i ko — KOpeHi XapaKTepUCTUIHOIO PiBHSI-
HHs

ain —k  ap

=k? - +an)k+A=0. 24.5
az1  axp —k (a11 + az2) (24.5)

Ockismbku A # 0, To 3 (24.5) BumuuBae, o k = 0 He € Xapakre-
PUCTUYIHUM YUCJIOM.

Bunanok 1. ky i ko diticni ma pisni. Hexait a = (aq, ag), 5 =
= (1, B2) — BaacHi BekTOpU MaTpuIl A, o BiANOBLIAIOTH KOPEHSIM
ki 1 ko, TOOTO

{(an —k1)ai + ajzaz =0, {(an —ko)B1 + aj2B2 =0,
ag1 o + (a2 —ki)az = 0, a1 81 + (ag2 — ko) B2 = 0.

(24.6)
3rijiHo 3 Teopemoro 3 Jiekiii 12 3arajibHUM PO3B’SI3KOM CHCTEMU
(24.3) €

Th= C’laleklt + Cgﬁleth, Yy = C’lageklt + Cgﬁgeth, (24.7)

ne C1, Cy — noBiabHI cTadi.

Axmo ky < 0, ky < 0, To 3 (24.7) BUILINBAE, IO TOYKA CIIOKOKO
x =y = 0 e acumrorndHo criiikoro. Crpasi, sIKIO, HAIPUKJIA],
to = 0, To po3B’si30K (24.7), sikuii IPpoXOAUTHL Yepe3 TOUKY (X, Yo),
y MOMeHT dacy to BusHaudaeTbes craaumu C 1 Cy, sKi 3HAXOIATHCS
3 CUCTEMHU

o = Crar + C281, yo = Crag + O3,

ae a1 82 — azB1 # 0. Ane roni Cy = Axg + Byo, C2 = Dxo + Eypo,
ne A, B, D, E — nesxi craui. Bpaxosyoun, mo |eF1?] < 1, |eF2t| < 1
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i kp < 0, ky < 0, MmaeMo OIinKu

Azo + Byol - |a1| + [Dxo + Eyol - |£1],
Azo + Byol - |az| + [Dxo + Eyol - |Bal-

]

<|
lyl < |
3BijcK BUILIUBAE, 1110 s JIoBlabHOro € > 0 3Haiigerncsa § > 0 Ta-
Ke, 10 K TUIbKE |To| < 6, |yo| < 0, To |x| < €, |y| < e (t > 0),
o610 TouKa crokorwo (0,0) criiika. OKpiM TOro, OCKiIbKY ekit -0
(kj <0) npu t — 400, T0 3 (24.7) BUnIMBaE, 1mo Touka (0,0) Ta-
KOK aCHUMIITOTUYIHO CTifiKa. ZIKINO0 BUKJIIOUUTH apryMeHT t 3 CH-
cremu (24.7), To oxepxkana npu 1pomy dyHKiis y = f(x) Busna-
JaTHMe TPAEKTOPIIo pyXy B cucTemi koopamaaT Ozy.
MarepiajbHa TOYKA, siKa 3HAXOJIUTHCS Y IMOYATKOBUNA MOMEHT
gacy t = tg B §-OKOJII MOYATKY KOOPJWHAT, JIJIsT JIOCUTh BEJIMKUX
[EPEXO/IUTH Yy TOUKY, KA HAJICIKUTH £-OKOJIY HOYATKY KOODJUHAT 1
npu t — 400 IPAMYE JI0 MTOYATKY KOOpAuHAT. Taky TOUKY CIIOKOIO
HA3UBAIOTH CMEUKUM 68Y3aom (puc. 24.1).

Puc. 24.1

Ha puc. 24.1 306pazkeHo po3TalllyBaHHsl TPAEKTOPIiil, dKe Bij-
noBiziae nbomy Bunagiky. CrpilakamMu BKasaHUl HAIPpSIM PyXy IO



Jlekmis 24. Meron dyukiiit JIanyrnosa. Pazosa miomuHa 303

TpaekTopil npu t — —+00. Yci TpaekTopil, Kpim omHiel, B TOUIi
(0,0) MaoTh CHibHY JOTHYHY.

