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1. Group Theory 

Definition of a Group 

A group is an algebraic structure consisting of a set G and a binary operation   

defined on G. This structure satisfies the following four axioms: 

1. Associativity: For all          ,                          . 

2. Existence of an Identity Element: There exists an element e in G such that for all 

                         

3. Existence of an Inverse Element: For each element a in G, there exists an element 

    in G such that                       , where e is the identity element. 

4. Commutativity (for Abelian groups): If the operation   is commutative, i.e., for all 

a, b in G,              , then the group is called Abelian. 

Examples of Groups 

1. The Set of Integers   under Addition: The set   with the operation of addition 

forms an Abelian group, where the identity element is  , and the inverse element for 

any   is   . 

2. The Set of Non-Zero Rational Numbers    under Multiplication : The set     

forms an Abelian group, where the identity element is 1, and the inverse element for 

any   is 
 

 
  

3. Symmetric Group: For the set              , the symmetric group    consists of 

all possible permutations of this set. It is a non-Abelian group, where the operation is 

the composition of permutations. 

Subgroups 

A subset       is called a subgroup of a group G if   itself is a group with the 

same operation as in  . This requires that for all        , the elements       

and     are also in  . 
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Cyclic Groups 

A group G is called cyclic if there exists an element   in   such that every element of 

the group can be expressed as a power of g, i.e., for each   in  , there exists an 

integer   such that       . The element g is called the generator of the group. 

Lagrange's Theorem 

For a finite group  , if   is a subgroup of  , then the order (number of elements) of 

the subgroup   divides the order of the group G. 

This theorem is one of the central results in group theory and has many important 

implications in various fields of mathematics. 

Group Homomorphisms 

A homomorphism from a group   to a group   is a map          that preserves 

the group operation, i.e., for all     in   ,                       . If the 

homomorphism   is bijective, it is called an isomorphism, and the groups   and   

are said to be isomorphic. 

Applications of Group Theory 

Group theory is widely used in various fields of mathematics, physics, and computer 

science. It helps in analyzing symmetries in geometric objects, structures in algebraic 

systems, and plays a key role in number theory and cryptography. 
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2. Ring Theory 

Ring theory is a branch of abstract algebra that studies rings, which are algebraic 

structures equipped with two binary operations: addition and multiplication. A ring   

is defined as a set equipped with two operations that satisfy the following properties: 

1. Addition: The set   is closed under addition, meaning that for any two elements 

       , the sum       is also in  . Additionally, addition in   must satisfy the 

following properties: 

   - Associativity:                           for all          . 

   - Commutativity:               for all        . 

   - Identity Element: There exists an element       such that           for all 

     . 

   - Additive Inverse: For each      , there exists an element        such that 

            . 

2. Multiplication: The set   is closed under multiplication, meaning that for any two 

elements        , the product       is also in  . Multiplication in R must satisfy 

the following properties: 

   - Associativity:                           for all          . 

 

   - Distributivity: Multiplication is distributive over addition; that is,              

               and                             for all          . 

A ring is called commutative if multiplication is commutative, i.e.,               

for all        . 

Examples of Rings 

- The set of integers   with the usual addition and multiplication is a commutative 

ring. 

- The set of       matrices with real entries is a non-commutative ring. 

Subrings and Ideals 

- A subring of a ring   is a subset of   that is itself a ring with the inherited 

operations from  . 
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- An ideal of a ring   is a subring I such that for every       and      , both       

and       are in  . 

Ring Homomorphisms 

A ring homomorphism is a function          between two rings   and   that 

preserves the ring operations, meaning: 

-                        for all        , 

-                        for all        , 

             if   and   have multiplicative identities. 

  



9 
 

3. Field Theory 

Field theory is a branch of algebra that studies fields, which are algebraic structures 

with two operations: addition and multiplication. A field   is a set equipped with two 

operations that satisfy the following properties: 

1. Addition: 

   - Closure:  or any two elements        , their sum       is also in  . 

   - Associativity:                           for all          . 

   - Commutativity:               for all        . 

   - Identity Element: There exists an element       such that           for all 

     . 

   - Additive Inverse:  or each      , there exists an element        such that 

            . 

2. Multiplication: 

   - Closure:  or any two elements        , their product       is also in  . 

   - Associativity:                           for all          . 

   - Commutativity:               for all        . 

   - Identity Element: There exists an element       (where      ) such that 

          for all      . 

   - Multiplicative Inverse: For each       (where      ), there exists an element 

        such that            . 

3. Distributivity: 

   - Multiplication is distributive over addition; that is,                          

   for all          . 

Examples of Fields 

- The set of rational numbers   with the usual addition and multiplication is a field. 

- The set of real numbers   and the set of complex numbers   are also fields. 