Axmio k1| < |ka|, To KyToBHil KOeDIiNiEHT MOTUUHOT TOPIBHIOE
ag/aq. Cupasni, 3 (24.3) 1 (24.7) maemo (C1 # 0, ag # 0):

dy _ az1 (Crare™? + CoB1eM2t) + age (Cranet! + CyBaek2t) B
dr a11(Cragefrt + CoBekat) + ajo(Cragekrt + CoByekat) -
a1 (Clal + CQBle(k’Q—kl)t) + ag (Cla2 + CQBQe(k:g—kl)t)

B —
a11(C1a1 + Cgﬁle(kz—kl)t) + a12(01a2 + 02526(k27k1)t) tot oo

a21C1a1 + apCiag _ azion +agpay  koay o

t=too a11Craq + a12Croe annog +apas ki o

00 3TiIHO 3 (24.6) as10q + assas = kiao, ajiaq + ajsas = kiog.

Axio oy = 0, To aHAJIOTTYHO OJIEPXKYEMO, IO N )
’ ’ dY ¢ ioo 2

Axmo Cp = 0, 10 3 (24.7) 01epKYEMO OJIHY TPAEKTOPIIO — HPsi-
MYy Y = %aj, JIOTUYHA JI0 SKOI Mae KyToBuil koedirient Ba /.

Takum anHOM, JOTHYHA JIO TpaekTopiii, B skux C7 # 0, na-
pajieJibHa JI0 BJIACHOrO BekTopa « = (aq,g), sKuil BianoBijae
HaWMEHIIIOMY 32 MOJLyJIeM XapaKTePUCTUIHOMY YHUCIy k1 (SIKIIO
a1 = 0, To BekTOp HanpasyeHuil B30k oci Oy). Kpim Toro, npu
C1 = 0 € oA TPaeKTOpist — mpsiMa iy = 5—?3:, dKa HapaJjiebHa 10
JIPYrOro BJIacHOro Bekropa 3 = (31, 32), 110 BiAOBi1a€e GlabIIOMY
3a MOJIYJIEM XapaKTEPUCTUIHOMY UUCTY Ko.

Axmo renep k1 > 0, ko > 0, To 3 (24.7) BUILIBaAE, IO TOYKA
crokoro © = y = 0 mecriiika, 60 ¥t — 400 mpu t — +00. Taky
TOYKY CIOKOI0 HA3UBAIOTH Hecmitkum 6y3aom. lleit Bumagok
OTPHUMYEMO 3 TIOIIEPETHBOIO 3aMiHOI0 ¢ Ha (—t), a TOMY PyX TOYKH
110 TPAEKTOPII Bi/IOyBaeThCs y IpoTHiIesKHOMY Hanpsimi (puc. 24.2).
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Puc. 2.2

Hapermri, sgximo k1 < 0, kg > 0 abo k1 > 0, ko < 0, TO TOUKA
CIIOKOIO HecTiiika, 60 €2t — 400 abo eF1t — 400 mpu t — +00.
Touku, sKi posramopaii B 0-0KOJII OYATKY KOOPIUHAT, IO TPac-
kropil & = CyB1eF?t, y = Oy fre*?t pyxaroTnest y HecKiHIeHHICTD.
OxHax y mbOMy BHUIAQJIKY € TPACKTOPIs, 10 fAKili PyX TOUYKH BinOy-
BaETHCA y HAIPAMI JI0 TIOYATKy KOOPAMHAT NpHU ¢ — 400, a came

48 = Claleklt, Yy = Craget, (24.8)
[Tieto TpaekTopi€eio € mpsima 1y — aox = 0, IKy JIETKO OJ/IeprKaTu
3 (24.8), BuksouuBiy 3MiHHY ¢. Taky TOUKY CIIOKOIO HA3MBAIOTH
cidaom (puc. 24.3).
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)

=

(k1 <0 < k)

Puc. 2.3

Bunanok 2. ki @ ko xomnaexcro-cnpastceni: ko = p % iq,
g # 0. BaranbHuit po3s’si30k cucremu (24.3) MOXKHa 3amncaTu y
BurIsial (24.7), ne Bekropu a = (a1, a2) 1 f = & = (@1, Gi2) MaIOThH
KOMILIEKCHI Koopamuarn. Tomi poss’s;3ok cucremu (24.3) MoxHA
3alucaT y BUIVISIL

x = eP'(Cy cos gt + Cysingt), y = eP'(acosqt + bsingt), (24.9)

ne Cy, Cy — poBinbHi cram, a i b — jiHiiini KoMOIHAIT X CTAJIIX.

Axmo p = 0, To Tpaekropii (24.9) ays pisaux Cq, Co (Ha mi-
craBl 1epioMIHOCTI MHOXKHUKIB y JIy’KKaX) € 3aMKHEHUMU KPH-
BuMH — ejincamu 3 nerrpamu y touni (0,0) (puc. 24.4). Lo ro-
9Ky HasuBalOTh yenmpom. fxmo p = 0, to rouka (z(t),y(t))
PYXa€ThCs 110 OJIHOMY 3 eJIIICIB BKa3aHol ciM’l, 00xo/isian oro 6e3-
Jgia pasziB. Bona, odeBuaHO, He MpsIMy€ 10 2KOIHOI T'DAHUIN TPU
t — 400, T06T0 ToUKa crokoo (0,0) He ACHMITOTHYHO Crifika
(ae BoHa crifika).



306 Posuis 5. EJIEMEHTY TEOPII CTIMKOCTI

Puc. 2.4

Hexaii rerep p < 0. 3 (24.9) Bumiusae, 1Mo y 1[bOMY BHIIQJKY
Touka (z,y) nupu t — ~+00 MPSAMYE JIO IOYATKY KOODIUHAT — TOUKH
x =0, y = 0, sKy Ha3UBaOTh cmMitrum Porycom. HassHicTb
MHOKHEKa et — 0 ( — +00) nepeTBopioe 3aMKHeHi KpUBi y cIii-
paJii, siKi aCHMIITOTUIHO HADJIUKAIOTHCS IPU ¢ — 00 JI0 MOYATKY
koopuHar (puc. 24.5). Touku, siki po3rarmosani nipu t = ty y J0-
BUILHOMY 0-OKOJI MOYATKY KOOPJIMHAT, JJIs JOCTATHBLO BEJUKOTO ¢
MOTPAIUISIIOTh YV 3aJIaHUN £-0K1JI OYaTKy KOOPIMHAT.

TpaekTopii, sKki NpaAMyOTH 10 (HOKyCa, MAIOTH TAKY BJIACTHU-
BiCTD, IO JOTUYHI [0 HUX NpU t — + 00 HE MPIMYIOTL JO YKOJIHOI
rpanuti. [um dokyc Binpizuserses Bix Bysiia.

Y Bunaaky p < 0 rouka z = 0, y = 0 acCUMOTOTUIHO CTifiKa.

Ao aificHa yactuna p aucest ki i ko nogaraa, To 1eil BULIAIIOK
[IEPEXOINTH y TOMEepeIHIl mmicist 3aMinu t Ha —t. OTxKe, TPaeKTOPIT
36epiraloTh Taky K (Gopmy, K Ha puc. 24.5, oJHAK PYX TOUKH BiJl-
GyBaTHMeTLCH y TpoTmaexkHoMy Hampsami. Ockinbku eP! — 400
npu t — +00, TO TOUKHU, TKi 3HAXOIATHCS y MOYATKOBUII MOMEHT
Jacy B OKOJII MOYaTKY KOOPJWHAT, IOTIM TEPEXOJATh Y HECKIiH-
YeHHICTh. TaKy TOUKY CIIOKOI HA3UBAKTH HECNMITUKUM HOoKYycom
(puc. 24.6).
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Puc. 24.5 Puc. 24.6

Bunanok 3. k1 = ko. Tomi kq, ko — milicHi, a 3arajpHIil po3B’s-
30K cucremu (24.3) mae purnisg @ = (A+Bt)eft, y = (C+Dt)ekt,
ne A, B, C, D — crani, nos’sizani Mizk co6010 JBOMa, JIIHIAHUMU PiB-
HSHHSAMUY, sIKi MOXKHA OJIEPYKATH, SIKINO mifcraBuTu dyHKIT z(t),
y(t) y cucremy (24.3) i ckoporuTn Ha eF1l.