Subfields and Extensions 

- A subfield of a field   is a subset of   that is itself a field with the inherited 

operations from  . 
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- A field extension is a larger field   containing a subfield  . The study of field 

extensions often involves analyzing the degree of the extension, which is the 

dimension of   as a vector space over  . 

Field Homomorphisms 

A field homomorphism is a function          between two fields   and   that 

preserves the field operations, meaning: 

-                        for all        , 

-                        for all        , 

-           , where    and    are the multiplicative identities of   and  , 

respectively. 
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4. Module Theory 

Modules are a fundamental concept in abstract algebra, serving as a generalization of 

vector spaces over a field. While vector spaces are defined over fields, modules are 

defined over rings, allowing for a broader range of algebraic structures. The theory of 

modules provides a framework for studying linear algebra in a more generalized 

context, where the scalar multiplication is not restricted to fields but can be extended 

to rings. 

A module over a ring   (with unity) is an abelian group   equipped with a binary 

operation called scalar multiplication that associates each element     r  and each 

element      with an element     . The operation satisfies the following 

axioms for all       and      : 

1. Distributivity over ring addition:                

2. Distributivity over module addition:                 

3. Associativity:           )   

4. Unity:        , where    is the multiplicative identity in  . 

 Examples of Modules 

 Vector Spaces: Every vector space is a module where the ring   is a field. 

 Abelian Groups as  -Modules: Any abelian group can be viewed as a module 

over the ring of integers  . 

 Matrices as Modules: The set of all     matrices over a ring   forms a 

module over  . 

Submodules 

A submodule of a module   over a ring   is a subset   of   that is closed under 

addition and scalar multiplication. In other words,   is a submodule if for all 

      and    : 
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Submodules are analogous to subspaces in vector space theory. 

                 

Given a module    over a ring   and a submodule   of  , the quotient module 

     is defined as the set of cosets of   in  . The operations on      are defined 

as follows: 

                      

                 

The quotient module     inherits the module structure from  . 

                                

A module homomorphism between two  -modules   and   is a function     

   that preserves the module operations: 

                   for all       

             for all     and      

An isomorphism is a bijective homomorphism, meaning that the two modules are 

structurally identical. 

Exact Sequences 

An exact sequence of modules is a sequence of module homomorphisms: 

  

  
   

  
   

  
  

    
→     

that satisfies the condition that the image of each homomorphism is equal to the 

kernel of the next: 
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Exact sequences are a key concept in module theory and are used extensively in 

homological algebra. 

 Projective, Injective, and Free Modules 

 Projective Modules: A module   is projective if every surjective module 

homomorphism onto   splits. 

 Injective Modules: A module   is injective if every injective module 

homomorphism from   can be extended. 

 Free Modules: A module is free if it has a basis, meaning it is isomorphic to a 

direct sum of copies of the ring  . 
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5. Galois Theory 

Galois Theory is a branch of abstract algebra that connects field theory with group 

theory, providing profound insights into the solvability of polynomial equations. 

Named after the French mathematician Évariste Galois, this theory establishes a 

correspondence between field extensions and groups, allowing mathematicians to 

understand the roots of polynomials and their symmetries in a structured way. 

Field Extensions 

A field extension is a pair of fields   and   such that    . The field   is called an 

extension of  , and   is called the base field. The degree of the extension   over  , 

denoted by      , is the dimension of   as a vector space over  . 

 Example: The field   of complex numbers is an extension of the field    of 

real numbers, and the degree of the extension is        . 

Galois Extensions 

A field extension   of   is called a Galois extension if it is both normal and 

separable. 

 Normality: An extension   is normal over   if every irreducible polynomial in 

      that has a root in    completely factors into linear factors over  . 

 Separability: An extension    is separable over   if every element of   is a 

root of a separable polynomial over   (a polynomial whose roots are distinct). 

Galois Group 

The Galois group of a field extension   over  , denoted         , is the group of all 

field automorphisms of   that fix  . In other words, it consists of all the bijective 

maps        such that σ(a)=a  for all     . 
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 Example: For the extension   √    over  , the Galois group       √     

  has two elements: the identity map and the automorphism that sends √  to 

 √ . 

Fundamental Theorem of Galois Theory 

The Fundamental Theorem of Galois Theory states that there is a one-to-one 

correspondence between the intermediate fields       and the subgroups of the 

Galois group         . This correspondence reverses inclusions: 

 If   is an intermediate field, then its corresponding subgroup is         . 

 If H is a subgroup of         , then the corresponding intermediate field is 

the fixed field   , consisting of elements in   that are fixed by all 

automorphisms in  . 