Axmo k < 0, To ekt 0, teF1t — 0 nupu t — 400 i, OTKe,
TOYKa CIOKOIO = Yy = ( acuMITOTHYHO CTifiKa. [i masmpaorn
cmitikum 8y3aaom. fxino ki > 0, To TOUKA CIHOKOIO HECTIHKa, 11
HA3UBAIOTh HECTNIUKUM BY3A0M.

JerabHinre mpo BUIAIO0K ki = ko MOXKHA IPOYUTATH, HAIIPU-
KJaz, B [3, c. 144 — 148|.

Hapeneni Bunaaky orpuMani y IPHUIIYLIIEHH], 0 BU3HAYHUK A
cucremu (24.3) Bigminauii Big wyis. Hpumycrumo, mo A = 0. Toxi
xXapakrepucTuaauMu ducjaamu € k1 = 01 ko = a11 + age. fAxino
ko # 0, To 3aranbHuUii po3B’s30K cucremu (24.3) Mae BUIJIsL

z=Cioq + Cgﬁleth, y=Cias + Cgﬁgekﬁ, (24.10)
e C1, Cy — noBitbHi cTami i aj1aq+aijoay = 0, —agsf1+a1282 = 0.
Buksiowaroun 3 (24.10) mapamerp ¢, ofep:KyeMo ciM’io mapa-
JleJbHUX npsamux y — Crag = B_Q(x — Ciay).
1

Akio ko < 0, To ipu t — +00 Ha KOXKHIiT TpAeKTOPIT (HA OJHO-
My 3 TIapaJIeJIbHIX IIPOMEHIB) TOUYKU HAOIMZKAIOTHCS JI0 TOUKH CIIO-
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Kot (puc. 24.7)

Qg
r=Ca, y=Ca = y=—.
a1
Touka cnokoio x = y = 0, Tak camo, K i JIOBLIbHA TOYKA IIPsi-
MOT y = apx/ay, ipu ko < 0 criiika, aje He aCUMITOTHYHO CTifiKa.

dAximo kg > 0, TO TOYKa CIOKOIO HECTIMKA.

Y

(kg < 0)
Puc. 24.7

dAxmo k1 = ko, TO MOXKINBI JBa BUITAIKN:

1. Baranbuuii po3s’si30k cucremu (24.3) mae Bursy x = C,
y = Co (e 6yze Toxi, ko marpuns A mysisosa). Tozi Touka crio-
KOIO CTifiKa, ajie He acHUMITOTHYHO CTiKa. YCi TOYKM IJIONIHE
(x,y) € cTilKuMH TOYKAMU CIIOKOIO.

2. BaranpauM poss’siskom cucremu (24.3) € x = C; + Cat,
y = a + bt. Toxgl TouKa CIIOKOIO HeCTiiiKa. Y IOMY BUIAIKY
age = —aiy, ajzgag < 0.

ITpuknazn 3. Jocaidumu xapaxmep mouku Cnokow Cucmemu
/
r=59—x, y =-—2.

Haxpecaumu gasosi mpaekmopii cucmemu ma naowguri (x,y).
Poseg’szarrs. OcCKiIbKA XapaKTepUCTUIHI YHCJIa CHCTEMH —
k1 = —1, ko = —2, To Touka cunokowo xr = y = 0 € criiikum By-
3JIOM.
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Yucay k1 = —1 Biguosinae siacuuii Bekrop o = (1,0), a unciy
ko = —2 — Bekrop = (—5,1). IToxinna g—z y TOYIIl TOYATKY KOOD-
nuHAT fopiBHIOE g /crp = 0. OTke, goTHYIHI 710 HA30BUX TPAEKTO-
piil y Ho4aTky KOODP/IMHAT € FOPU30HTAJbHUMU, & caMi TPAEKTOPII
MOXKHA TOOYLyBaTH, HAIPUKJIAT, K Ha puc. 24.8. B

~

N )
O\w

Puc. 24.8

ITpuknazn 4. Jlocaidumu xapaxmep mouku cnokow Cucmemu
/ /
r=ax+y, Yy =—r+tay

3GNEINHCHO 610 3HAUEHHA NAPAMEMPL (L.

Poss’azannsa. XapakTepucTUIHIMHI ducjaaMi € ki o = «ai. fIkio
a = (0, TO TOYKA CIIOKOIO € IEHTPOM. ¥ I[BOMY BHUIIAJIKY CHCTEMa
HAOUpae BULJISLY fli—f =y, le_zt/ = —z. 3sigcen 22 + y? = C, T06TO
daz0BUME TPAEKTOPIsIMU € KOHIICHTPUYHI KOJIa 3 TIEHTPOM y TOYII
(0,0). fxkmo « # 0, To TOUKa CIOKOI € (POKYCOM: CTIKUM, SKIIO
a < 01 mecritiknm, gxmo « > 0. Paz0BUMHI TPAEKTOPIsAME € CIipa-
Ji, skl «HaKpy4yoThcs» Ha Touky (0,0). Akmo a < 0, To Touka
(:L‘(t),y(t)) PYXAETbCsI MO CHIPAIsIX ¥ HAMPsAMI TOYKM CIIOKOIO, a
i « > 0 — y Hanpawi Big Hel. B

Pexomendosara aimepamypa: |1, c. 251 — 281], [3, c. 132 —
149, 163 — 168], [5, c. 417 — 453, [8, c. 216 — 222, 241 — 245], [15,
c. 253 — 274].
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IIutanHga mo Jjgekirii 24

1. dx dbopmymoerses Teopemy Jlsiynosa npo crifikicrs (acumirro-
TUYHY CTIAKICTD) HOPMAJIBHOI HeJHHIAHOT cucTeMu?

2. ¢ki BnactuBocti Mae dyukiis Jlamyrnosa? ¥ sgKoMy BUIVIS pe-
KOMEH/IyETbCsl IIyKaTu (pyHKI0 JIsmyHoBa?

3. Illo mazuBaroTh (Hazo0BUM MOPTPETOM HOPMAILHOI cucremu? Sk
nobymyBaTu (Gpa30BHil HOPTPET CUCTEMU?!

4. 9Ix moB’sa3amHi MiXk cO0O0TI0 AaBTOHOMHA JTiHIiTHA OHOPiIHA crucTeMa,
JBOX jucepeHIfianbHuX piBHsHB (24.3) 1 PIBHSIHHSI IEPIIOTO TOPSIIKY 3
OJIHODIIHO0 POGOBO-JIHIHHOK TIPaBoIo YacTHHO (24.4)7?

5. Haiite kiacudikamito [lyaHkape TOYOK CIIOKOI0 aBTOHOMHOI CH-
creMn JndepPeHIiajgbHuX PIBHAHB. Y SKOMY BHUIIQJIKy TOYKA CIIOKOIO €
CTIAKOIO, ACUMMIITOTAYHO CTIAKOIO, HECTIHKOIO?

Bopasu go gekiii 24

1. TocaiziTh Ha CTIKICTh TpUBiaIbLHUI PO3B’I30K CUCTEMU, 3HAIOYUN
dyukmio Jlamynosa:

I
a){a Yo tss V=atayh

2 = —x — 2y + 2%y?,
6){/xgywa_y & V:I2+2y2.
Yy = P} 9

2. HocainiTs ocobsuBi Toukn piBHsHb. Hakpec/iTh iHTErpaabHi Kpu-
Bl Ha wromuHi (x,y):

dy _ 2z+y. dy _ —x42y
a) - 6) de — 2z—y

3. HocmiaiTs ocobsmmsi Touku cucrem. HakpeciTh TpaekTopil Ha, 1110-
muHi (2, y):

' =y, z' =z + 5y,
a){ = 6) {y’x3y.