Solvability by Radicals 

One of the most famous applications of Galois Theory is determining whether a 

polynomial equation can be solved by radicals (i.e., solutions can be expressed using 

a finite number of operations involving addition, subtraction, multiplication, division, 

and root extraction). A polynomial is solvable by radicals if and only if its Galois 

group is a solvable group. 

Applications of Galois Theory 

Galois Theory has far-reaching applications in various fields of mathematics: 

 Classical Problems: Galois Theory provides solutions to classical problems 

such as the impossibility of trisecting an angle or doubling a cube using only a 

compass and straightedge. 

 Algebraic Number Theory: It plays a crucial role in the study of algebraic 

number fields and their ring of integers. 
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 Cryptography: The theory also has applications in modern cryptography, 

particularly in the design of certain cryptographic protocols based on finite 

fields. 

Galois Theory bridges the gap between field theory and group theory, providing deep 

insights into the structure of polynomials and their roots. It offers powerful tools for 

understanding the solvability of equations and has significant implications across 

various areas of mathematics.  
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6. Quaternion Theory 

Quaternions are an extension of complex numbers, introduced by Sir William Rowan 

Hamilton in 1843. They provide a way to represent rotations in three-dimensional 

space and are used in various applications such as computer graphics, robotics, and 

physics. Quaternions extend the concept of two-dimensional complex numbers to 

four dimensions and are expressed in the form: 

             

where      , and   are real numbers, and      and   are the fundamental quaternion 

units. 

Quaternion Algebra 

The fundamental quaternion units      and   satisfy the following multiplication rules: 

                

           

           

           

These relations show that quaternion multiplication is non-commutative, meaning 

that the order of multiplication matters. 

Quaternion Conjugate and Norm 

The conjugate of a quaternion              is given by: 

 ̅             

The norm of a quaternion q is defined as: 

    √            
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The norm of a quaternion is always a non-negative real number. 

Quaternion Inverse 

The inverse of a non-zero quaternion   is given by: 

    
 ̅

    
 

Multiplying a quaternion by its inverse yields the multiplicative identity quaternion, 

          . 

Quaternions and Rotations 

Quaternions are particularly useful in representing rotations in three-dimensional 

space. A rotation by an angle   around a unit vector               can be 

represented by the quaternion: 

     (
 

 
)      (

 

 
)               

To rotate a vector    using the quaternion  , we use the operation: 

         

where    is the rotated vector. 

Applications of Quaternions 

Quaternions have several important applications in various fields: 

 Computer Graphics: Quaternions are used to represent and interpolate 

rotations, avoiding the problems of gimbal lock and providing smooth 

transitions between orientations. 

 Robotics: Quaternions are used to control the orientation of robotic arms and 

other mechanical systems. 
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 Physics: In quantum mechanics and relativity, quaternions are used to describe 

the spin and orientation of particles. 

Quaternions extend complex numbers into four dimensions and provide a powerful 

framework for representing rotations in three-dimensional space. Their non-

commutative nature and unique algebraic properties make them an essential tool in 

mathematics, physics, and engineering. 
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7. Group Ring Theory 

Group rings are a significant concept in algebra that arise from the interaction 

between group theory and ring theory. Given a group   and a ring  , the group ring 

     is a construction that allows the combination of elements of   with coefficients 

from  . This construction plays a crucial role in various areas of mathematics, 

including representation theory, homological algebra, and number theory. 

Definition of Group Rings 

Let   be a group and   be a ring. The group ring      consists of all finite formal 

sums: 

∑   

   

  

where       for each    , and only finitely many    are non-zero. The addition 

and multiplication in       are defined as follows: 

 Addition: 

∑   

   

  ∑   

   

  ∑       

   

  

 Multiplication: 

(∑   

   

 )  (∑   

   

 )  ∑ (    )

     

     

Here, the product    denotes the group operation in  , and      denotes the product 

in the ring  . 
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Examples of Group Rings 

 Example 1: Consider the group             and the ring     (the 

integers). The group ring       consists of elements of the form       

    , where      . 

 Example 2: If   is the group of permutations on   elements,   , and      

(the real numbers), then       is the group ring of the symmetric group. 

Properties of Group Rings 

Group rings inherit various properties from both the group   and the ring  : 

 Associativity: The group ring      is associative since both the group 

operation in   and the multiplication in   are associative. 

 Distributivity: The distributive property holds in     , allowing the 

multiplication of elements to distribute over addition. 

 Identity Element: If   has an identity element, then      also has an identity 

element, which is the group identity element multiplied by the ring identity. 

Applications of Group Rings 

Group rings have numerous applications in various fields: 

 Representation Theory: Group rings are essential in the study of 

representations of groups, where they provide a framework for analyzing group 

actions on vector spaces. 

 Homological Algebra: In homological algebra, group rings are used to define 

modules and study their homological properties. 

 Number Theory: Group rings appear in number theory, particularly in the 

study of cyclotomic fields and Galois modules. 

Group rings serve as a bridge between group theory and ring theory, providing a rich 

structure that is utilized in many branches of mathematics. Their versatility and broad 

applicability make them an important topic of study in algebra.  
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8. Group Representation Theory 

Group representation theory is a branch of mathematics that studies abstract groups 

by representing their elements as linear transformations of vector spaces. This 

approach allows the use of linear algebra to investigate and understand group 

properties, making it a powerful tool in both pure and applied mathematics, including 

physics, chemistry, and computer science. 

Definition of Group Representations 

A group representation of a group   on a vector space   over a field   is a 

homomorphism          , where       is the general linear group of invertible 

linear transformations of  . In other words, for each element    , the 

representation assigns a linear transformation          such that: 

                for all      , 

       , 

where   is the identity element of   and     is the identity transformation on  . 

Examples of Group Representations 

 Example 1: Consider the cyclic group              under addition 

modulo 3. A representation of    on     could be given by rotation matrices 

corresponding to angles   ,     , and     . 

 Example 2: The symmetric group   , which consists of all permutations of   

elements, has a natural representation on an  -dimensional vector space by 

permuting the coordinates of vectors. 

Types of Group Representations 

 Irreducible Representations: A representation   is called irreducible if the 

only subspaces of   that are invariant under all      for     are     and   
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itself. Irreducible representations are the building blocks of all representations, 

analogous to prime numbers in number theory. 

 Unitary Representations: A representation is called unitary if      is a 

unitary operator for every    . Unitary representations are important in 

physics, particularly in quantum mechanics. 

 Permutation Representations: A representation derived from the action of   

on a set   by permuting its elements. These are particularly useful in studying 

symmetries and combinatorial structures. 

Characters of Group Representations 

The character of a group representation   is a function        defined by: 

               , 

where    denotes the trace of the linear transformation     . Characters are a crucial 

tool in studying representations, as they provide significant information about the 

structure of the representation. 

Applications of Group Representations 

Group representations have a wide range of applications across various fields: 

 Physics: Group representations are used to describe the symmetries of physical 

systems, particularly in quantum mechanics and particle physics. 

 Chemistry: Molecular symmetries can be analyzed using group 

representations, aiding in the understanding of chemical bonding and 

spectroscopy. 

 Cryptography: Representations of groups play a role in the study of 

cryptographic algorithms, particularly in areas like error-correcting codes and 

public-key cryptography. 
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Group representation theory provides a bridge between abstract algebra and linear 

algebra, offering a robust framework for understanding the structure and behavior of 

groups. Its applications in various scientific disciplines underscore its importance and 

utility in both theoretical and practical contexts. 
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9. Matrix Representations of Groups 

Matrix representations of groups are a specific type of group representation where the 

elements of a group are represented as matrices. This approach allows us to apply the 

tools of linear algebra to study group structures and their properties. Matrix 

representations are fundamental in various areas of mathematics and physics, 

especially in quantum mechanics, crystallography, and the theory of symmetry. 

Definition of Matrix Representations 

A matrix representation of a group   on a vector space   over a field    is a 

homomorphism           , where        is the general linear group of      

invertible matrices over  . This means that each element       is associated with 

an invertible matrix      such that: 

               for all      , 

       , 

where   is the identity element of   and    is the      identity matrix. 

Examples of Matrix Representations 

 Example 1: Consider the cyclic group           . A matrix 

representation of    over    could be given by the matrices: 

        (
  
  

)       (
  
  

) 

 Example 2: The symmetric group   , which consists of all permutations of 

three elements, has a standard matrix representation on     by permuting the 

coordinates of vectors. 

Properties of Matrix Representations 

Matrix representations inherit the properties of the underlying group: 
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 Linearity: The homomorphism   preserves the group operation, allowing the 

multiplication of matrices to reflect the group operation. 

 Invertibility: Since each      is an element of       , it is invertible, 

meaning each group element corresponds to an invertible matrix. 

 Dimension: The dimension of the matrix representation is determined by the 

size of the matrices, which corresponds to the dimension of the vector space  . 

Applications of Matrix Representations 

Matrix representations are essential in many scientific and mathematical fields: 

 Physics: In quantum mechanics, matrix representations of groups describe the 

symmetries of physical systems, such as rotations and reflections. 

 Chemistry: Molecular symmetries can be represented using matrix 

representations, which are crucial in understanding chemical bonding and 

molecular vibrations. 

 Computer Science: In computer graphics, matrix representations are used to 

model transformations, including rotations, translations, and scaling. 

Matrix representations provide a concrete and computationally effective way to study 

group structures through linear algebra. Their applications extend across various 

disciplines, making them a central concept in both theoretical and applied 

mathematics.  
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